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L I N H H O A T t r C U A M O D U N D 6 I D O N G D i f i U D I A P H T J O N G C A P 

C A O N H A T 

N g u y g n T h i A n h H a n g ' 

Tnidng Dai hoc Sii pham Thai Nguyin 

Tom tSt. Cho R l i mgt Vctnh giao hoin Noether, a \k m6t idSan cua R, M \k /i-m5duD hflu han sinh, Ki 
hi?u cd(a, M) Iti chilu d6i dong dieu ciia M tUong ilng vdi a, bii bao dUa ra mOt s6 t int chat cua modun 
con Idn nhit ciia M co chi^u doi dfing diiu tUdng iing vdi a nho hon cd{a,M), ki hieu 1̂  TR{a,M). Lgc 
chieu dong dilu tiip c ^ qua phan tich nguyen sd vk d6i dfing dilu dia phUdng dUq)c..tim hiiu trong b&,i bio. 
Cuoi ciing bai bio diXa ra mOt chiing minh chi ti^t cho m^t k^t quk vl mSdun dfii dong diiu dia phuong 
cap cao nhit ciia M vdi giS, a, k%t qua niy cho ta cdng thiic tfnh linh hfia tii cua modun d6i dong dilu dia 
phtfdng cip cao nhat cua M vdi gid bi t ki, cu the: Niu M chilu d thda man cd{a, M) = d thi 

AnnH(J/a(JW)) = AnnR{M/TRia,M)). 

Tit khoa: Doi dong diiu d^a phuang, ckiiu doi ddng diiii, linh hoa ti?, phan tich nguyen sa, Ipc chiiti. 

1. G i d i THi$u vA C H U A N BI 

Ly thuygt doi d6ng dieu dia phUdng dUpc gidi thi?u dau tign bdi A. Grothendieck vao 
nhflng n a m 1960, sau do dudc quan t a m nghien cdu bdi rSt nhigu n h a toan hoc t ren the 
gidi n h u R. Har t shorne , M. B r o d m a n n , J. Ro tman , C. Huneke.. . Ly thuygt d6i dOng diSu 
dia phuong d a cd nhiing dng dung to Idn t rong n h i l u linh vuc cua tOcLn hoc. Ngay nay no 
trd t h ^ n h cong cu khong the thieu t rong Dai so giao hoan, Hinh hpc Dai so ...Trong nh i lu 
ling dung cua mSdun d6i ddng di^u dia phUdng, cac ket q u a ve h n h hda tiS cua cac modun 
nay la chia k h d a cho vi§c chiing minh (xem [1], [3],[6]). 

Nam 2014 t rong m d t b&,i bao dSng t r en t a p chi Arch M a t h (xem [1]) cdc t ac gia A. Atazadeh, 
M. Sedghi va R. Naghipour d a t r inh bay rngt ket qua nghien cilu v l linh hda til cua m5dun 
doi ddng dieu dia p h u a n g cSp cao nhat vdi gia b i t ki trgn mot vanh giao hodn Noether. 
K i t q u a nay lli m d rpng ket q u a cfia L.R. Lynch n a m 2012 (xem [4]). Bai bao nay dua 
ra mpt s6 ket q u a v l m o d i m con cd chi lu doi dong d i l u cao nha t de t r inh bay lai chiing 
minh cua [1]. Trudc h i t t a n h ^ lai mpt s6 k i t q u i v l chi lu ddi ddng d i lu . Cac k i t qua 
ve ddi ddng d i l u duoc t h a m khao theo cuon sach [2] ciia M. Brodman va R.Y. Sharp. Cac 
k i t q u i cd b a n khac t rong Da i s6 giao hodn dupe t h a m k h k ) t rong cudn sach [5) ciia H. 
Matsumtu-a. 6 day, t a ludn gia t h i i t R Ik vanh giao hoan Noether vh. M 15, i l -mddun hiiu 
han sinh. 

D i n h n g h i a 1 . 1 . Chiiu ddi ddng diiu cua M tuong ting vdi a, ki higu la c d ( a , M ) , duac 

dinh nghia n h u sau 

c d ( a , M ) : = s u p { i G N | Hl{M)^0}. 

N h a n x e t 1.2. N l u {R,m) la vanh Noether dia phuang th i c d ( m , M ) = d i m M va 

c d ( a , M ) < d i m 7 W . 

V i d u 1 .3 . T a cd cd{a,ER{R/ip)) = 0 vdi mpi a C p. TVong dd p la idean nguygn to ciia 

R va ER{R/P) IS, bao n^i x a cua R/ip. 

K i t q u a sau d u ^ c gpi la Dinh If Gruson. 
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B6 d l 1.4 ([8], Dinh ly 4.1). Cho M vd N la hai R-mddun hOu han sinh. Khi dd, n^ 
Suppj{ N C Suppfl M thi tdn tai xich hiiu han cdc mddun con cua N 

0 - iVo C Afi C iV2 C • • • C iVfc = JV" 
sao cho vdi mSi j G {1,2, . . . , k} ta cd Nj/Nj-i l& dnh ddng cdu cua tdng triic tiep ciia cac 
bdn sao cua M. 
Ta cd mot so tinh chit sau cua chilu ddi ddng dilu. 

Bd d l 1.5. Cho M vd N Id hai R-mSdun hOu h^n sinh. Khi dd niu Supp(W) C Supp(M) 
thz cd(o, N) < cd(a, M). Hon niia, niu ta cd Supp(iV) = Supp(M) thi cd(a, A'') = cd(o, M], 

H6 qua 1.6. Gia sH 0 —> L —> M —)• N —> 0 l& mdt ddy khdp ngdn cdc R-mddun hihi 
han sinh. Khi dd 

cd(a, M) = max{cd(o, L), cd(a, N)}. 

He qua 1.7. Cho a la idSan cHa R. Khi dd 

cd(a,M) = cd(a,H/AnnfiM)^max{cd(a,J?/p) | p e minVar(AnnjiM)}. 

2. LINH HOA Tif CUA MODUN D6I DONG DII;U DIA PHUONG CAP CAO NHAT 

Muc nay tim hilu vl linh hda tu: cua mddun doi ddng dilu dia phudng cip cao nhit. K t̂ 
qua sau md ta mddun con cd chilu ddi dong dilu cao nhit. Tuy tUdng tu nhu chilu KruU 
(xem Menh dl 7.3.1 trong [2]) nhung d day b ^ bdo dua ra mdt chiing minh chi tilt. 

Mgnh d l 2.1. Cho M khac 0 c6 chiiu d. D^t Q, Id. tdp c&c mddun con N ciia M thda 

mdn cd(a,A'') < cd(a,M). Khi do 

(i) Trong tl cd phin t-& Idn nhit, ki hiSu TR{a,M). 

(ii) cd(a, G) = cd{a, M), trong do G = M/TR{a, M). 

(iii) G khdng cd mddun con khac 0 nao cd chiiu dSi ddng diiu tiiOng Ong vdi o nho hdti 
cdia,M). 

(iv)Hf''''^\G)^Hf^''''\M). 

Chiing minh. (i) Ta cd Si ^ 0 vi 0 e n . Vi R la vanh Noether nen trong Vl. c6 phin tii cUc 
dai (theo quan h§ bao hkm) gia s^ la N. Liy iV' e H ta cd 

Suppji(iV + N') C Suppji(iV) U Suppn(iV') C SUPPR(M) . 
Vdimpiidganp€minVar(Annii(iV-|-A^'))tacdp 6 Var(AnnH Â ) hoacp e Var(AnnflA^')' 
Keo theo cd(a,il/p) < cd(a,M). Do dd theo H§ qua 1.7 ta cd cd(a, AT -|- N') < cd(a,M), 
Vay iV -I- iV' e f̂ . 1^ cd JV C AT -I- AT' md AT la phin tii tdi dai trong 0. nen N' C N. Vay 
trong fi cd phin tii Idn nhit, ki hieu TR(a, M). Khi dd 

TR{a, M)=u{N\N\k mddun con cua M vS, cd(a, N) < cd(a, M)} . 

Dat G - M / T R ( a , M ) . 

(ii) x a day khdp 0 —^ Tfl(a, M) —* M —^ G —> 0 ta cd 

cd(a, JW) - max{cd(a, TH(O, Jl^)), cd(a, G)} 

ma cd(a,rR(a,JVf)) < d nen cd(a,G) =cd{a,M). 

(iii) Gia sii G cd mddun con L/TR{a,M) thda man 

cd{a,L/TR{a,M)) < cd{a,M), 
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trong do L Id modun con ciia M chiia TR{a,M). Khi dd ta cd day khdp n g ^ 

0 —^ rji(a, JW") -^L—^ L/TR{a,M) —^ 0, 
vd theo He qua 1.6 suy ra cd(a, L) < cd{a, M). Dieu nay keo theo L € fi. Vdy L C Tji{a, M) 
hay L/TR(a,M)=0. 

(iv) Xet day khdp ng£n 0 —> TR{a,M) —> M —> G —> 0, day khdp ndy cam sinh day 
khdp ddi cac mddun ddi ddng dilu 

-.. -^ Hf°'''\TR{a, M)) -^ Hf^'''''\M) ^ Hf^''-'^\G) -> Hf^''^^+\TR{a,M)) ^ . . . . 

Ma Hf^°'''HTR{a,M)) = Hf^'''^^^\TR{a,M)) = 0 ngn Hf^^'^\G) ^ Hf^°''^\M). O 

Bd d l 2.2. Vdi a Id mdt id€an cua R, dat A^ {p € Ass(JW) | p D o}. Gid sj? 0 ^ nJVj la 
3 

phan tich nguyen sO cua 0 trong M trong dd JV, la p^-nguyin so. Khi dd H^{M) — f\ Nj. 

ChiCng minh. Ta cd 
H°(M) = ( J (0 ^ a') = (0 ^ a") = (f]N, ^ a") = f](Nj ^ a"), 

fc€N J J 

vfli n du 16n. Vi Nj la Pj-Dguyen sa nen pj — Rad(AnnM/A'j). Do do ton tai TIJ G N sao 
dio p"'M C N,. Khi dd nlu Pj e A thi Pj 3 a do d6 a"JM C JVj Iteo theo o"M C JVj hay 
(JV,- : a") = M. M5,t khic nSu p, ^ A thi a g pj. Do d6 tdn tai x e a la M/JVj-chmh quy. 

M 
Dieu nay keo theo (N, : o") = Af,. Vay Hl{M) = fl " r ° 

Tii kgt qua tren ta thu dut?c kit qua sau. Ket qua nay 111 md rang khai niem loc chilu du<?c 
nghien cthi bdi P. Schenzel trong [7], 

MSnh d l 2.3. Cho M khac 0 thoa man cd(a,M) = c va gia si tiay Mo C Mi C Aft £ 
• •• Q Mc la m&i day cdc modun con cua M sao cho vdi mM 0 <i <c ta co Mt la modun 
con Idn nhdt cua M thoa mdn cd(a, Mt) < i. Khi do 

Af. = f f ° ( M ) = f l JVj, 
cd(«,H/p,)>. 

trong d6 0 = n"=l ^j '° P^^'^ ^^'^^ nguyen sa tSi tieu cila mddun con 0 cua M v& Nj la 
mddun con p.-nguyin so cila M vdi moi l<j<nvaai= YI Pj-

cd(i,n/p,)<i 
Chang minh. Dat 

A = {pe Ass(M) I p 2 0.} 

= {p e Ass(M) I p c pj,cd(o,fl/Pj) < t}. 

Theo Bode 2.2 ta CO ff° (M) = n iV,= n JV .̂ Ta chiing minh M, = JJ»(M). U y 

I G M, vi ftc C Mi nen theo Bo de 1.6 ta c6 cd(a, Rx) < i. Vdi moi p £ min Var(AnnB Hi) 
theo Bd dS 1.5 ta cd cd(a,B/p) < cd(o,Bi). Mat khac vl p E AsSH(i?i) C ASSRM nen 
ten tai 1 < j ^ ^ sao cho Pj = p. Do dd ta cd 

Oj C n p. C n p = Rad(AnnB(fla;)). 
cd(a,K/p^)<i p£mmVar(Annn(i?a;)) 

Do dd tan tai ni > 1 thda man a"' C knnR(Rx]. DiSu nay kdo theo a"'i = 0. Suy 
ra I e Hl{M). Vi vjy Mj C irJ,(M). Mat khic vi Suppff°(M) c Var(oi) nSn vdi 



Nguyin Thi Anh Hang Tap chi KHOA HOC & CONG NGHfi 173(13): 193 - 198 -

moi p £ Supp/f°(M) tan tai j > 1 thda man p^ C p va cd(a, fl/pj) < •• Hon niia vl 
Suppfi/p C Suppii/Pj n6n theo Be de 1.5 ta cd cd(a,ij/p) < cd(a,ii/pj) < i Theo He 
qua 1.7 ta cd cd(o, iirS,(M)) < i. Theo tinh t6i dai cua M.nen Mt = H°{M). D 

Nhan xet 2.4. Vdi nhiing ki hieu nhu trgn ta cd Tuia, M) = Mc_i va 

TH{a,M) = H°{M)= f l Nj, 
cd(a,R/p,)-e 

vdi b = n fi-
cd(a,i!/|,,)/c 

Neu {R, m) l i vinh dia phuang thi TR{m, M) chinh la modun con Idn nhat ciia M cd chieu 
nhd hon dimfl M vi dudc ki higu la [/M(0). 
Dinh ly dudi diy trinh biy lai chiing minh ciia Dinh ly 2.3 trong [1] theo each tiep can mdi 
viia neu d tren. Dinh ly dua ra cong thiic tinh linh hda tii ciia mddun ddi ddng dieu dia 
phuang cap cao nhat vdi gia bit ki. 

Dinh ly 2.5. Cho M chieu d thoa mdn cd(a, M) — d. Khi dd 

AnriRiH^iM)) = Annfl{M/rfl(o,M)). 
Chiing minh. Tii day khdp 

0 —>TR{a,M) —> M —> M/TR(a, M) —> 0 

ta cd cd(a,M/TR(a,M)) = d vi ifJ(M) SS Hi{M/TR{a,M)). Suy ra dl chiing minh dinh 
U ta chiing minh Ann,i(fff(M/TB(a,M))) = AnnB{M/TR(o,M)). Dit G = M/TR{a,M) 
ta cd TR{a, G) — 0. Do vay khBng mat tinh tdng quit gia sii Tfl(a, M) — 0 vi chiing minh 
AanR{Hi{U)) = AnnR(Af). Ta luon cd bao him thiic AnnR(M) C AnnH(/f^(M)). Dl 
chdng minh bao him thiic nguqc lai ta chiing minh AnnR/Annfi(M)(^Q(^)} = 0. Tiic la 
chiing minh AnnR/A„„,(M)(JJ„%/A„„„(M)){-*^)) = "• Vi M,R/AHHRIM) la c4c modun 
hiiu ban sinh ngn 

SuppR(i?/AnnR(M)) = Var(AnnR(M)) = S U P P R ( M ) , 

theo Be de 1.5 ta cd cd(o,ii/Annji(M)) = cd(o,M) = dimM = dimiJ/AnnR(Af) = d. 
Do dd ta gii sii cd(a, R) = d = dimi?, AnnR{M) = 0 vi chiing minh AnnR{H^{M)) - 0. 
TVudc het ta chiing minh vdi mpi phan tu: a: 6 AnnR(if^(M)) thi H^{xM) = 0. Theo Dinh 
ly chuyen phing (xem [2], Dinh ly 4.3.2) ta cd 

Hi(xM) 8 R flp = H^R^ {xM,), vdi moi p £ Spec(fl). 

Do dd ta cin chiing minh H^R {XM^) = 0. That viy, nlu diTnR^{xMp) < d thi theo 

Dinh ly triet tigu cia Grothendieck (xem [2], Dinh ly 6.1.2) ta cd ff^j, (xMf) - 0. Nlu 

dimR|,(3:Mp) = d ta cd 

d = dimflp(xJ\4p) < dimRp(Mp) < dimR(M) ^ d. 

Suy ra dimjj,(M|,) = d. Neu JfjR,(Afp) = 0 thi cd(aflp, M,) < d keo theo cd(aRp, iMp) < i, 

tiic H^R^ixM,) = 0, do dd ta gia si H^R^^M,) # 0, ta cd iiJ.^j,^(Mp) = 0 khi vi chi khi 

HiR,(xM,) = 0 nen HfR^[xMf) = 0 vdi moi p £ Spec(fl) kdo theo Hi(xM) = 0. Khing 

dinh duac chiing minh. Tit dd cd(a, xM) < d mh. TRia, M) = fi kgo theo xM = 0, suy ra 

X e AnnR(M) = 0. Viy i = 0. D 
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He qua 2.6. (i) Gid siM khac 0 thoa mdn cd(o,M) = d= dimM. KM dd 

ArtnR(Hi{M)) = AnnR(M/frf (Af)) = AnnR(M/ n Nj), 

cd(o,ii/pj)=d 

tTong ddO = f^"^^ Nj la phdn tich nguyen so tdi tiiu ciia mddun con 0 cua M, Nj Id mddun 

con pj-nguyen stJ cua M vdi moi l<j<nvd,b- [ ] pj. 
cd(a,H/p,)5£d 

(ii) Gid sii (R, m) l& v&nh dia phtlcfng vd dim M = d. Khi dd 

AnziRiHiiM)) = AnnRM/UM{0). 
Chiing minh. (i) Theo M$nh dd 2.3 va Dinh ly 2.5 ta cd di4u phai chdng minh. 

(ii)Vi {R,m) la vanh dia phuong ndn cd(m,JW) = dimJW. Ap dung Dinh ly 2.5 ta cd dieu 
phai chiing minh. • 

He qua 2.7. Gid sii dim R = d va cd(a, R) ^ d. Khi dd 

Annji{H^{R))^TR{a,R). 

Chiing minh. Theo Dinh ly 2.5 ta cd AmiR(H^{R)) = AnnR(R/TRia, R)). HOn nfia ta lai 

cd Annjt{R/TR{a, R)) = TR{a, R). Vdy AnnRiH^{R)) = TR{a, R). D 

Hd qua 2.8. Gia 5i? dim JW = d v& cd(a,JW) = d. Khi dd 

(i) AnnR{H^{M)) = AmiR(M) niu ta cd 
ASSR M C{p€ Supp^ M I cd(a, R/p) = d}. 

(U) Vax(Annji(ff„^(JW))) = Suppfl(JW/TR(a, JW)). 

GhOng minh. (i) Theo gia thidt vd Nhan xet 2.4 ta cd TR(a, JW) = 0. Do dd theo Dinh ly 
2.5 ta cd diiu phai chiing minh. 

(ii) Theo Dinh ly 2.5 ta cd 

Var(Ann/j(JJ^(Jl^))) = Var(AnnflJW/rji(a,JW)) = Suppji(M/TR{a,M)). 

He qua duac chiing minh. D 

Ghi ch4: Bdi bdo dugfc tdi tnj bdi De tai nghien ciiu khoa hpc cdng nghg cap Bp ma so 
B2016-TNA-19. 
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ABSTRACT 

ANNIHILATORS OF TOP LOCAL COHOMOLOGY MODULES 

Nguyen Thi Anh Hang * 
Thai Nguyen University of Education 

Let ii be a commutative Noetherian ring, a an ideal of R and let JW be a finitely generated 
iJ-module. Denoted by cd(a, JW) the cohomological dimension of M with respect to o, the 
paper gives some properties of the largest submodule of M of cohomological dimension 
less than cd(a, M) denoted by TR{a, M). Cohomological dimension filtration is approached 
through primary decompostion and local cohomology modules is studied in this paper. 
Finally, the paper gives a detail proof of annihilator of top local cohomology module of M 
with respect to a, this result gives us a formula to compute the annihilator of top local 
cohomology modules of M: If M be a finitely generated il-modules with dimension d such 
that cd(a, M) =d then 

AnnR(if^(JW)) = AimR{M/TR{a, M)). 
Key words: Local cohomology, cohomological dimension, annihilator, primary decompos
tion, dimension filtration. 
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