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1. INTRODUCTION 
Let C be a nonempty closed and convex subset of a real Hilbert space H with inner 
product (•, •) and norm ]| • || and let T be a nonexpansive self-mapping of C, i.e., 
T : CC and \\Tx - Ty\\ < \\x - y\\. Denote the set of fixed points of T by F{T), i.e., 
F{T) := {x E C : X = Tx}, and the projection oi x E H onto C by Pc{x). In this 
paper, we assume that F{T) ^ 0, 

Theorem 1.1. [1] Let C be a nonempty closed convex subset of a Hilbert space H and 
let T be a nonexpansive self-mapping of C such that F{T) ^ 0. Let f be a contraction 
ofC with a constant a E [0,1) and let {xk} be a sequence generated by: xi E C and 

Xk = j^f{xk) + j ^ T x k . k>l, (1.1) 
1 + At 1 + At 

1 + AA: 1 + Afc 

where {Xk} C (0,1) satisfies the following conditions: 

(U)\imk^^Xk = Q\ 

(L2) X]fcli ^k = oo; ttTlrf 

Then, {xk} defined by (1.2) converges strongly to p* £ F(T), where p' = P F ( T ) / ( P " ) 
and {xk} defined by (1.1) converges to p' only under condition (Ll). 

Note that p* = PFmfiP') is equivalent to the following variational inequality: 

p'eF(T):(j,--f(p-),p-p-'}>0 V p e F ( T ) . (1.3) 

It is easy to see that the mapping / - / , where f denotes the identity mapping in H, 
is (1 + Q)-Lipschitsz continuous and (1 - a)-strongly monotone. 
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In this paper, we propose some new modifications of (1.1) and (1.2) that are the ^ 
implicit algorithm: Jii 

x,=T'x,, T':=TX and T':= TjT,', t e (0 , l ) , (1.4) 

where T^ are defined by 
Tl = il-\n)I + X,ij,f, 
T i ' = ( l - A ) / + AT,. ^•' 

where / is a contraction with a constant » e [0,1), ^ e (0, 2(1 - a)/(l + of) and the 
parameters {A,} c (0,1) and {/3,} c (a,P) for all i e (0,1) and some a,P e (0,1) 
satisfying the following condition: At —> 0 as t —̂  0; .̂  

We formulate the following facts for the proof of our results. " 

Lemma 1,1 [2]. (i) ||a: + y| | '< \\xf + 2(y,x + v) and for any fixed t e [0,1] 

(ii) 11(1 ^ t)x + tyf = (1 - t]\\xr + tWvf - (1 - t)t\\x - yr, Vj, y 6 H. 

Lemma 1,2 [3]. \\T''x-T''y\\ < {1 - >tT)\\x - v\\ for a fixed number fi s (0,2T;/L2), A e 
(0,1), where T = 1 - Vl - MSi - M^̂ ) £ (0,1), 

T-̂ x = (/ - XnF)x 
and F is L-Lipschiiz continuous and jj-strongly monotone. 

Lemma 1,3 (Dcrmclosedness Principle [4]). Assume that T is a nonexpansive self-
mapping of a closed convex subset K of^a Bibert space H. IfT has a fixed point, then ^^ 
I — T IS demiclosed; that is, whenever {xk} is a sequence in K weakly converging to " 
some X e K and ihe sequence {{1 -T)xk} strongly converges to some y, it follows that ^ 
(I - T)x = y. - !. 
2, IMPLICIT ITERATION METHODS 

1 
Theorem 2.1, Let C be a nonempty closed convex subset of a real Hilbert space H 
and f : C -^ C be a contraction with a coefficient a e [0,1). Let T be a nonexpansive 
self-mapping of C such that F{T) ^ 0. Let ii e (0,2(1 - a)/(l + a)^). Then, the net 
{x(} defined by (1.4)-(1.5) converges strongly to the unique element p* in (1.3). 

Proof First, we consider the case that T' = T[T^. Clearly, T' is a self-mapping of C ^ 
and TQ = / - XtjiF where F = I - f. By (1.5) and Lemma 1.2, we have that 

\\rx~T'y\\ = \\T;nx-rXy\\ 
= 11(1 - A)T„'i + AT„'x - ((1 - ft)T„V + AT„'j,l|| 
= 11(1 - A)(T„'x - ny) + Mnx - /3,T^y)|l 

r ,, <W%x-Tlv\\ 
<(l-A,T)llx-yll Vi,!/eC, 

( 
where r is defined in Lemma 1.2 with r]=\-a and L = 1 + a. So, T' is a contraction 

' of C. By Banach's Contraction Principle, there exists a unique element i , e C such 
that x, = T'xt tor all t e (0,1). 
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I Next, we show that {xj is bounded. Indeed, it is easy to see that T( also is nonex-
Ipansive with Tjp = p for a fixed point p G F{T), and hence 

l|x, - P I I = IIT-x, - P I I = mrix, - Tfpll 
<l|ro3:.-pll 
= llT„*x,-Tip-A,^F{p)ll 

<(l-AiT')ll.x,'^pl| + A,MllF(p)ll. 

Therefore, 

l|x.-pll<^llF(p)ll 

that implies the boundedness of {xt} Put yt = TQXI- So, the nets {F{xt)},{yt} also 
axe bounded. Moreover, we also have from (1.4)-(1.5) that 

3:t = {l-0t)yt + ̂ tTyt, (2.1) 

\\xt-pf = \\{i-0t)yt + 0tT-y,-pf 

< | | y , - p f = t | ( / - V F ) x , - p f 
= ||x. - PII^ - 2XtMH^t), xt-p) + A?/i'l|i^(xOf 

Thus, 

(1 - a)\\x,~pr+{F{p),x,-p) < ^\\F{x,)r- (2.2) 

Further, we prove that ||a:(-Ta;t)| ^ 0, as f -> 0. Since ||j/(-.-C(|| = At/J.||F(x()|| -> 0 as 
t^Q, because A( -> 0 and {Fixt)} is bounded. So, we shall prove that ||yt —Tydl -> 0, 
asi -> 0. 

Let {tk} C (0,1) be an arbitrary sequence converging to zero as fc —̂  oo and 
^k ••= xt^,yk := yi^ = (1 - Afc/i)xi -I- Xkiif{xk), where Xk = Aĵ . We have to prove that 
hk — "^ykW —>• 0- Let {xi} be a subsequence of {xk} and let {xk^} be a subsequence of 
{x[} such that 

lim sup Wvk - TykW = lim \\yi - Tyi\\, 

limsup lla:;-jy|| = lim \\xk, —.p\\-

Prom (2.1) and Lemma 1.1, it imphes that 

\\xk, - p f = 11(1 -ek,)(yk, -p) + 0k,{Tyk, -p)f 
<bk,-pf = UI-h,l'F)xk,-pf 
<l lx t , -p i r + 2At,^llF(xt,)lll|!/t,-P11. 

Therefore, 
lim llxt -P11 = lim Hi* -p\\, (2.3) 

since At -> 0 and {F{xtJ}, {j/tj} are bounded. Again, by Lemma 1.1, we have that 

llxt, -p |P = (1 -/3t,)l|yt, -P11= + /3t,|lTyt, -pf 
-A,(l- /3t , ) | | ! / t , -Tj/ tJP 

< { l - A , ) l | y t ; - p | P + /3tJl!/t,-pf 

-A,(i-A,)K-r!/t,f ^" 
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Then, we have 

a ( l -« l l ! / * , - Tykf < \\yk, - p f - |lxt, -pf. 

This together with (2.3) implies that 

l i m l l j / t , - T ! / t , f = 0. 
J-+00 

Consequently, \\yt - Ty,\\ -> 0 as « -> 0. 

Let {xk} be any sequence of {xi} converging weakly to p as *: -> oo. Then, Hit -
Txtll -> 0. By Lemma 1.3, we have p e F{T) and from (2.2), it follows that 

{ F ( p ) , p - p ) > o V p e F ( r ) . 

Since p,p E F{T) which is a closed convex subset, by replacing p by (p -f- (1 — t)p in 
the last inequahty, dividing by t and taking iC —̂  0 in the just obtained inequality, we 
obtain 

{F{p),p~p)>0 V p 6 F t a ; ( r ) . 

The uniqueness ofp* in (1.3) guarantees that p ^ p*. Again, replacing p in (2.2) by p*, 
we obtain the strong convergence for {xt}. 

The case that T* = TJT/ is proved similarly. T* is also a contraction So, there 
exists a unique Xt for each t 6 (0,1) such that xj = T^T^Xt and {x(} is bounded. Put 
yt = Tixt. Then, the nets {F{yt)} and {yt} are also bounded. Further, (2.1) and (2.2) 
are replaced by 

X( = (/ — XtfiF)yt, and 

(l-a)ll!/,-plP + (F(p),!„-p)<^llF(y,)f, 

respectively. From the last equality, the boundedness of {F{yt)} and At —>• 0, it follows 
that \\xt - yt\\ -> 0 as t -> 0. Next, we prove that ||a;t — Txt\\ ^ 0, as ( -> 0. Let 
{tk} C (0,1) be an arbitrary sequence converging to zero as /c —> oo and Xfc := xt^. We 
have to prove that |JXA: - Txk\i ~^ ^- L^* {^i} be a subsequence of {xk} and let {xk^} 
be a subsequence of {xi} such that 

lim sup \\xk - Txk\\ = Iim \\xi - Txi\\, 
k->ca '-*«> 

limsup \\xi -p\\ - lim ||xfc, - p | | -

Further, the process of proof is similar as in the case that T* = T/TQ. This completes 
the proof. 
R e f e r e n c e s 

[1] A. Moudafi, Viscosity approximation methods for fixed-point problems, J. Math. 
Anal. Appl. 241 (2000) 46-55. 



Nguyin Due Lang Tap chi KHOA HOC & C 6 N G NGHE 166(06): 221.- 225 

[2] G. Marino and H.K. Xu, Weak and strong convergence theorems for stric pseudo-
contractions in Hilbert spaces, J. Math. Anal. Applic. 329 (2007) 336-346. 

[3] Y. Yamada, The hybrid steepest-descent method for variational inequalities prob
lems over the intesection of the fixed point sets of nonexpansive mappings, Inhently 
parallel algorithms in feasibility and optimization and their applications, Edited by 
D. Butnariu, Y. Censor, and S. Reich, North-Holland, Amsterdam, Holland, pp. 
473-504, 2001. 

[4] K. Goebel and W.A. Kirk, Topics in Metric Fixed Point Theory, Cambridge Studies 
in Advanced Math., V. 28, Cambridge Univ. Press, Cambridge 1990. 

P h i f d n g p h a p l a p a n t r o n g k h o n g g i a n H i l b e r t 

Nguyen DiJc Lang 
Trrfdng Dai hoc Khoa hoc - Dai hoc Thai Nguyen 

Tom ta t 
Trong bai bao nay, chung t6i dua vao cac phudng phap Ig-p an dua trSn phuang phap 
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