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ABSTRACT

The units of the chain ring R4 = P("E‘I)"d = Fym + uFgm + 12Fom + u3Fym are
partitioned into 4 distinct types. It 15 shown that for any unit « of Type k, &
unit o* of Type k* can be constructed for all £ = 0,1, 2, 3. The units of R, of the
form o = ag+ua; +u?an+udag, where ag, a1, @, o3 € Fom, ag £ 0, ay #0, are
considered in details. As an application, it is shown that seif-dual a-constacyclic
codes of length 27 over Ry exist. We can also prove that it is unique.

Keywords:  Constacyche codes, cyclic codes, dual codes, chain rings.

1. INTRODUCTION

The classes of cyclic and negacyclic codes in particular, and constacyclic codes in general,
play a very significant role in the theory of error-correcting codes. Let F be a finite field of
characteristic p and & be & nonzero element of F. a-constacyclic cades of length n over ¥
are classified as the ideals {g(2)) of the quoticnt ring IFfz]/ (™ — &), where the generator
polynomial g(z) is the unique monic polynimial of minimum degree in the code, which is
a divisor of 2" — o

Many well known codes, such as BCH, Kerdock, Golay, Reed-Muller, Preparata, Justesen,
and binary Hamming codes, are either cyclic codes or constructed from cyclic codes. Cyelie
codes over finite fields were first studied in the late 1950s by Prange {25], while negacyclic
codes over finite fields were initiated by Berlekamp in the late 1960s [2].

The case when the code length n is divisible by the characteristic p of the field yields the
so-called repeated-root codes, which were first studicd since 1967 by Berman [3], and then
in the 1970°s and 1980’s by several authors such as Massey et ol [19]. Falkner et al. [10].
However, repoated-root codes aver finite ficlds were investigated in the most gencrality in
the 1990’s by Castagneli et al. (5}, and van Lint [30], where they showed that repeated-root
eyclic codes have a concatenated construction, and are asymptotically bad. Nevertheless,
such codes are optimal in a few cases, that motivates researchers to further study this class

of codes (see, for example, [21]).

" "The class of finite rings of the form Eﬁ",[)l] = Fym + uFym has been used widely as alphabets
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of eg}rta.‘m constacyclic codes. For example, the structure of 'Til}‘sl is Interesting, because
this ring lies between Fy and Z4 in the scnse that it is additively analogous to Fy, and
multiplicatively analogous to Z4. Codes over %[;3)] have been extensively studied by many
researchers, whose work includes cyclic and self-dual codes, decoding of cyclic cedes, Type
1I codes, duadic codes, repeated-root constacyelic codes.

The rest of this paper is organized as follows. After presenting some preliminary concepts
about constacyclic codes over finite commutative rings in Section 2, we classify and inves-

tigate the units of the ring Ry = “E* = Faw + tlpe + w2Fym + 13Fzm in Section 3. Ry

is a chain ring with residue field Fym that contains precisely (2™ — 1)23™ units, namely,
ag 4 uvay + ulag + vias, where ag, o, &g, a3 € Fom, ap # 0. We partition these units into
4 distinct types, and we show that for any unit « of Type -k, 2 unit o* of Type k* can be
constructed, where 1 < k& < 3.

2. CONSTACYCLIC CODES OVER FINITE COMMUTA-
TIVE RINGS

Let R be a finite commutative ring. An ideal I of R is called principal if it is generated
by one element. The following equivalent conditions are well-known for the class of finite
commutative chain rings (cf. [8, Proposition 2.1]).

Propaosition 2.1. For a finite commutetive ring R the foliowing conditions are equivalent:
(#) R 15 @ locel ring and the mazamal 2deal M of R is principal,

(#) R s ¢ local prncipal wdeal ring,
(343) R is @ cham ring.

Let z be a fixed generator of the maximal ideal A/ of a finite commutative chain ring R.
Then z is nilpotent and we denote its nilpotency index by w. The ideals of R form a chain:
BR={"2{")2---2{("") 2() = ().

The following is a well-known fact about finite commutative chain rings (cf. [20]).

Proposition 2.2. Let R be a finite commutative chain ring, with marimal ideal M = (2},
and let w be the mlpotency of z. Then '

() For some prime p and posuwe wntegers k,1 (k 2 @), |R| = 5, |B] = pt, and the
characteristec of R end R are powers of p,

(8) Fori=0,1,...,@, |{z)| = |[RI"™*. In particular, |R| = [, ie., k=im.
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Given n-tuples z = (2o, 21,...,20-1),% = (¥0,¥1,- -, Ya—1) € B, their inner product or
dot product is defined in the usual way:

Ty =Toyo +T1Y1 0 F T 1Yn-1,

evaluated in R. z,y are called orthogonal if = - y = 0, For a linear code © aver R, its dual
code CL is the set of n-tuples over R that are orthogonal to all codewords of C, i.e.,

Ct={z|z-y=0YyeC}

A code C is called self-orthogonal if C € CL, and it is called self-dual if ¢ = CL. The
following result is well known (cf. [8, 14, 23]).

Proposition 2.3. Let R be a finate cham ring of size p*. The number of codewords in any
linear code C of length n over R 15 p*, for some integer k, 0 < k < an. Moreover, the dual
code O has p*™~* codewords, so that |C|-|CL| = |R|".

Given an n-tuple (%o,%1,...,%n-1) € R", the cychc shaft v and negashift v on R are
defined as usual, i.c.,

T{Z0, 21, -, Bno1) = (Bn-1,20, 1, , Tn_2),

and

20, &1, -+ &n-1) = (—Bn—1,%0,T1," -+ , Tn-2).
A code O is called cyche if 7(C) = C, and C is called negacyche if ¥(C) = C. More
generally, if o is a unit of the ring R, then the a-constacyclic (a-twisted) shift 7, on R™ is
the shift

Ta(Z0,21.. .-, Fn-1) = (€Tn_1,20,Z1," * , Ta—z)»
and a code C is said to be a-constecychic if 7,(C) = C, ie., if C is closed under the
a-constacyclic shift 7.

Each codewerd ¢ = (cp,€1,...,Cn-1) is customarily identified with its polynomial repre-
sentation e(z) = cp + €12 + -+ + ca-13""1, and the code C is in turn identified with the
set of all pelynomial representations of its codewords. Then in the ring (T‘S[-!]&S' ze{z) cor-
responds to a a-constacyclic shift of c(z). From that, the following fact is well-known and
straightforward (cf. [18]) :

Proposition 2.4. A hnear code C of length n is a-constacyclic over R of and only of C 15
an ideal of (z,_fa) (Hence, this guotient ring is referred o as the ambient ring of the code

C).

The dual of a cyclic code is a cyclic code, and the dual of 2 negacyclic code is a negacyclic
code. In general, we have the following implication of the dual of a a-constacyclic code.
1

Proposition 2.5. The dual of a a-constacyclic code is a o™ -constacyclic code.
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The following result is also well known (ef, [7]).
Proposition 2.8. Let R be o finite commutative ring, o be o unit of R and
a(z) =ag+ a1z + -+ 8y 12", b(z) =bg + b1z + -+ + be_12™ " € Rlz).

Then a(z)b(z) =0 Rlel of and only if (ag. 61, .. ., an—1) is orthogonal 10 (ba—1, bu—z,...,by)

(]
and alf 1ts o V-constacyclic shifts.

For a nonempty subset 5 of the ring R, the annihilator of §, denoted by ann(S), is the set
ann(S) = {f|fg¢ =0, forall g € 5}.
Then ann{S) is an ideal of R,

Customarily, for a polynomial f of degree k, its reciprocal polynomial z*f {z7") will be
denoted by f*. For example, if

F@ =ag+ oz + - +ap 125 + apz®,
then
Fra) =250+ a1z + -+ 012 B0 02 7F) = o + 012 + - -+ 25 4 aget

Note that (f*)* — f if and only if the constant term of f is nonzero, if and only if
deg(f) = deg(f*).

3. THE RING R, = %2l AND ITS UNITS

Thering Ry = E“W is & local ring with maximal ideal uR4 = (u)g,. Applying Proposition
2.1, Rq is & chain ring. Then Ry can be viewed as Ry = Fom + uFam +u?Fom + u3Fym. Tt is
closed under 2™-ary polynomial addition and multiplication modulo u®. The set Rq\{t)p,
is the set of all units of R4, it consists of elements of the form

@ + uay +ulFam + 0y,
where ag, a1, a2, o3 € Fam, a9 # 0. More precisely, we have the following result:

Proposition 8.1. Let Ry = B2 = Fom + uFom + wFym + w*Fam. Then

(4) Ry is a chain ring wath mazimal ideal (1), .

(#8) The ideals of Ry are (ui)m = w'Ry, each wdeal (u‘)n‘ contains 2mU=3} elements,
0gig4.
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(i#5) R4 has (2™ — 1)2%™ units, they are of the form
ag 4+ uoy + ulag + u:’as,

where ap, a1, 03,03 € Fam, ap7#0.

For a nonzero code C, let ic denote the smallest integer such that there is a nonzero
component, of a codeword of C belanging to {u'c )R‘ \ (uiet? >R¢‘ Clearly, 0 < i¢ < 3, and
ccC (ui“')';h CR%.

It is known that, over 2 finite field F, a code C of length n is - and S-constacyclic, for
two different units o, 4 € F, if and enly if C = {0} ar G = F™. Gver a finite ring R, there
are many codes satisfying this property. For example, let I be an ideal of R. then I® is a
a-constacyclic code of length n over R for any unit o of R. In the following, we give some
more results for constacyclic codes over the chain ring Ra.

Proposition 3.2, Let « be e unil of Ry. If @ code C of length re is a-constacyclic over Ry
then C is also T-constacyclic for any un#t T such thatT—a € (uJ >1z.v Jor every j > 4—ic.

Proof. Since ' —a € (ﬂ’)n‘ < (u""‘)ﬁ‘, there is an element { € R, such that T =
a+ u*ic(. Consider an arbitrary codeword C of C, by definition of ic, it has the form
C=(uCeg.vq. ..., u'¢¢cp ). Clearly,

Tucn 1 = (@ + u O ¢n_1 = U Cnrs.

Thus, € is also a [-constacyclic code. O

Proposition 3.3. Let C be a code of length n over Ry, and a, o' be units of Ry such that
a-o € (uj)m \ (uj'“)m, 0<j<4—ic. IfC is both - and of-constacyclic over Ry
then (uj*"'c);‘ C C. In particular, of o — o is ¢ umt, then C = (u‘c)gé.

Proof. Since @ — o/ € (uj)R‘ \ (u’“)R‘, there is a unit { € R4 such that & — &’ = (.
Without loss of generality, we can assume that (¢o,...,¢n-1) € C where cn_y = uw*¢v, for
aunit v € Ry. It follows that both (exce-1,€0, - --,¢a—1) and (a’¢n-1,¢p,. .., ¢a1) belong
to C, and hence, their difference is in C. Clearly,

(@Cn-1,€0r- - -1 €nc1) — (@Cn1,C0,-- - tm-1) = ((a‘— 0/)en-1,0,.-.,0)
=u*e¢y(1,0,..,0),

so w+ie(1,0,...,0) € C. That means »/**¢(1,0,...,0) and all its eyclic shifts are in C,
and hence, (u”“')"m C C. In the case that @ — o is a unit, then j = 0. Therefore,

(Y, € CC (W, 16, C = (W), O

We now give a partition for the units of R4 into 4 distinct types. For an integer k € {1,2,3},
we call a unit @ = oo + 1 +ulag +u3a of Ry to be of Type k, if k is the smallest index
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such that o #0. If, in addition, ap = 1, then 1 4 uoy 4 u?agp + ulevs is said to be of Type
k' Mo, =0forall ] <4< 3,ie, the unit is of the form a = ag € Fam, we say that a is of
Type 0 (or Type 0" if g = 1). Clearly, Ry has 2™ —1 units of Type 0, and (2™ —1)227CF)
units of Type k, which give 2™ — 1 Type 0 constacyclic codes and (2™ — 1)?278=*) Type
k constacyclic codes.

For 1 € k <3, let a be a unit of Type k of Ry, ie.,
a=op+ ukﬂk + uzaz + usag,

where o, ap, 00,03 € Fam, 09 #0, 0x #0. Let & = 1 + wFay, + -+ + w33, where, for
k<i<3, 05 — oiay' € Fam. Then & is a unit of Type &%, and a = apo. Clearly, in the
case of a Is & unit of Type 0 and « is of Type 0%, we also have « = apa. The following
theorem shows that (u2>%‘ is the unique self-dual a-constacyclic code of length n over Ry,

Theorem 3.4. Let a = ag + uay + ulas + uPag be o unit of Ry such that o #1. Then
(ui);'z‘ 15 the unique self-dual a-constacyclic code of length n over Ry.

Proof. Since af # 1, ag # 051, o — a1 is aunit of Ry. Let O be a self-dual a-constacyclic
code of length n. Then by Proposition 2.5, C is both a- and a~'-constacylic codes. Thus,
Proposition 3.3 implies that C = (u*@ );‘ In light of Proposition 2.7, C+ = (u%-ic >"R¢’
and hence, & = 2ig, as required. O

References

{1] T. Blackford, Cyclic eodes over Zy of oddly even length, International Workshop on
Coding and Cryptography (WCC 2001) (Paris), Appl. Diser. Math, 128 (2003), 27-46.

[2] E.R. Berlekamp, Algebraic Coding Theory, revised 1984 edition, Aegean Park Press,
1984,

18| 8.D. Berman, Semisimple cyclic and Abehan codes. II, Kibernetika (Kiev) 3, 1967,
21-30 (Russian); translated as Cybernetics 3 (1967), 17-23.

[4] A.R. Calderbank and N.J. A. Sloane, Modular and p-adic codes, Des. Codes Cryptogr
6 (1995), 21-35.

[5] G. Castagnoli, J.L. Massey, P.A. Schoeller, and N. von Seemann, On repeated-root
cyche codes, IEEE Trans. Inform. Theory 87 (1991), 337-342.

[6] I. Constaninescu, Lineare Codes iiber Restklassenringen ganzer Zohlen und ihre Auto-
morph beztiglich einer verally ten H. g-Meirik, Ph.D. dissertation,
Technische Universitéit, Miinchen, Germany, 1995.

[7} H.Q. Dinh, Constacyclic codes of length p° over Fam + uFam, J. Algebra 324 (2010),
940-950,

212


file://-/-uai

e —————

Nguyer Tha Thullwong va Drg Tap chi KHOA HOC & CONG NGHE 166(06) 207 - 214

[8] H.Q. Dinh and S.R. Lépez-Permouth, Cychic and negacyciic codes over finile chawn
rings, IEEE Trans. Inform. Theory 50 (2004), 1728-1744.

{51 8. Dougherty, P. Gaborit, M. Harada, and P. Sole, Type IF codes over Fy + uFy, IEEE
Trans. Inform. Theory 45 (1999), 32-45.

[10] G. Falkner, B. Kowol, W. Heise, E. Zehendner, On the emstence of cyclic optemal
codes, Atti Sermn. Mat. Fis. Univ. Modena 28 (1976), 326-341.

1] M. Greferath and SE Schmidt, Gray Isometries for Fimate Chein Rings and a Non-
linear Ternary (36,3'2,15) Code, IEEE Trans. Inform. Theory 45 (1999), 2522-2524.

[£2] W. Heise, T. Honcld, and A.A. Nechaev, Werghted modules and representations of
codes, Proceedings of the ACCT 6, Pskov, Russia (1998), 123-129.

[13] T. Honold and L. Landjev, Linear representabie codes cver chain rmings, Proceedings of
the ACCT 6, Pskov, Russia (1998), 135-141. ’

14} W.C. Huffruan and V. Pless, Pundamentals of Error-correcting codes, Cambridge Uni-
versity Press, Cambridge, 2003.

[15] S. Ling and P. Solé, Duadic codes over Fp+uFy, Appl. Algebra Engrg. Comm Comput.
12 (2001), 365-379.

(16} F.J. MacWilliams, Errer-correcting codes for multiple-level transmzsszons Bell System
Tech. J. 40 (1961), 281-308.

(17 F.J. MacWilliams, Comébnatoriel problems of elementary abelian groups, PhD. Dis-
sertaion, Harvard University, Cambridge, MA, 1962,

{18] F.J. MacWilliams and N.J.A. Sloane, The theory of error-correcting Codes, 10 im-
pression, North-Holland, Amsterdam, 1998,

[19] J.L. Massey, D.J. Costello, and J. Justesen, Polynomial weights and code constructions,
IEEE Trans. Inform. Theory 19 (1973), 101-110.

[20] B.R. McDonald, Finite rings with wdentety, Pure and Applied Mathematics, Vol. 28,
Marcel Dekker, New York, 1974.

[21] C.-S. Nedeloaia, Weight distributions of cyclic self-duat codes, IEEE Trans. Inform.
Theory 49 (2003), 1582-1591.

[22] G. Norton and a. S3lagean-Mandache, On the structure of linear cyche codes cver
finite chawn rings, Appl. Algebra Engrg. Comm. Comput. 10 (2000), 488-506.

[23] V. Pless and W.C. Huffman, Handbook of Coding Theory, Blsevier, Amsterdam, 1998,

[24] E. Prange, Cyclic Error-Correcting Codes in Two Symbols, (Scptember 1957), TN-57-
103.


file://-/-uF2

Nguyén Thi Thu Huong va Dig  Tap chi KHOA HOC & CONG NGHE 166(06) 207 - 214

[25] E. Prange, Cyclic Error-Correcting Codes tn Two Symbois, (September 1957), TN-57-
103.

[26] E. Prange, Some cyclic error-corracting codes with simple decoding algorithms, (April
1958), TN-58-166.

[27] E. Prange, The use of coset equuvalence wn the anclysis and decoding of group codes,
(1959}, TN-59-164.

[28] E. Prange, An algorithm for factoring £ — 1 over a finite field, (October 1959), TN-
59-175.

[29]) A. Sslagean, Repeated-root cyclic and negucyclic codes over finite cham rings, Discrete
Appl. Math. 154 (2008), 413-419.

[30) J.H. van Lint, Repeated-root cyclic codes, IEEE Trans. Inform. Theory 37 (199i),
343-345.

TOGM TAT
PHAN TU KHA NGHICH CUA VANH %1;-‘1 VA MOT UNG DUNG
Nguyén Thi Thu Huwdng,
P& Thanh Phiic*, Nguyén Quynh Hoa, Hoang Thanh Hai, Trin Thj Mai Linh
Das hoe Kinh T¢ va QTKD

Phin t khd nghich cia vanh R dugc chin thanh 4 loai phan bigt. Phén it kha nghich ciia vanh
R4 duge xem xét mat cich chi tidt. Nhu mdt tng dung mi ty déi ngiu clia mi a-constacyclic ¢6
d3 dai 2% trén Rq. Chting t&i ¢6 thé chitng minh ring 06 1a duy nhit.
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