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PHU'CfNG PHAP CHIEU DU^dl GRADIENT XAP XI 
GLAI B A I TOAN QUY HOACH LOI 
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TOM T A T 

Tir trudc den nay, c6 rit nhilu phu'ong phap giai b^i loan Quy hogch loi, trong dd chii yeu la cac 
phuong phdp sii dung dao ham Bai bao trinh bay mgt phuong phap giai biii toan quy hoach Ioi la 
phucmg phap chieu gradient xap xi Phuong phap nay ap dung t6t cho bai toan min / (x ) (P) vdi 

ham muc tieu / ( jc jkhong kha vi Bki bao trinh bay cac khai mpm co ban dl phuc vy viec chiing 

minh dieu kien de thu^t toan chilu dudi gradient xap xi hfli ty vl nghiem ciia bai loan (P) la chi 

can tSp £ -dudi vi phan ciia ham f bi chan va ham f niia lien tye dudi 

Tir Idioa: Quy hogch loi, Dudi vi phdn; Phuang phdp ehteu dudi gradient; Hgi la; Bi chdn 

Gl6lTHIEy ^ {m,x-x')^f{x)-f(x'), VxeJ?" 
Ly thuyet ve bai toan quy hogch loi da dugc 
quan tam nghien ciiu nhieu va da thu duac Tap hqp tdt cd cdc dttoi gradient ciia hdm f 
nhieu kit qua quan trong dua tren ly thuyet , - o ,- j . - i.^.. • r.^ ^ ;„-. i„i., /A • rv. L u 1* • T-'' u ' 17-̂  u „ let' X goiladicaiviphdncuaftaix^.kyhieula cua CJuy hogch loi va Toi iru hoa. Ve phuong ^- ^ J a -r 
dien tinh toan da cd kha nhilu phuang phap ^^.^yi^^j^^ Ux-/)<f[x)-f(A,'ixer\ 
him hipu cho lop bai toan nay. Cac phucmg J'- ' { \ ' i ^ \ i ^ \ i j 
phap dd da dugc gldl thieu trong cuon Toi uu gj^jj ^g^j^ 2.3.[31 Gid sir 4>0wkxBR". 
loi (Convex Optimization) cua cac tac gia ", ^ _ ,, , j . 
Stephen Boyd and Lieven Vandenberghe do » « ' " P.eCOuac go, U, (- chieu cua 
nha xuat ban Cambridge University Press in ;c vao C niu p^ Id ^ -nghiem cua bdi 
nam 2004. Bai bao trinh bay mdt phucmg nam ZUU4. Hai Dao tnim nay moi pnuong |- •, 
phap giai quyet bai loan quy hogch Ioi vdi Idp ôaw min-j - | |r->' |f \,fJghTa It 
ham muc tieu khone kha vi. "̂  L •̂  J 

l^-P.fi^W'-I'ci'f*^ 

ham rayc tieu khdng kha vi 
TAP D U 6 I VI PHAN, 4 - CHIEU XUONG 
TAP LOI 

Dinh nghTa 2.1.(11, [2|, [4], [6] Cho e>0. 
Mot vec ta ojeK" duac goi Id mpt s-dirdi 

gradient cda f tai diim JT̂  e R" niu 

trong do Pc(x) Id hinh chiiu khodng cdch cua 
x lin C. 

Nhgn xet 2.1. Tir dmh nghla ta thdy. p^&C 

la ^ - chilu ciia x vao C tuong duong vdi 

THUAT T O A N CHIEU DlTCil GRADIENT 
xApxi 
Chop,e la cac tham so duong va cac day so 

V(/).={»6/r {»,x-)r')s/(»)-/(/)t<:, *£«•) ^^^ {A},{A},K}.{f*} a-™ ™!n <=*= 
Dinh nghia 2,2,[1], [2], [4], [61 V^c ta weR" dieu kien sau: 
ihmc goi !a mot dud'i gradient cua / tai p,, > p , ^ , >0,e, > 0 , 4 SO.VteW (3.1) 

diim X. s R" niu „ 
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(w,x-x°)<./{x)-f{x°)-\-G, Vxei?" 

Tdp hpp tat cd cdc € - dudi gradient ciia hdm 

f tai x^ got Id b- du&i vi phdn hdm f 

tqix^.kyhiiuld 
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y M . < + „ y f < + „ (3.3) 

Chang han c6 the lay 

Thu|t toan: Chgn x" eC^. Tgi moi budc 

lapk = 0, 1,... cd x" 

Biedc 1: Gia sii / G C. Lay g" e d^J(x''). 

Ta dinh nghla' 

uc,=^ trong dd^^ =max{p^,|lg*||}. 

Neu g* = 0 thi X la e^ -nghipra ciia bai loan 

(P) va dimg thuat toan neu £^<£ . Trai lgi 

chuyen sang Budc 2. 

Budc 2 Tinh x"^' e C 

ia.g' +x"'-x',x-x''')^-4„ VxeC 

Neu X**' - r* < £ thi dimg va ta dugc rapt 

nghiem xap xi. 

Ngugc lgi quay ve Budc 1. 

Chu^3.I.Tacd 

- Theo nhgn xet 2 1 diem x**' duac ggi la 

î -̂chieu cua (x^ -tx^g'') vao C Dac biet, neu 

4 = Othi X '̂ la hinh chieu vudng gdc ciia 

{x.-a.g") hay jc'̂ ' = p^ [x, -a,g') • 

- Neu ^i^=ei^ =0,\/k^N thi p^ la phep 
chieu vudng gdc va khi dd thuat loan trd 
thanh thuat toan chieu gradient, tieu chuan 
dung la g^=0 a budc I, va x**' =x*' d 
budc 2. 
Bo de 3.1. V&i moi k, ta co cdc bdt ddng 
thiic sau 

Oi)/3,\\x'-*'-x-l<0l+S,. 

Chung minh. 

(i) Theo dinh nghia a^ ta cd: 

Akil 
max(ft, lg ' |} 

(li) Thay x = x ' vao (3.4) ta co: 

(Theo Bat dang thuc Cauchy-Schwarz) 

(Theo chiing minh (i). 

Hay y-' -x'f-A \x"' - > t ' | - 6 S 0 (3.5) 

Xet phuang tnnh bac hai /($) = S^ -pd-^ 

e^HJHR (3,6) 
2 

Nhan ca hai ve ciia bat dSng thiic (3.6) vdi 0 
va sii dyng bat dang thiic Cauchy cho hai so 

ducmg a va b, ab s ta cd: 
2 (^-' 

Thay vao (3 5) vdi 
0 = [x*-̂ ' - X* II, /? = /?„ ^ = f, ta dugc. 

A| |X*^* ' -X* | |<^ ,= -F4 -

Mfnh sh 3.1. Gid su bdi todn (P) co tdp 
nghiim S(f.C) khde rdng. Khi dd vdi moi 

x' e S(f>C) vd vdi mpi k. ta cd: 

wii,"-yr.p-/ii\2a.(/(x-)-/(,'))+«., 
trong io S^ = 2ff,£, + 201 + 4 ^ , 

(ll) Day j | | j : ' -x:'|H hot tu vdl 

motx ^S(f,C) 

(ill) Day Ix'} hi ch^n. 

Chung minh. Ta c6: 

\\x'-^x-f=P'"-x'f-2(x'~x",x-^x'") 

y-'-x-f. 
Nenl^'*'-irHK-T-|K 

*'> 
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- r * ~ ^ 1 l +2{x'-x'",x'-x''") (37) (iii)Doday {||x*-x'||'}hoi tu ta suy ra day 

Tlay x=x- vao (3.4) ta c6: |;,«) bi ch|n 

, ("tg +x -X ,x -x'"'^)i.-4,. Wnh\i 3,1. Gia sijbai toiin (P)cd lap nghiim 

^"y ra S(f:C)khacr6ngvadSy{g'}blchiinlOilM: 
2<.x'-x",x--x'")i2<.a,g',x--x'") + 24. (3 8) 

11̂  Thay (3.8) vao (3 7) ta duoc. i i '2 , ' " 'p( ,^(^*)- / ( ' ' ) ) = °' Vj :eS( / ,C) 

[x'^'-Jc'l S | | J : * - / | +2(a,g^,x--x*-')i.2^. Chung minh, Gia su x* eS(f,C). Theo 
Menhde 3.1(i)tac6: 

.,. 'V ' ' t ^^'•''tS'.x' -x') + 2(a,g',x' -x'-')+2i, 

Ap dung Bat ding thiic Cauchy-Schwarz va 
OS2a,{f(x')-Ax-))< 

Bo de 3.1 (i) taco bat ding thilc sau: ^Ik*"-*'! ~lk'*'~^'ll *^f 

lx"'-x-f<lx'-x-f + 2a,(g',x-~x') U-ong toS^ =2a,£„+2fi^+44,>0 va 

'2 -^2A|^'-;t*"||-^2f. f J , <1-=o theo(3.2), (3.3),(3,4). 

<\\x''-x'\\ +2a,(g\x'-x'') + 20^ + 4£,(3 9) j , . . ,j,.- ^,. . , . , ^ , 
I' ^« ^ * * / A ' -s* ' Lay (Qng cac bat dang thuc tren ven k=0,1.. .m 

(Theo bo de 3.1 (ii)) ta cd 
Mat khac, g'ea.,/(.x>) nen ta a,2taJAx^)-fix)) 

^•.(g\x-x')<f(x)-nx') + s,. 

Do a,.>0 nhan ca hai ve ciia bat ding thiic < x^-r* - x^^'-xl +^S, 

tren voi 2a,. ta duoc- „, 

2a,(g\x--x'')<2a,f(,x',x') + 2a,is, om - P ^ ^ l * l . f 

Thay (3 10) vao (3.9) ta duoc: Cho m -> +00 ta duoc: 

ft V"-4'4''-'''( (3.11) o<2f;^.(/(x*)-/(/))-^f;^. 
+2a:,(f(x-)-f{x')) + S, 

ff Trongd6 5,=2«,s,+2A=-i-4f.. WiY^^S, <+«> nin 

(ii) Do J : ' e 5 ( / , C ) nen / ( x ' ) : S / ( i ' ) iS , . .< 
y ' / Jy > •'y ' 0 < 2 £ a , ( / ( r ' ) - / ( x - ) ) < - h » (3 14) 

hay / ( x ' ) - / ( x ' j < 0 thay vao (3.11) ta '•' 
duoe | |x" - x - f <||x' -x-f+S,. (3 12) '^'" S'^'^ict {g '} bi ch^, tu (3 1) va (3.4) 

ta CO ton t^i L^p sao cho g* <Z. vdi moi 
t rongd6^ ,=2aA-^2 /^ / - ^44 . i „ n ,,• 

A e Af. Do do: 
Heo (3.2), (3.3), (3 4) thi , 

' ^,>Ova j ; ^ , <+« (3 13) p^ I '-i II* II) p 

*"" Khi do, theo (3 4) thi: 

^ Tu (3.12) va (3.13) ta duac day | | x ' - x f ) ^^ ^ A > P A. v * £ Af (3 15) 

hpitu. ' ''» ^ A ' 
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Tir(3.14)va(3.15)tac6- h^y f(.x) = f(x) nen xeS(,f,C) 

Khi do theo Menh de 3.1 (ii) day ( M _d|'l 

^ n hoitu, ket hop vai (3.16) ta duoc: 
Do > —^ = -t-DO nen tir day suy ra t _ „ 

ftp. limx* = x, xeS(f,C) o 

Jjmsup(/(x»)-/(x'))=o, V/65(/ ,C) D KETLUAN 

Binh li 3.2, Gia sii bai lodn P cd Idp nghiem Bai bao da^giai thieu thuat toan chieu gradient 

S(f.C) khacrong day{g } bichdnvaf ^.^^^^^ ^^. ^^^ (p) vi, chiing minh si. 
nia hen tuc dudi Iran lap C.Khi M ddy ^̂ _ ^ ^. __̂ ^̂ g_̂  j , ^ ^ ^^ ^ ^ . , ^̂ ^̂  . j^^.^ 

{x } hoi tu den nghiem ciia bdi todn P toan chieu duoi gradient xap xi ap dung tot 
f... • u f.' . ..' ^ Cf r r'\ TU cho viec giAi bai toan (P) ma ham muc tieu f 
Chung minh. Gia su X e o ( / , C ) . Theo ^ •/ 
dinh nghia ciia limsup ton tai mot day con A . 

I, ^ Bai bao la san pham ciia de tai co ma so 
{x'} ciia {x ) sao cho. T2016-07-16, duoc tai tro boi kmh phi cto 
l imsup(/(x*)-/(x-))=lim(/(x' ' )- /(x-)) tnrong D,i hoe CNTT&TT - DHTN 

Theo Menh de 3 1 (iii), day {x''} bi chan Vi TAI LlEU THAM K H A O 
vly, khong mat tinh tong quat ta gia sii ' Stephen Boyd and Lieven Vandenbergh (2004), 

l i m x ' " ' = J . (3.16) 
Convex Oplimizalion, Cambridge University Press 

2 L£ Dung Muu, Nguyen Van Hien, Nhap mm Giai 

... .. .,.1. r . , . , .. . . //cA/dl liwe (ftinp, Nxb Khoa hoc tu nhien va cong 

Theo gia thiet / nua lien tuc duoi tren tap , . , „ .... 
-f "̂  nghe. Ha Noi 

C v a t i t D i n h l y 3 . 1 t a c 6 . 3 Paulo Santos and Susan Schemiberg (2011), "An 
mxact subgradient algonthm for equiiibiium 
problems", Computalional &Applied Malhmalics, 
30, pp. 91-107. 
4. Tran Vu Thieu va Nguyen Thi Thu Thuy (2011), 
Nhap mon Toi mi phi luyen, Nxb Dai hoc Quoc gia 
HaN«i,HaNoi 
5 Hoang Tuy (1997), Convex Analysis and Global 
Optimization, Kluwer Academic Publishers 

cho nen ta co- 6, Hoang Tuy (2006), Ly Ihiiyil ldi ml, Vign To^n 
/ ( x ' ) - / ( x ) = 0 . hoc. Ha Noi. 

fix')-fix)> \imjnf[f(x-)- fix'-)) 

= - j i m s u p ( / ( x ' ' 0 - / ( / , ) ) 

= - j m , s u p ( / ( x ' ) - / ( x * ) ) = 0 

Do x-<^S(,f,C) nen / ( V ) - / ( J ) < 0 
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SUMMARY 

AN INXACT SUBGRADIENT ALGORITHM FOR C O N V E X OPTIMIZATION 

Quach Thi Mai Lien', Hoang Phuong Khanh 
University of Information and Comunication Technology - TNU 

So far, dierc have been many methods to soh'e convex programming problems, most of which are 

those using derivatives. The paper presents an inexactsubgradient projection method, a method to 

solve convex programming problems This method is used elTectively for rmnf{x) (P) when 

objecUve f u n c t i o n / ( J : ) is non-differentiable. The paper also prove that conditions for the 

inexactsubgradient projection algorithm to converge to the solutions of (P) only require t • 

sub differential of function J" is bounded and f is lower semicontinuos 

Keywords: Convex opiiinization. Subgradient, Projected subgradient method; Convergent, 
Bounded 
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