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USING METHOD OF LAGRANGE MULTIPLIERS
IN THE PROBLEM OF FINDING ABSOLUTE MAXIMUM AND MINIMUM

OF FUNTION OF TOW VARIABLES

SUMMARY

Nguyen Thi Hue”
University of Technology - TNU

The problem of finding absolute maximum and minimum values of function of two variables on a
closed bounded set D have general method. However, when solving some problems, finding
critical points on the boundary of D is difficult to put y=y (x) or x= x(y) to substitute into f(x, y)
and to make the problem becomes complex. So, this article presents method of Lagrange
Multipliers to find critical points on the boundary of D when we solve absolute maximum and
minimum problems. Simultaneously, providing some illustrative examples to show the
effectiveness of this method, when finding the critical points on the boundary of D in the case of
obtaining y=y(x) or x=x(y) from the boundary equation of D and substitute into f(x,y) difficultly.
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INTRODUCTION

Finding absolute Maximum and Minimum
problems for the function of tow variables has
a general solution. However, some problems
are difficult to obtain y=y(x) or x=x(y) and
substitute into f(x,y). Therefor, this article
presents method of Lagrange multipliers to
find critical points of f on the boundary of D
in this case.

USING METHOD OF LAGRANGE
MULTIPLIERS IN THE PROBLEM OF
FINDING ABSOLUTE MAXIMUM AND
MINIMUM OF FUNTION OF TOW
VARIABLES

Solution method

Problem. Find absolute maximum and
minimum of funtion z= f(x,y) on a closed
bounded set D.

Solution method [1],[4]

1. Find the values of f at the critical points of f
in D by solving system of equations:

2x=0 My eD= f(M
z'y=O:> o€ D= f(Mp)
2. Find the extreme values of f on the boundary
of D, assum that f(M,), f(M,),..., f(M).
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3. The largest of the values from steps 1 and 2 is
the absolute maximum value; the smallest of
these values is the absolute minimum value:

Maxf= Max { f(My), f(M,), f(M>),..., f{(M,)}
Minf= Min{ f(Mo), {(M1), f{(M),..., f(Mn)}
However, in step 2, some problems are
difficult to obtain y=y(x) or x=x(y) and
substitute into f(x,y). We can use method of
Lagrange multiplier to find critical points on
the boundary of D as follows:

+ Setting the function: F(x,y)= f(x,y) + Ag(x.y)
(g(x,y)=0 is the boundary equation of D)

+ Solve system of equations to find critical
points on the boundary of D:

F'vy=0
F'y:O :>M1,M2,...,Mn
g(x,y)=0
Examples
Example 1. Find absolute maximum and
minimum values of function
z=flx,v)=x2+vZ+y on a closed

bounded set D: x* +v* =1

Solution. In this example, we can solve by
tow methods
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+ Solve system of equations:
x=0

ZIXZO 2x=0
\ < = 1
zy:O 2y +1=0 y:—E

= MO(O,—%)E D= f(Mg)=

Nlw

+ On the boundary of D X*+Yy* =1, we
have X* =1— y*and

fl-y%y)=1-y?+y?+y=1+y, ye[-1]]

This is an increasing funtion of y, so its
minimum value is f(0,-1)=0 and its maximum
value is f(0,1)=2

We compare these values with the value

f(M,) = 3 at the critical point and conclude
4

that the absolute maximum value is f(0,1)=2
and the absolute minimum value is f(0,-1)=0
In this example, obtaining y=y(x) or x=x(y)
and substitute into f(x,y) is very convenient.
However, in step 2 we can use method of
Lagrange multipliers to find critical points on
the boundary as follows:
+ Setting the function F(x,y)= x* + y* + y +
A+ y*-1)
+ Solve system of equations:

F'y=0 2X+2Ax=0

F'y =0 <{2y+1+21y=0

2,2

x2+y?=1 (X +y°=1

[ (M1(0,2)

fiMy) =2, flM;) =0
Comparing three values f{Mg), F(M;)f (M),
we have absolute maximum value is (0, -1)=

2 at My(0, 1) and absolute minimum value is
f(0, -1)=0 at M(0, -1).
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To show the effectiveness of method of
Lagrange multipliers, we consider the
following example.

Example 2. Find absolute maximum and
minimum values of funtion

z="f(x,y)= X2 + y2 on the closed bounded

2 2

set D: (X—\/E) +(y—\/§) =9 [2].
Solution

+ Solve system of equations:

zy=0 [2x=0 [x=0
= =
ZIX:O 2y:0 y:O

= Mo(0,0) eD=> f(Mo)=0
+ On the boundary of D:

(x4 (-]

We use method of Lagrage multipliersm.
+ Setting the function:

F(x, y):x2+y2+/1{(x—\/§)2+(y—\/§)2—9}
+ Solve system of equations:
F'.=0
F',=0
(x=2)?+(y—+2)> =9
2X+2A(x=~[2)=0
{2y +2A(y—-~2)=0
(x=V2)* +(y-2)* =9
(x=y)@+4)=0
S 12y+24(y-2)=0
(x=v2)*+(y-+2)* =9
x=y
2y +2A(y—+/2)=0
(x=~2)? +(y-~2)* =9
A=-1
2y +24(y-~2)=0
(x=~2)? +(y-~2)* =9
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5 5 5}
)4
< -1 -1 1
MZ(JE’JE)ZQ_ 3
f(My) =25 f(M,)=1
Comparing three values
f(Mp), f (M), f(M,) , we have absolute

maximum  value is f(M)= 25 at
5 5

M, | —=,—= | and absolute minimum value
1(J§ Jij

is f(Mo)=0 at M (0,0).

In Example 2, we see that when considering
the boundary of domain D that obtain y=y(x)
or x=x(y) to subsitutec into f (x, y), the
problem becomes complex. So in this
example, using Lagrange multipliers to find
critical points on the boundary of D makes
the problem simpler and easier.

Notice that, we only focus critical points on
the boundary, so when solving the system of
equations above, we can not find the A. To
see the advantages of this method, we
consider the following example.

Example 3. Find absolute maximum and
minimum values of

funtionz = f(x,y) =1— X2 — y2 on the
closed bounded set D: (x—l)2 +(y—1)2 <1

Solution
+ Solve system of equations:

Z'y:O -2x=0 Xx=0
& &
Z'XZO —2y=0 y=0
= Mg(0,0) = f(My) =1
+ On the boundary of D:
(x=1)*+(y-1)" =1

We use method of Lagrage multipliers.
+ Setting the function:

F(x,y)=1-x?—y? +A[(x—1)2 +(y—1)2 —1}

+ Solve system of equations:

F'.=0
F',=0
(x-1)2+(y-1?%=1
—2X+2A(x-1) =0
< 1-2y+2A4(y-1) =0
(x-1)%+(y-1)?=1
x=-y)(4-1)=0
-2y +24(y-1) =0
(x-1)%+(y-1?=1

X=y
-2y+2A(y-1)=0

(x—-1%+(y-1?%=1
A=1

—2y+2A(y-1)=0
(x-1)2+(y-1?%=1
Ml[ﬁﬂ \/§+1j

NFIRENF]
=
M J2-1 V21
vz vz
f(M)=—-2-2v2, f(M,)=—2+22
Comparing three values

f(My), f(M,), f(M,), we have absolute
maximum value is f(M,)= 2+242 at

" [JE—lJE—l
V22
minimum value is f(M;)= —2+2\/§ at

M [\/5+1 \/§+1)

V2 2
Finally, we consider the following example to
see the great effect of method of Lagrange

] and absolute

multipliers.
Example 4. Find absolute maximum and
minimum values of

funtionz = f (x,y) = X2 + y2 +4x—4yon

the closed bounded set D: X2 + y2 <9 [3,987].
Solution
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+ Solve system of equations:
z'y =0 {2x+4:0 {x -2
= =
z'y=0 2y—-4=0 y=2
= Mo(-2,2)eD= f(My)=-8

+ On the boundary of D: x? +y?2 =9

We use method of Lagrage multipliers
+ Setting the function:

F (X, y):x2+y2+4x—4y+/1(x2+y2—9)

+ Solve system of equations:
F'.=0 2X+4+42Ax=0
F'=0 <<:2y—-4+22y=0
x> +y?=9 x*+y?=9

(x+y)(1+1)=0

&12y—-4+24y=0

x> +y?=9
oy
2y —4+24y=0
x?+y?=9
=N
A=-1
2y —4+24y=0
| XP+y* =9
TOM TAT

(3
v 5 35)
f (M) =9-12/2, f(M,) =9+122

Comparing three values
f(My), f(M,), f(M,), we have absolute

maximum value is f(M,)= 9+124/2 at

Mz( 3 3} and absolute minimum

NP

value is f(Mg)= -8 at My(-2,2).
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SU DUNG PHUONG PHAP NHAN TU LAGRANG TRONG BAI TOAN TIM GIA
TRI LON NHAT VA GIA TRI NHO NHAT CUA HAM HAI BIEN

Nguyén Thi Hug"

Truong Pai hoc Kithugt Céng nghiép - DH Thai Nguyén

Bai toan tim gia trj 6n nhét, gié tri nho nhét cia ham hai bién trén tap dong D dé c¢6 phuong phap
giai chung. Tuy nhién, khi giai mot sb bai toan, viéc tim diém t6i han trén bién cua D bing cach
rat y= y(x) hoic x= x(y) dé thay vao ham f(x,y) 1a rt khé khin hoac lam cho bai toan trg nén phic
tap hon. Vi vdy bai bao nay trinh bay phuong phap nhan tir Lagrang dé tim diém t6i han trén bién
cua D khi giai bai toan tim gid tri 1on nhat, gia tri nho nhat. Bong thoi dwa ra mot s6 vi du minh
hoa cho thay tinh hi¢u qua ciia phuong phap nay khi tim diém toi han trén bién caa D, ma viéc rit
y theo x hoic x theo y dé thay vao ham f(x,y) gap khé khan.

Tir khoa: Gia tri I6n nhat, gid tri nhé nhat, ham hai bién, phirong phdp nhdn tir Lagrang, diém t6i han
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