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XAC SUAT PHA SAN TRONG MO HiNH BAO HIEM TONG QUAT

CO TAC PONG CUA LAI SUAT

VOI DAY BIEN NGAU NHIEN PHU THUQC MARKOV

TOM TAT

Phuing Duy Quang’, Phan Thi Hwong
Truong Pai hoc Ngoai thuong

Trong bai béo nay chiing toi nghién ciru mé hinh bao hiém tong quét c6 tac dong cia ldi suat. Co
ba hudng tiép can dé nghién ciru xac sut pha san/khong pha san: udc lugng bang bat dang thc,
phuong phap mé phong Monte- Carlo, tinh chinh xac. Bai bao nay xay dung cong thirc tinh chinh
X4c xac suat pha san trong mo hinh bao hiém tong quat c6 tac dong cua lai suat voi ddy so tién thu,
day s6 tién doi tra va ddy 1ai sudt 1a cac ddy bién ngau nhién nhéan gia tri nguyén duong, phu thugc
Markov véi day thu , day doi tra va day 13i suét 1a doc 1ap voi nhau. K¥ thuat co ban duoc sir dung
trong bai bao 1a cac cong cu cua 1y thuyét xac suat cb dién.

Tir khéa: Xdic sudt phd san, xdc sudt khéng phd san, xich Markov, qud trinh rii ro, cong thirc

chinh xac

GIOI THIEU

Trong 1y thuyét rai ro ¢b dién, hai mé hinh rai
ro da dugc nghién cuou la mé hinh nhi thirc
phwc hop voi thoi gian roi rac, trong do day
sO tién doi tra dugc gia thiét 1a bién ngau
nhién nhan gia tri nguyén duong, va mé hinh
Poisson phirc hop véi thoi gian lién tuc, trong
d6 day sb tién doi tra dugc gia thiét 1a bién
ngiu nhién c6 phan bd xac suat lién tuc tuyét
dbi. Mic dau cac mo hinh lién tuc duoc
nghién ciru phd b1en nhu‘ng cac md hinh roi
rac ciing cung cip mot sd ung dung va dac
biét 12 dua ra cach hiéu thuc té cta cac bai
toan tot hon.

Gan day, Picard va Lefévre [1] da dua ra cong
thirc dang hién, goi 1a cong thic Picark —
Lefévre (cong thirc P.L) dé x4c dinh xac suét
khong pha san trong thoi gian hitu han cua
md hinh Poisson phirc hop véi diy sb tién doi
tra bao hiém nhan gia tri nguyén duong. Day
1a mot cach tiép can quan trong vi trong thyc
té cac bai toan xac dinh xac sudt phd san
(khong pha san) déu doi hoi cac két qua thyc
nghiém sé (xem, DeVylder va Goovaerts [2]).
Y nghia quan trong cua cong thirc P. L da
dugc nghién cou boi De Vylder and
Goovaerts [3], Gerber [4], Ignatov, Kaishev
and Krachunov [5].
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Mot nghién ctru vé cong thirc nay c6 so sanh
v6i cac nghién ctru khac ciing duge cung cip
boi De Vylder ([6], [7]) cling d& dua ra cong
thirc tuong tu cho mé hinh Poisson phirc hgp
v6i ddy sb tién doi tra 1a lién tuc.

Mot cach tiép can khac ma Rulliére va Loisel
[8] da chi ra cong thiic P. L c6 lién hé véi
dinh 1y Ballot va céng thuc kiéu Seal (xem
Seal [9]).

Trong cong trinh cua Claude Lefévre va
Stéphane Loisel (xem [10]) da xay dung cong
thire tinh chinh x4c x4c sudt pha san cho mo
hinh c6 dién vé6i gia thiét day sb tién doi tra
nhén gi4 tri nguyén duong nhung chua dé cap
dén cong thic tinh chinh xac x4c sut pha san
cho m6 hinh tong quat co tic dong clia 1ai suat
voi von clia cong ty bao hiém & thoi ky t 1a:
U =U_,@@+1)+X -Y;t=12,..00)

Trong d6 Uy =u >0, u la s6 von ban dau cua
hang bao hiém, diy so tién thu bao hiém X

={X;},,» ddy sb tién doi trd bao hiém Y =

{Yj}jzl’ day 1ai suat I = { } Lo, duoC gid thiét
la day bién ngiu nhién khong am, doc lap
cung phén phdi va cac ddy bién ngiu nhién X,
Y, I'1a doc lap vai nhau.

Trén thuc té, von, thoi gian t, s6 tién thu bao
hiém X; ¢ lan thur i, so tién tra bao hiém Y; ¢

39



Phung Duy Quang va Prg

Tap chi KHOA HQC & CONG NGHE

185(09): 39 - 43

lan tht j, déu nhéan gia tri nguyén duong con
13i suét I; & 1an tha t nhan gid tri dwong (mién
gia tri ciia X, Y, déu hiru han). Véi gia thiét
nay, muc dich cta bai bao 1a xay dung cong
thire tinh chinh xac xac suit phd san cia mo
hinh (1) trong trudng hop cac day X, Y, I 1a
cac xich Markov thuan nhét va X, Y, I doc lap
v6i nhau. Bai bao da sir dung cac kién thirc
ciia Ly thuyét xac sudt cb dién dua ra cong
thirc tinh chinh xac xac suat pha san (khong
pha san) cho md hinh (1).

MO HINH VA CAC GIA THIET

Xét mo hinh (1) véi cac gia thiét sau:

Gid thiét 2.1: v6n ban dau U, = u, thoi gian t
nhén gia tri nguyén duong.

Gid thiét 2.2: diy sb tién thu X ={X; }

nhan
i>1 ‘

gia tri trong E, ={123,..,M} la xich
Markov thuan nhdt véi ma trin xac suét
chuyén sau 1 budc: P = [pjjlmxm:

p; =P(X,. = IX, =ik¥n=12,..);
0<p; <LVi,jeEy: > p;=1.
jeEx

Phan phéi ban dau: P(X, =i)=p, (i €E,)
P(X, <M < +0w0) =1, tic la ddy sé tién thu
luén bi chin (hau chic chin).

P(X, =0)=0<P(X, >0) =1, tic la day
s tién thu duong (hdu chéc chin).
Gid thiét 2.3: day sb tién doi ra Y ={Y, |,
nhan gié trj trong E,, ={1,2,3,....,N} 1a xich

Markov thudn nhdt véi ma trin xac suit
chuyén sau 1 budc: Q = [gij]nxn:

a; =P(Y,. =Y, =ifvn=12..);

n+1

0<q; <LVijeE,: > g;=1.

jeEy
Phan phéi ban dau: P(Y, =i)=q, (i €E,)
P(Y, <N <+w) =1, tic 1a diy s tién doi
tra lubn bi chin (hiu chic chén).
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P(Y, =0)=0<P(Y, >0) =1, tac la day
s tién doi tra duong (hau chic chan).

Gid thiét 2.4: day 13i suét 1={1 }
tri trong E, = {il, iz,...,iH} la xich Markov
thuan nhat voi ma tran xac suat chuyén sau 1
budce: R = [rys]hx H

., nhan gia

rm=POMfﬂ$n=hXVn=LZ“%
H
0<re <LVkse{l2,. . Hj: > r =1
s=1
Phan phdi ban dAu:

P(l,=i)=r,(se{L2,...H)

P(1, <i, <+o0) =1, tic 1a day 13i suat luén
bi chian (hﬁu chic chén).
P(l,=0)=0<P(l, >0)=1, tac 1a day
13i suat duong (hau chic chan).

Gid thiét 2.5: X, Y, 1a doc lap v6i nhau.
Trude hét, tir (1.1) ta c6:

U, =u.ﬁ(1+ Ik)+tzll((xk —Yk)ﬁ @+ Ij)]

j=k+1
+ X, -Y,, (2

Goi T, 12 thoi diém pha san cua cong ty bao

hiém: T, =inf {j:U; <0} .

Khi déz xéc sudt pha san ciia mé hinh (1) dén

thoi diém t dugc xac dinh nhu sau:

y® (u)=P(T, <t)= P[U(uj <0)],(3).

Va xac suat khéng pha san ctia mo hinh (1)
dén thoi diém t xac dinh nhu sau:

o (=1 P ()
t 0
=P(T, 2t+1):P(| (Y; 20)}, (4)
j=1
Dé xdy dung cong thuc tinh x4c suit (3) va (4).
Trude hét, ta chimg minh bo dé sau:
B6 dé. V&i moi s6 duong u va cac diy sd

duong {Xi }it=l’ {yi }it=l’ {i j };:1 '
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Véimoi pma (1< p<t—1)thoa man:

ul_[(1+|k)+2(xk yk)H(1+| )+X, (5)

j=k+1

thi
p+l p p+l
u[T@+i)+ yO [T @+i)+x,.,>0,(6)
k=1 k:l j=k+1
Chirng minh:
Néu c6 (5), tic 1a
p p-1 p
Y, guH(1+ik)+Z(Xk _yk)H(1+ij)+XP
k=1 k=1 j=k+l
p . p-1 p .
X, Y, Z—UH(1+Ik)_Z(Xk _yk)H (1+IJ')
k=1 k=1 j=k+1
Khi d6, ta cé
p+l
uH(1+|k)+Z(Xk yk)H(1+|)+X
j=k+1
p+1 p+1
_uH(1+| )+Z(X -y [T @+i)
j=k+1
+(Xp _yp)(1+ |p+1)+XP+1
p+l p-1 p+l
>u[Ja+i)+Y (x -y [] @+i,)
k=1 k=1 j=k+1
p p-1 . .
+-u]Ja+i)-Y (x —yk)H(1+|,-) (L+i,)
k=1 k=1 j=k+1
+Xpy =Xy >0

Hay (6) dung.[]

Khi d6, ta c6 cong thirc tinh xac suat khong
thiét hai cia mé hinh (1):

Pinh ly. Vi cac gia thiét trén ciia mo hinh
(1) thi x4c suat khong pha san dén thoi diém t
duoc tinh theo cong thirc:

H M

1
(Pﬁ )( ) Z Z rm1 rmlmz "‘rm( m; px1 pxlxZ "'p><t Xt

My My oM=L X X X =L

s 3

1 -
yé[u 11 (Lin, M} y‘{ur‘[ (Wi )+ T (%3i)
k=1 k=1 k=1

qy1 qY1Y2 -4 Vet

1 @iy ),
k

(7)
Chirng minh
Truée hét, ta co:

A=
| (U;20)= [uﬁ(l+lk)+X12Y1}

=1 k=1

o) uH(1+I )+Z(x Y)H(1+I)+X >Y}

j=k+1

j=k+1

muH(l+I)+Z(X Y)H(l+|)+X }

A uH(l+I )+Z(x Y)H(l+| Y+ X, 2, },(8)

j=k+1

Tir gia thiét 24 ta dat

=i by =i e |y =iy, VO
m;,m,,...,mla cac sb nguyén duong thudc
tap {12,..,H} théa man diéu kién:
1<m,m,,...m <H.

Ky hiéu:

A =(h=in )0 (1 =i ) (1 =iy, )

Khi @6, do day I 1a mot xich Markov thudn
nhét nén ta co:

PA i, ) =P (L =i ) (1 =i )0 (1 =i, )]

=P(1, =i, )P (1, =im2‘llzim1)...P(ll :iml‘IH:im‘l)
rm1 rmlm2 rm‘ Jme (9)
Tu gia thiét 2.2 ta dat X, = X1, Xo =X, ..., Xq

= X VO Xy, X,,..., X, 14 céc $b nguyén duong

théa man diéu kién: 1<iy, iy, i, <R. Ky
hiéu:
Bro,x, =(X, =% )N (X, =%, )N (X, =X,)

Khi d6, do diy X 1a mot xich Markov thudn
nhét nén ta co:

P(B XyXg. ) P[( )m(xzzxz)m"'m(xtzxt)]
=P(X,=x%,)P(X, _xz\x1 =X, P (X, =% X5 =X.4)
=Py, P, P, 10)

Khi d6 (8) dugc viét dudi dang:
A=

mg,m,,..,m =1

M

U {(Xl =X) N (X, =X) NN (X, = Xt)}
Xg1Xg e Xy =1

iy imp i

41



Phung Duy Quang va Prg

Tap chi KHOA HQC & CONG NGHE

185(09): 39 - 43

my Imy = Imy

= U U {Ai [P melxz,..xl

) my I ++-lmy
g =LXg Xg X =L

ACe } 1)
img g

Trong do

1
Clxr:,xlz:,,XIl," = (Yl < UH(1+ imK ) + XlJ

k=1

2 1 2
m(Yz < ul_[(lﬂL imk)+2(xk 7Yk)H @+ imj)+x2]m
K=1 =1 =k

r\[Yt SulL[(lJrimk)+il:(xk —Yk)ﬁ (1+im‘)+x[j,(12)

Do gia thiét 2.3 nén ta dat Y; = y1, Y, = Vs,
vy Yo = Ve VO YL Y, Y g la clc $6
nguyén duong. Khi do (12) tré thanh:

XX ... Xy

img iy ++img

U U

1
yl{u [T (L+im, )+X1:| yzé{u ]Zl (I, )+i (X=Yi) Igl (i )HZ}
k=1 k=1 k-1 j=k+1 1

...rw[YI su]L[(lJrik)+t§:(xk —yk)ﬁ (1+ij)+x[J,(13)

j=k+1
Ciing do c6 gia thiét 2.3 nén dat Y, = y; v6i y;
1a s6 nguyén duong. Khi d6 (13) tro thanh:

coes = Y U

[ .
. 2 1 2
V1S{U [1 (i, )J’Xl} Yo S| UTT (Wi )+ X (Xe=Yi) TT (i, )+X;
k=1 k=1 k=1 jek+1 1

U {(Yl:yi)m"'m(Y| :yz)}r(14)

. - ,
Wi {u 1 (L, )+ £ (Y1) T1 (Ut )+X‘}
k=1 k1 okt

Do diy Y 1a xich Markov thuan nhat nén ta co:

PI:(YI :yl)m(YZ :yz)ﬁ...ﬁ(Y[ ZYt):I
= P(Yl = yl)'P(Yz :yZ‘Yl = yl)"'P(Yt = yt‘Yt—l = YH)
=0y, Gy, yy,

Mit  khac, hé cac  bién  cd
{(Y.=y))n (Y, =y,)n..n (Y, =y,)} trong
(14) 1a xung khéc nén ta co

Plerin, )=

> . 3

1 =
m{un(uimk )m] y‘{u 11 @i+ S (i) 11 @ )m}
k=1 k=1 k=1 jek+1 1

qY1 qY1Yz ---quy‘

(15)

Do X, Y, I 1a doc lap nén cac bién co
X1Xp 0. X A . X z
By, xCili7s - la cac bien co

imgimp +++imy img imy i,

doc lap. bong thoi, hé cac bién co
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g +--imy X

i

i i

 NCE } trong (11)

g

M Bxlxz.

14 hé cac bién cd xung khéc. Do do, st dung
cac két qua (9), (10) va (15) ta co:

() — —
9 (U)=P(A) =
H M
X;Xg...X
Y3 P{ALL B T,
my,My,.,Me=1X;, Xy, X =1
H M
X1Xg...X
Y 2Pl B Rl )
my,my,..,M=1%;,X5,..., %=1
H M

=3 3y P(Aimimz”im‘ ).P(meﬂ )

my, My, Me=1Xg, X500, X =1

> . >

1
hi{u T1 (g, )+x,} y‘s[uﬁ (Wi, )+‘2‘(xk—yk)
k=1 k=1 k=1

qy1 q Y1¥a -4 Yt

¢
1T (Wi )+%
jok+1 1

H M

= 22 Tl PP P

my, My, M=%y, X500, X =1

> . >

\ §
y]s{u 11 Wi, )+xl} y‘s[uﬁ[ (i )+ T (%-¥)
k=1 k=1 k=1

qY1 q yiy2 4 YVt

ﬁ (Lt )+x‘}
=K+ J

jek+1

(16)
Dinh 1y da duoc chirng minh.
Hé qua. Xéc suat pha san dén thoi diém t cia
mo hinh (1) la:

v () =1-0{ (1) (17)
Nhén xét. Cong thtrc (7) hodc (17) cho phép
tinh xac suat khong pha san (hodc pha san)
ctia md hinh (1) thong qua phan phdi ban dau
cua Xy, Yy, I; va ma trin xac suat chuyén cua
xich Markov tuwong mg véi gia thiét cac bién
ngau nhién Xy, Y, nhan gia tri nguyén duong
con |y nhan gia tri duong.

KET LUAN

St dung céc kién thirc co ban cua xac sut cb
dién cung voi gia thiét diy sb tién doi tra bao
hiém, day s6 tién thu bao hiém, vdn ban dau,
thoi gian t nhan gia tri nguyén duong con lai
sudt nhan gia tri duong, bai bao thu dugc két
qua: Bai bao da xay dung duoc cong thire tinh
xac suat pha san (khéng pha san) cho mé hinh
(1) v6i gia thiét cic day bién ngiu nhién la
cac xich Markov thudn nhit nhan gia tri
nguyén duong.
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RUIN PROBABILITIES IN GENERALIZED RISK PROCESSES
UNDER INTEREST FORCE WITH SEQUENCES MARKOV DEPENDENCE

RANDOM VARIABLES

Phung Duy Quang’, Phan Thi Huong
Foreign Trade University

This paper we study the general model of insurance with the effect of interest rates. There are three
approaches to studying the probability of ruin: using the method of estimation, the method of
Monte-Carlo simulation, using the method of exact formula.The aim of this paper to built an exact
formula for ruin probabilities for generalized risk processes under interest force with sequences
markov depedence random variables and these sequence are usually assumed to be integer —
valued random variables. Exact formula for ruin probabilities are derived by using technique of

classical probability.

Keywords: ruin probability, unruin probability, Markov chain, risk process, Exact formula
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