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- Tom tit

Cong thic dic trimg cia cdc biéu dién bt khi quy dién hinh da duge Kac dua ra
trong [6]. Cho dén 2010, trong (10] Zhang da dua ra dugc cong thic téng quat cho
cic biéu dign khéng dién hinh, Tuy vay, cic cong thic nay cye ky la phic tap, dé
hidu duge ban chit va tinh duge tudng minh cic dac trumg eiia biéu dién 13 cdng
viéc rat kh. Noi dung chinh trong bai ban nay, chiing t6i tim cach tinh todn mat
cach tudng minh dic trung ciia tt ci cie biéu dign bit kha qui cia sigu dai s6 Lie
gl(2]2)).

Tit khéa: Da thic dic trung, ebng thic ddc trung, bidu dién bit khd quy.

1 Introduction

The formula ch of finite di ional irreducible rep: ions of complex simple Lic

alge rich inf¢ ion on the structure of the representations themselves.
Kac raised the problem determining the character formula for the o - called typical irreducible
representations. However, the problem turned out to be quite hard for the so-called atypical
irreducible representation. In the early 80s Bernstein and Leites gave a formula for the general
linear superalgebra, which produces the correct formula characters for the singly atypical irre-
ducible Tepresentations, but fail for the multiply atypical irreducible. since then much further
research was done on the problem. Particularly important is the work of Brudan, who devel-
oped a very practicable algorithm for computing the generalized Kazhda.n-l.usztig polynomial
by using quantum Eroup technigues.

In [9] Zhang shall further investigate Brudan's algorithm and implement it to compute the
generalized Kazhdu-Luszzig polynomials for the finite dimensional irreducible representations
of the general linear superalgebra. A closed formulla is obtained for the generalized Kazhdan-
Lusztig pol ials, which is ially given in terms of the Permutations group of the atypical
Toots.
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2 Lie superalgebra

B
Let V be a super vector space with super dimension (m|n). V = V5 + V), we call Vo, Vi theegii-,:
and odd subspace, respectively. Define a map [} : Vz¢B Vr =+ Zp by [0] = i if w € V. For any fale
Zy-graded vector space V and W the space of morphism Hame(V,W) = Ei+j=k Hom(V, W;),
We write Endc(V) for Hom(V, V).

Let O™ be the Z-graded vector space with even subspace C™ and odd subspace C*, They
End{C™M} with the Z,-graded commutator form the general linear superalgebra. To describe
its structure, we choose a homogenecus basis {va|a € I} for ™I, where 7 = {1,2,---m +
and v, is even if & < m, and old otherwise. The general linear superalgebra relative to this basis
of C™™ will be dencted Glenin), which shall be further simplified to g through the paper. Lef
Ej) be the matrix unit, namely, the m + 7, m + n-matrix with all entries being zero except that
at the (a,b) position is 1. Then {Eula,b € I} forms a homogenerous basis of g, with B, being.
evenife, b < mora,b > m, and odd otherwise. For convenience, we define the mapl:l— 2
by [s] =0ife<mand[a] =1ifa>m.

Then the commutation relations of the Lie Superalgebras can be written assaciated
[Eas, Bed] = Eogbbe — (—1){-10-@ g 5.,

P
The upper triangular matrices form a Borel subalgebra b of g, which contains the Carian sub-
algebra § of diagonal matrices. Let {egla € I} be the basis of h* such that €a(Bap) = Gy Tl?a
supertrace induces a bilinear form (,) : b*zh* — C on k* such that,

leases) = (~1)Pl5,,.

Relative to the Borel subalgebra b, the roots of g can be expressed as
€2 — €8 # D, where €, — ¢, is even if [a] +[b] =0

and odd otherwise. The set. of the positive roots is A+ = {€a = €ala < b} and the set of simple
rools is {en — €ar1la < m + n}.

We denote I' < {1,2,-- ,m)} and I? = {12, -+, n}. We also set 5 = g for £ € I?, where we
use the notation £ = £+ m.

Then the set of positive even roots and odd are respectively
Af ={a— e bg =12 if i #m 1 £E<n2n),
A ={e ~&he ' ce P} )
An element, in h* is called a weight. A weight A € b* will be written in terms of the ed-basis'as

A=k A g ) = 3 A = Y Al
iest 3
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3 The characters of irreducible representations of gl(2)2))

Represeutation of simple Lie V! bave heen classified by Kac In [6], Kac proved that
- any finite di ional irreducibl ions of Lie super algebra gl{mn) is une of Verma
module V3. He divided irreducible representations of gl(mjn) into two classes, typica! repre-
? sentations and atypical representations. By using Verma module, Kac is able to give explicit
| construction of all typical representation of gi{min). A character formula and an explicit con-
struction for all typical representation was also obtained. But a character formnla and explicit
. construction of all atypical representation have not be obtained. In [10] R_B.Zhang gave a char-
; acter formula for all finite-di tonal irreducible 1 fons of gl{min).

v

work is to explicitly compute the character formula of all irreducible representations of gl{2{2)
In [10}, we have the following Theorem 4.9, In 91(22), we have

Af ={a - 8,0 —Oa,&2 — by, 62 — &)
A ={a-ea-ag-eakh--p= (1/2,-1/2,-3/2).

We denote R := (z1 + 11)(z1 + m){za + =2+ 1), I = (z1 - z)(y; — ).
According to [10}, we have the following notations:
For s <=1, we say that atypical roots -y, 7 are c—related if s = £ or Ame — Am, < Ryn,.
Caz = 1 if the atypical Ts e are c—related; €5t = 0 otherwise.
Weigh A is called totally disconnected if ¢,,(A) = 0 for all (s,0):5<t
Weigh X is called totally connected feee(A) =1 for all (s,8) : 5 <=t
According to [5], we kave: Let A be a atypical weigh, then A = (A1, AzlAz, Ag), where A satisfies
one of the following cases

= A= Agqand Ay # Ay that means €; ~ d; is a atypical root;

® A2 = )3 and A; # X4 that means €2 — d is a atypical root;

* A + 1 = A3: that means €1 = 6) is a atypical root:

# A3+ 1= Ay: that means €2 — &2 is a atypical root:

® Ay = Aq and Ay = Xy that means €1 — 82,€2 — 4y are atypical roots.

We denote x) 1= 9, 29 := g2 Y= e gy = o2,
Then, According to Theorem 4.9 in [6] and {10), we will proved the foliowing theorem.
Theorem 3.1. Let A = (A1 dal2g, M) be o weigh, then we have
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* If X w5 a typical weigh,

M-12 _xa-3f2
V() = R ) E

«\1——112 4\1—3/!
M{z1zapnye)s y’\’_3/2 21T

A. 1/2 Aq—:!ﬁ

-+
2, A) 12 ,\,_n/z ,\,—1;2

( )4 /2, A\z —3/z
® If X be o atypical weigh, we have the following cases:
= If A1 = Ag, Az 3 A, we have

-
X3~3/2 A SR
i /2, Aa—

Az—? 4\1
chV(N) =

,
H (rl +yz)v"“y§“ (m +y1)y*‘ gt
,\,4 An

2t g
(zz+yz)y"’ I “"'

,\272

+

(z2 + yx)yl yé\s_
If Xa = A3, A1 # Mg, we have

R zhlghe?
chV (A 1 ~
(A) = it (zq+y1)y"’ T e

% (zp+twydedi!
Xz l ).1 1

%:—1 A—1
(o +yz)y gl (z1 +w1)e7 '\' B i\‘]

gt

If i+ 1 = A3, we have

Rr zayr
AV = T(z) + ) L/\‘
22 op

A: —4

(z: + yz)y,*‘yi“
/\1—2 4\1

QR e e .
If da = M+ 1, we have

A -
hV(N) = ! z;“ zi“ 1.2._’,“

H ey A. X a1

(22 +32) (z2 +y0)1'w

, Il 15\1*1 M ;!*1

@+ )P (ot yz)yl’ ek
IfA =X and hg = A3, we have

V() = Il ;\1 -1 z z'\z 1
H @24y + 3087 W (@ + ) + g
i-n 1, é\l '\z 1 4\1

(21 +w2)(m2 + 909 (m + m)(n + yz)y""‘;r‘ b
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SUMMARY: In this paper, we explicitely compute t

he character formula for all
irreducible representations of Lie super algebra gl(2]2).
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