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Lo1 cam on

Luan van nay duge hoan thanh dudi sy huéng dan cia PGS.TS. Nong
Quoc Chinh, khoa Toan - Tin, truong Dai hoc Khoa Hoc - Dai hoc Thai
Nguyén. Nhan dip nay toi xin bay té long biét on sau sac t6i Thay, nguoi
da tao cho t6i mot phuong phap nghién ctiu khoa hoc ding dan, tinh
than lam viéc nghiém ttac va da danh nhiéu thoi gian, cong stc gitp do
toi hoan thanh luan van nay.

To6i cling xin bay t6 long biét on sau sic t6i cic thay co gido clia
truong Dai hoc Khoa Hoc - Dai hoc Thai Nguyén, nhitng ngusi da tan
tinh giang day va khich 1é, dong vién t6i vugt qua nhitng kh6 khan trong
hoc tap.

To6i xin chan thanh cam on Ban lanh dao truong Dai hoc Khoa Hoc
- Dai hoc Thai Nguyén, phong Dao tao da tao moi dieu kién thuan loi
trong suét thoi gian toi hoc tap.

Toi ciing xin gii 16i cAm on dén tap thé 16p Cao hoc Toan K12A7 da

luon dong vien va gitp dé toi rat nhiéu trong qué trinh hoc tap va lam
luan van.

Cudi cling toi xin cdm on ban be, ngudi than, dong nghiep da giup
dd6, dong vién toi co thé hoan thanh t6t khoa hoc ctia minh.

Xin tran trong cam on!
Thai Nguyén, thang 7 nam 2020

Hoc viéen

Hoang Thu Thao



Mé& dau

1. Muc dich cuaa dé tai luan van

Mot trong nhitng bai toan kinh dién ctia Ly thuyét sé 1a Bai toan
Nagell-Ljunggren: Tim nhitng s6 nguyén n > 2 va ¢ > 2 dé phuong

trinh Diophantine
b —1
q_ 1
y'=0 (1)

c6 cap nghiém nguyén (y, b) thoa man ||, |y| > 1.

Vao khoing nhiing nam 1920 dén 1940, Nagell va Ljunggren da cong
b6 nhitng két qua dau tien ve 161 gidi ctia phuong trinh Diophante (1),
do 13 khang dinh ngoai cac 1ai gidi : (3,11,5,2); (7,20,4,2); (18,7,3,3);
(—19,7,3,3); phuong trinh (1) khong c6 16i giai (b, y, n, ) nao khac néu
mot trong cac dieu kién sau thoa man:

(i) ¢=2;

(ii) 3 1a udc cla n;

(iii) 4 1& wée cua n;

(iv) ¢ = 3 va n # 5(mod6).

Tt d6 dén nay, véi tén goi 1a phuong trinh Nagell-Ljunggren, van deé
nay da duge rat nhieu nha toan hoc quan tam va c6 nhiéu cong bo trong
nhitng nam gan day.

- Nam 2015, Michael A.Bennett vd Aaron Levin da cong bé mot két
qua nghién citu tot hon rat nhiéu so véi két qua clia Yann Bugeaud va
Preda Mihailescu nam 2007.

- Nam 2017, Andrew Bridy, Robert J.Lemke Oliver, Arlo Shallit va
Jeffrey Shallit da cong bd mot két qua md rong mdéi vé van dé nay qua
bai bao “On the Generalized Nagell-Ljunggren Problem: Powers with
Repetitive Representations”.
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Muc dich ctia luan van la trinh bay lai cac két qua clia hai bai
bao: “The Nagell-Ljunggren equation via Runge’s method” ctia Michael
A.Bennett, Aaron Levin va “On the Generalized Nagell-Ljunggren Prob-
lem: Powers with Repetitive Representations” ciia Andrew Bridy, Robert
J.Lemke Oliver, Arlo Shallit va Jeffrey Shallit.

2. No6i dung deé tai

Luan van dugc chia lam ba chuong, trong do:

Chuong 1. Phuong trinh Nagell-Ljunggren

Chuong dau tién trinh bay vé bai toin Nagell-Ljunggren va mot két
qua mdi cua phuong trinh Nagell-Ljunggren khi sit dung phuong phap
co dién ctia Runge.

Chuong 2. Ung dung gia thuyét abc dé giai phuong trinh
Nagell-Ljunggren

Chuong thit hai trinh bay vé gid thuyét abc, mot s6 khai nieém, ki
hiéu méi, cac bo ba chap nhan dugc va quan trong la tng dung ciia Gid
thuyét abc vao gidi phuong trinh Nagell-Ljunggren.

Chuong 3. Cac 16i giai ciia phuong trinh Nagell-Ljunggren
suy rong déi véi cac bo ba (¢,n,l) chap nhan dugc

Chuong cudi cung trinh bay chi tiét 10i gidi ctia bai toan Nagell-
Ljunggren suy rong doi véi 9 trudng hop ma bo ba (¢, n,l) chap nhan
duge thong qua viéc chitng minh cac dinh 1y.

Phan két luan ctia luan vin tong két lai toan bo cac két qua da dat
dugc.



Chuong 1

Phuong trinh Nagell-Ljunggren

1.1. Gidi thiéu bai toan Nagell-Ljunggren

Bai toan 1.1.1 (Bai toan Nagell-Ljunggren). Tim nhing so nguyén
n > 2 va q > 2 dé phuong trinh Diophantine
=1
o b—1

(1.1)

yl
c6 cdp nghiém nguyén (y,b) théa man |b|,|y| > 1.

1.2. Phuong phap Runge va mét vai két qua da biét

Vao khoang nhiing nam 1920 dén 1940, Nagell va Ljunggren da cong
b6 nhitng két qua dau tien veé 101 giai clia phuong trinh Diophante (1.1),
d6 1a khang dinh ngoai cac 1oi gii : (3,11,5,2); (7,20,4,2); (18,7, 3,3);
(—19,7,3,3); phuong trinh (1.1) khong c6 161 giai (b, y,n,q) nao khac
néu mot trong cac dieu kién sau thoéa méan:

(i) =2

(ii) 3 la u6c cta n;

(iii) 4 la u6c cia n;

(iv) ¢ = 3 va n # 5(mod6).

Tt d6 dén nay, vdi tén goi 1a phuong trinh Nagell-Ljunggren, van deé
nay da duge rat nhieu nha toan hoc quan tam va c6 nhiéu cong bo trong
nhitng nim gan day.

Nam 1887, trong mot bai bao ciia minh, C.Runge da mo ta mot
phuong phap ding dé xac dinh cac nghiém nguyén ciia cac phuong
trinh Diophantine c6 dang f (z) = g (z), trong d6 f va g la cac da thic
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mot an x véi hée s6 nguyén. Sau nay, nhiéu nha toan hoc nhu Bugeaud,
Mihailescu,... da st dung phuong phap ciia Runge dé chiing minh cac
dinh 1y toan hoc, phuong phap suy luan nhu vay dudc goi chung la
phuong phap Runge.

Nam 2007, trong bai bao “On the Nagell-Ljunggren equation
" —1
x—1
Runge chting minh duge rang: Néu (b, y,n, ¢) 1 mot nghiém ctia phuong
trinh

= ¢, Y.Bugeaud va P.Mihiilescu da sit dung phuong phap

b —1
1 =V (1.2)

voi 0], ly| > 1;n > 2;¢ > 2; thi ta ¢

w(n) <Q(n) <4,

trong d6 w (n) 1& s6 cdc udc nguyén to khdc nhau ctia n, con € (n) 1a so
lugng tat cd cac wdc nguyén to cla n.

Nam 2015, trong bai bao “The Nagell-Ljunggren equation via Runge’s
method”, M.A.Bennett va A.Levin ciing da sit dung phuong phap Runge
chting minh dudgc két qua tét hon rat nhiéu so véi két qua ciia Bugeaud
va Mihailescu. D6 1a: Néu (b, y,n,q) 1a mot nghiem ctia phuong trinh
(1.2) thi

w(n) <Q(n)<3.

Muc tiéu chinh ctia chuong nay 1a trinh bay lai cac két qua da thu
dugce cia M.A.Bennett va A.Levin trong bai bao “The Nagell-Ljunggren
equation via Runge’s method”.

Trudce hét, ta sé nhic lai mot s6 két qua da thu duge ctia Nagell, Ljung-
gren, Mihailescu, Bugeaud,... Phuong trinh Nagell-Ljunggren (1.2) c6
dung 4 nghiem da biét do la:

5_1 4_1

i , (—19° -1
—1 P71

=73,

183 —1
=7

= 207 —
T 18—1 T (—19) -1



