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1
SO NGUYEN

1.1 Vanh s6 nguyén

Vanh s6 nguyén Z l1a m§ rong nhd nhit clia tdp s6 tw nhién N ciung véi cédc
phép todn cdng va nhan sao cho phuong trinh a+x = b ludén ludén cé nghi¢m.
Nghiém duy nh4t z clia phuong trinh a + x = b dugc ky hiéu 1a b — a.

Pinh Iy 1.1. C6 vanh Z vdi cdc phép todn cong (ky hiéu: + ), nhdn ( - ) va
dnh xa f: N — 7Z sao cho:

1. f vica la don cdu nita nhém cong vita la don cdu nita nhém nhan.
2. Cdc phan tit ciia 7. déu c6 dang f(a) — f(b) véi a,b € N.

Chitng minh. Quan hé hai ng6i ¢ trén tich Descartes N x N xdc dinh bdi:
(a,b)o(c,d) n€uu a+d = b+ c 1a quan hé tuong duong.

Ta ky hiéu tap thuong N x N/p 1a Z va goi né 1a vanh (?!) s6 nguyén. Nhu
vay, mdi s nguyén la mot 16p twong duong va n€u né chita dai dién (m,n)
ta s& tam ky hi€u né la (m,n).

Phép cOong va nhan trén Z dugc dinh nghia nhu sau:
(a,0) + (c,d) = (a+c,b+d).
(a,b) - (¢,d) = (ac+ bd, ad + bc).

Xem nhu bai tip, yéu cdu doc gid tu ki€m tra tinh ding din clia dinh
nghia cdc phép todn néu trén va ching to ring (Z,+,-) 1a mdt vanh giao
hodn véi phan i trung hoa clia phép cong va clia phép nhin tuong tng 12
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4 1. SO NGUYEN

0=10,0), 1={(1,0).

Anh xa f: N — Z xdc dinh béi: f(n) = (n,0).

1. D& dang thdy ring f 12 don 4nh va:

fla+0b)=(a+b,0)=(a,0)+ (b,0) = f(a) + f(b)

f(a-b) = (ab,0) = (@0) - ,0) = f(a) - f(0)

2. Gid st = = (a,b) € Z. Khi d6:

z = (a,0)+ (0,0) = (a,0) — (b,0) = f(a) — f(b)

Nhin xét:

1) Ta dong nhat mdi s6 tu nhién n véi dnh f(n) € Z; do d6 N C Z.

2) N€u a,b € N,a > b thi s6 nguyén = = (a,b) = (a — b,0) = f(a — b);
do c6 su ddng nhit nén z chinh 13 s& tu nhién n = a — b va ta goi né 12 s&
nguyén duong, ta viét x = n.

N€u a,b € Nya < b thi s6 nguyén z = (a,b) = —(b—a,0) = —f(b — a);
nhu vy z chinh 12 s6 ddi clia s6 ty nhién n = b—a va ta goi né 13 s6 nguyén
Am, ta vi€t: © = —n.

S8 nguyén x = (n,n) chinh 1a sg 0.

1.2 Cac tinh chat co ban cua Z

Vanh R dudc goi 12 mdt mién nguyén néuu véi moi z,y € R:x # 0,y # 0
kéo theo zy # 0.

Pinh 1y 1.2. Z la mién nguyén, dém dugc, chita N nhu la nita nhém con cong
va nita nhém con nhdn. Moi vanh cuc tiéu chita N nhu la nita nhém con cong
va mita nhém con nhdn déu ddng cdu vanh voi 7.
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Chitng minh. Ta di bi€t vinh sd nguyén Z gébm cdc sd tu nhién n va cic s6
ddi —n; tir ddy dé dang suy ra ring Z 13 mién nguyén, d€m dudgc, cuc ti€u
chia N nhu 1a na nhém con cdong va nia nhém con nhan.

Gia st X 12 mot vanh cuc tiu c6 4nh xa g : N — X vira 1a don c4u ntra
nhém cdng vira 13 don cAu ntra nhém nhan. Vay thi X chi gdm cdc phan tir
g(n) va —g(n),n € N. D& dang thdy ring dnh xa ¢ : Z — X, +n —— +g(n)
12 mot ding cAu vanh. [ |

Vanh giao hodn R cling véi mot quan hé thit ty toan phan < dudc goi 1a
vanh dudc sdp tht ty n€uu v6i moi =,y € R déu thda :

. VzeR(@<y=z+z2<y+2)
2. 0<2,0<y=0<5uxy

Trén Z ta dua ra quan hé 2-ngdi < nhu sau: z < y néuu y — x € N. D& thay
day 1a quan hé thi ty trén Z va la m§ rong ciia quan hé thit ty trén N.

Dinh Iy 1.3. Z, < la mét vanh dugc sdp thit tw Archimed.

Chitng minh. Xem nhu bai tip cho doc gia [

Tri tuyét doi cla s& nguyén z, ky hiéu la |z|, dugc dinh nghia:

|x|—{ r néu >0
L —x néu <0

Céc tinh chat vé tri tuyét ddi xem nhu da 6.

Dinh Iy 1.4. Gid sit M la tdp khong réng cdc s6 nguyén. Khi do:
1. Néu M bi chdn trén thi M chita sé 16n nhat.
2. Néu M bi chdn dudi thi M chita sé nhé nhdt.

Chitng minh. Ching t6i chi chitng minh cho truGng hdp tip M 1a bi chdn
trén.

Pit A = M NN. Néu A # () phan t& 16n nhdt b clia A s& 12 phan
tt 16n nhat cda M. Ngugc lai, thi s6 —b sé& 13 phin 16n nhit cia M véi
b=min {—x: z€ M }.

Poc gid tu chiing minh cho trudng hgp tip M bi chin dudi. |
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1.3 Phép chia trong Z

Ching ta néi ring s6 nguyén a chia hé&t cho s& nguyén b # 0, hay a la bdi
ctia b, ky hiéu ¢ : b, néuu c6 sd nguyén ¢ d€ a = be. Trong trudng hdp nay
ta ciing n6i 1a b chia chia hét a, hay b la uSc (thira s8) cda a, ky hiéu b | a.
Ngugc lai, ta n6i ring a khong chia hé&t cho b, hay b khong chia hét a, ky
hiéu b 1 a.

Vidg 13.1.6|12; —5]20; 7| —49; —8| —16; 15|0; 8 { 12;
—318;4¢f-9; —12 1 —18.

Dé dang chitng minh dugc dinh 1y sau:
Pinh Iy 1.5. Gid sit a,b la cdc sé nguyén. Khi do:
1. Nub|lavaa>00b>0thi1< b< a.
2. Neub|avaclhb,thic|a.
3. Neub | avac+#0 thi be | ac.
4. Néuc | ava c|b, thi c| (ma+ nb) vdi cdc s6 nguyén m,n bdt ky.

Pinh Iy 1.6. Gid sit a,b la cdc s6 nguyén, b # 0. Khi dé ton tai duy nhdt cdc
s0 nguyén q,r théa: a=bqg+rva 0<r <|b|.

Chitng minh. Tap cdc s6 nguyén M = {bx: x € Z ;bx < a } 1a khong rdng
va bi chiin trén, theo dinh 1y 1.4, M c6 s6 16n nhat 1a bg. Ta ¢6 bg < a va
a<bqg+bl;suyra0<r=a—bg<]|b.

Gia st ta ¢6 cdc bi€u dién: a = bg, + 1, = bgy +19;0 < 11,79 < |b]. ThE
thi: |b] - |1 — go| = |r1 — 72| < |b]; suy ra ¢; = g va do d6 r| = rs. [ |

Khi a = bg+ 7,0 <r < |b| ta n6i ¢ 1a thuong va r phan du cda phép chia a
cho b. Hién nhién b | a khi va chi khi r = 0.

Vi du 1.3.2. Phép chia 133 cho 21 c6 thuong 1a 6 va phan du 12 7. Phép chia
—50 cho 8 c6 thuong 1a —7 va phan du 1a 6. Phép chia 50 cho —8 c6 thudng
la —6 va phan du la 2. Phép chia —133 cho —21 ¢6 thuong 1a 7 va phan du
la 14.
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g

S6 nguyén 1 c6 ding mdt udc duong. Mdi s6 nguyén 16n hon 1 déu cé
it nhat hai u6c duong vi né chia hét cho 1 va chinh né.

S6 nguyén 16n hon 1 ma né c¢6 ding hai udc dudng, dude goi 1a sd nguyén
t0.

S6 nguyén 16n hon 1 va khong 1a s& nguyén td, dugc goi 1a hdp so.

R o X A A
1.4 Biéu dién so0 nguyén

Chiing ta d3 quen véi viéc biéu dién cdc s6 nguyén trong hé d€m thap phan
(hé d€m co s6 mudi). Bay gid ching ta s& chi ra ring mdi s6 nguyén b > 1
déu c6 thé dudc st dung 1am cd s& cho viéc bi€u dién cdc s6 nguyén. Va
vi mdi s6 nguyén am la s6 d6i clia s6 nguyén duong nén dinh 1y sau day la
cidn ban.

Pinh ly 1.7. Gid sit b > 1 la mét s6 nguyén. Thé thi, moi sé nguyén duong n
déu viét dugc mot cach duy nhdt dudi dang

n = akbk + &k_lbk_l + -+ alb + ap

trong do k la s6 nguyén khong am, cdc a; la s6 nguyén véi 0 < a; < b—1va
hé s6 ddu tién a;, # 0.

Chitng minh. TU dinh ly 1.6 ta c6:
n=>bqg +ay, 0<ag<b-—1.
Né&u ¢y # 0, ti€p tuc chia gy cho b ta dugc:
Go=>bp +a, 0<a <b-—1.
Ti€p tuc qud trinh nay dén lic dat dudc:
@1 =bg+as, 0<ay;<b-1,

@ =0bgz+as, 0<az3<b—1,
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Qr—2 = bqp—1 +ap—1, 0< a1 <b—1,
Ge1=b0+ar, 0<ap,<b-—1.
Dé dang suy ra:
n = apb® + ap_1b* "+ + a1b + ag
Vo 0<a; <b—-1, ap = qx—1 # 0.

Ta s& ching minh tinh duy nhit clia bi€u dién bing qui nap theo s&
nguyén duong n.

Trudng hdp n = 1 ta chi c6 bi€u dién duy nhit v6i k = 0, va ap = 1. Gid
st ta ¢

n=ab +ap_ 0"+ dabtag = b+ b b abtcg (¥)

Do dinh 1y 1.6: phan du ctia phép chia n cho b 1a duy nhit, nén ag = ¢;. Do
ag = cop nén tur (*) ta suy ra:

ny = akbk_l + ak_lbk_2 + - 4a = Cmbm_l + Cm—lbm_2 4+t

Dé ching t6 dudc ring n; < n, vay theo gid thi€t qui nap ta c6: m = k va
L =Cp, 0,0 = Cg. |

Hé qua 1.7.1. Moi s6' nguyén duong déu la téng cdc lity thita khdc nhau ciia 2.
Chitng minh. Theo dinh 1y 1.7 v6i b = 2, ta c6

n=a2"+a, 2"+ +a;2+ ao,
v6i k 12 s6 tu nhién, cdc a; bing 0 hodc 1, ax # 0. |
Nhin xét:

1) S6 nguyén duong n = apb® + ap_1b*"1 + -+ + a1b + ao trong dinh ly
1.7 thudng dugc vi€t 1a (apag_1---aiag)p.

2) Viéc ddi s6 nguyén dudng (apaj_;---ajag), trong hé d&€m co s§ ¢
sang cd s6 b dudc thuc hién hoan toan tuong ty nhu thuit todn tim bi€u dién
clia s& nguyén duong trong dinh 1y 1.7 chi luu ¥ 1a khi chia cho b (trong hé
g—phan) thi b dd dudc vi€t trong hé g—phan, sau d6 cic sd du phai dudc ddi
sang hé b—phan d€ bi€u dién sd trong hé b—phan.
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Vidu 1.4.1. Ching ta cAn ddi s6 thip phian 610 sang hé nhi phan. Vi trong
hé thap phin nhi vin dugc vi€t 1a 2 nén ta thyc hién lién ti€p cdc phép chia
cho 2 trong hé thdp phan:

106 = 2 - 53 + 0,
53 =226+ 1,
26 =2-13+0,
13=2-6+1,
6=2-340,
3=2.1+1,
1=2-0+1.

Thuat chia dirng vi thuong da bing 0. Céc s& du viét trong hé nhi phan tuong
ngla: ¢ =0, c; =1, ca =0, c3=1, ¢4 =0, c5 =1, cg = 1; vdy s0 da
cho c6 bi€u dién trong hé nhi phan la 1101010.

g

Vidu 1.4.2. Chiing ta cAn d6i s6 thip phan 2003 sang hé thap luc phan. Vi
s0 thap luc trong hé thip phin dudc vi€t 1a 16 nén ta thyc hién lién ti€p céc
phép chia cho 16 trong hé thap phan:

2003 = 16 - 125 + 3,
125 =16 - 7 + 13,
7=16-0+71.

Thuat chia dirng vi thuong da bing 0. Cdc s6 du viét trong hé thap luc
phan tuong tng 1a: c¢o =3, ¢; = D, ¢, = 7; vdy 8 di cho c6 biéu dién trong
hé thip luc phan la 7D3.

g

BAI TAP CHUONG I



