Tran ST Tung Tich phén

Nhic lai Giéi han — Pao ham - Vi phian
1. Cac gidi han dic biét:

a) |lim 222 =
x—0 X
Hé qua: |lim—— =1 lim MU0 lim %) _
x—0 sin X u(x)=>0  u(x) u(x)—0 sinu(x)
. 1y
b) hm(1+—) =e,xeR
X—>»00 X
1 X
- . In(l . ~1
He qui: [lim(1+x) —e. [lim20FX limE— =1
x—0 x—0 X x—0 X

2. Bang dao ham cdc ham s6 so cAp co ban va cac hé qua:

(c)’ =0 (c 1a hiing s0)
(X(x)l — ax(xfl (u(x)l — au(xflul
(l).__i (lj-__l'
X x2 u u’
1 u'
(Vx) = (Vu)'=
2Wx 2Ju
(eX)lzeX (eu)lzul.eu
(a*)'=a".lna (a")'=a".Ina.u’
1 u'
(In|x)' == (Infuf)' = L
X u
ul
(log, |x|") = (log, |ul)' =
x.Ina u.lna
(sinx)’ = cosx (sinu)’ =u’.cosu
(tgx)' = 12 =1+1tg’x (tgu)' = u2 = (1+tg’u).u’
COSs” X cos“u
(cotgx)'= ._21 =—(1+ cotgzx) (cotgu)' = _121 =—(1+ cotgzu).u'
sin” X sin” u

3. Viphan:
Cho ham s6 y = f(x) x4c dinh trén khodng (a ; b) va ¢6 dao ham tai x € (a; b). Cho s6
gia AX tai X sao cho x+ Ax € (a; b). Ta goi tich y’.Ax (hodc f’(x).Ax) 1a vi phan ctia
ham s6 y = f(x) tai x, ky hiéu 1a dy (hoic df(x)).
dy =y’ .Ax (hodc df(x) =’ (x).Ax
Ap dung dinh nghia trén vao ham sd'y = x, thi
dx = (x)’Ax = 1.Ax = Ax
Vivay ta cé: dy =y’dx (hodc df(x) = f’(x)dx)
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Tich phén Tran ST Tung

NGUYEN HAM VA TiCH PHAN

1. Dinh nghia:
Ham s& F(x) dugc goi 12 nguyén ham ctia ham sd f(x) trén khodng (a ; b) néu moi x
thudc (a ; b), ta c6: F'(x) = f(x).
Néu thay cho khodng (a ; b) 1a doan [a ; b] thi phdi ¢6 thém:
F'(a") =f(x) va F'(b") = f(b)

2. Dinhly:
Néu F(x) 12 mot nguyén ham ctia ham s6 f(x) trén khodng (a ; b) thi :

a/  V6imoi hiing s6 C, F(x) + C cling 12 mdt nguyén ham ctia ham so f(x) trén
khoang d6.
b/ Ngudc lai, moi nguyén ham cia ham s6 f(x) trén khodng (a ; b) déu c6 thé
viét dudi dang: F(x) + C v6i C 1a mot hiing s6.

Ngudi ta ky hiéu ho tit ci cdc nguyén him cia ham so f(x) la If(x)dx. Do
dé viét:

[fx)dx = F+C

Bé dé: Néu F'(x) = 0 trén khodng (a ; b) thi F(x) khong d6i trén khodng dé.

3. Céc tinh chat ctia nguyén ham:
. ( [ f(x)dx)' - f(x)
. j af(x)dx = a j f(x)dx (a#0)
. j [£(x)+g(x)]dx = j f(x)dx + j g(x)dx

. j f(H)dt =F(t)+ C = j flu(x)]u'(x)dx = F[u(x)]+C = F(u)+C (u=u(x))

4. Sy ton tai nguyén ham:

e Dinh Ij: Moi ham s6 f(x) lién tuc trén doan [a ; b] déu c6 nguyén ham trén doan dé.

Trang 2




Tran ST Tang

Tich phan

BANG CAC NGUYEN HAM

Nguyén ham cua cdc ham sé so cap
thuong gap

Nguyén ham cua cidc ham so hgp
(du6i day u = u(x))

Idx:x+C Idu:u+C
X(x+1 u(x+1
j x“dx = +C  (a#-1) j udu = +C  (a#-1)
o+1 o+1
jd—X:1n|x|+c (x #0) jﬂzlnlunc (u=u(x)#0)
X u
Iexdx:eX+C Ie“du:e“+C
X a’ " a"
jadx= +C  (O<azl) jadu= +C  (0<azl)
Ina Ina

_[cosxdx =sinx +C

Icosudu =sinu+C

Isinxdx =—cosx+C

Isinudu:—cosu+C

[ C:S’; —= Ja+tgx)dx =tgx+C

_[ codsl; . = _[(1 +tg’u)du = tgu+C

_[ si?;x = _[(1 +cotg’x)dx = —cotgx +C

_[ siil;u = _[(1 +cotg’u)du=—cotgu+C

=Jx+C

(x>0)

dx
e

=Ju+C

(u>0)

du
e

j cos(ax + b)dx = Lsin(ax + b) + C (a#0)
a
j sin(ax + b)dx = —lcos(ax +b)+C (a#0)
a
I dx :lln|ax+b|+C
ax+b a
j " Pdx = Len ™ 4 C (a#0)
a
dx 2
=—+ax+b+C az0
J.\/ax+b a ( )
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Tich phan Tran ST Tang

Bai toan 1: CMR F(x) 12 mot nguyén ham cla ham s6 f(x) trén (a ; b)
PHUONG PHAP CHUNG

Ta thuc hién theo cac budc sau:

+ Budc 1: Xac dinh F’(x) trén (a ; b)

+ Budc 2: Chitng t6 ring F'(x) =f(x) v6i Vx € (a; b)

Chui y: N€u thay (a ; b) biing [a ; b] thi phdi thyc hién chi ti€t hon, nhu sau:
+ Budc 1: Xac dinh F’(x) trén (a ; b)
X4c dinh F’(a%)
Xdc dinh F'(b)
F'(x)=1f(x), Vxe(a;b)
+ Budc 2: Chitng t6 ring <F'(a*) = f(a)
F'(b”) = f(b)

Vidu 1: CMR hamsd: F(x)=In(x++vx*+a) véia>0

trén R.

12 mot nguyén ham ctia ham s6 f(x) =
x> +a

Gidi:

2x

(x+m)'_1+2m
x+vxita x4V +a

B \/m+x B 1

- \/x2+a(x+\/x2+a) - \/x2+a
Vay F(x) v6i a > 0 12 mot nguyén him cda ham s6 f(x) trén R.
e khi x>0
x> +x+1 khi x <0

Ta c6: F'(x) = [In(x+vx* +a)]' =

=f(x)

Vidu 2: CMR ham s6: F(x):{

e’ khix>0
trén R.
2x+1 khix<0O

La mdt nguyén ham ctia ham s6 f(x) = {

Gidi:
D€ tinh dao ham cia ham s& F(x) ta di xét hai trudng hop:
a/ V61 x#0,taco:

F'(x) = e’ khi x >0
2x+1 khix<0

b/ V6ix =0, ta co:
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Tran ST Tung Tich phén

N A 2. 2 N ~ . R
e Dao ham bén trdi cua ham s6 tai di€ém x, = 0.

2 0
F(0) = lim TR =FO) _yp xaxslze

X—0" x—=0 X—0" X

e DPao ham bén phai ctia ham s6 tai di€m x, = 0.
X 0
F'(0") = lim F®O-FO) . e -e

x—0" x—=0 x—0" X
Nhan xét ring F'(07) =F'(0*) =1 = F'(0) = 1.
< khix>0
Tém lai: F'(x)=4° Y b
2x+1 khix<0

Vay F(x) 12 mdt nguyén ham clia hAm sd f(x) trén R.

Bai todn 2: Xac dinh cdc gi4 tri cia tham s6 d€ F(x) 1a mot nguyén ham clia ham so f(x)
trén (a ; b).

PHUGNG PHAP CHUNG
Ta thuc hién theo cac budc sau:
+ Budc 1: Xac dinh F’(x) trén (a ; b)
+ Budc 2: P& F(x) 1a mot nguyén ham ctia ham s6 f(x) trén (a ; b), diéu kién 1a:
F'(x)=f(x) v61 Vx € (a; b)
Diing dong nhat clia ham da thifc = gid tri tham s6.
Chii y: Né&u thay (a ; b) bing [a ; b] thi phdi thuc hién chi ti€t hon, nhu sau:
+ Budc 1: Xac dinh F’(x) trén (a ; b)
X4c dinh F’(a")
Xdc dinh F'(b)
+ Budc 2: P& F(x) 1a mot nguyén ham ctia ham s6 f(x) trén (a ; b), diéu kién 1a:
F'(x)=1f(x), Vxe (a;b)
F'(a*) = f(a) => gid tri clia tham s0.
F'(b™) = f(b)

Bai toan 3: Tim hiing s6 tich phan

PHUONG PHAP CHUNG
e Dung cong thuc da hoc, tim nguyén ham: F(x) = G(x) + C
e Dua vao dé bai di cho d€ tim hiing s C.

Thay gid tri C vao (¥), ta ¢ nguyén ham can tim.
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Tich phén Tran ST Tung

x? khi x <1
ax+b khix>1

Vidu 3: Xicdinha,bdé€hamsd: F(x) = {

A s . . 2X khix<1
12 mot nguyén ham cua ham sd: f(x) = ) trén R.
2 khi x > 1
Gidi:
D€ tinh dao ham ciia ham s& F(x) ta di xét hai trudng hgp:
) 2x khi x <1
a/ Véix=#1,tacd: F'(x)= )
2 khix>1

b/ V6ix=1,taco:

Pé ham s6 F(x) ¢6 dao ham tai di€m x = 1, trudc hét F(x) phai lién tuc tai x = 1, do
dé : limF(x) = limFx)=f(1) © a+b=1<b=1-a ()
x—1" x—1t

e DPao ham bén trdi cda haim s6 y = F(x) tai diém x = 1.
2
F() = im0 =FO X =1
=l x—1 -1 x —1

e Dao ham bén phai cia ham s8 y = f(x) tai di€m xo = 0.

F'(1%) = 1imw _ ime_l _ 1imw —a
x—>1* Xx—1 -t x—1 x—>1* X —1
Ham s6 y = F(x) ¢6 dao ham tai diém x = 1 <F'(I") = F'(1") < a = 2. @)

Thay (2) vao (1), ta duge b = 1.
Vay ham s6 y = F(x) ¢6 dao ham tai di€ém x =1, néu va chin€ua=2,b=-1.
Khi d6: F'(1) = 2 = f(1)

Tém lai véia =2, b =1 thi F(x) 12 mot nguyén ham clia hAm sd f(x).

Vidu 4: Xacdinha,b,cdé hamsd: F(x)=(ax’ +bx +c)e ™ 12 mot nguyén ham cia
F(x) = —(2x” —8x+7)e™* trén R.

Gidi:
Ta c6: F'(x)=(2ax +b)e > —2(ax> + bx + c)e > =[ 2ax> +2(a—b)x +b—2c |e ™

Do d6 F(x) 1a mot nguyén ham cia f(x) trén R
< F'(x) =1(x), VxeR

< —2ax’+2(a—b)x+b—-2c=-2x"+8x-7, VxR
a=1 a=1

&<a-b=4 < {b=-3
b-2c=-7 c=2

Vay F(x) =(x* =3x+2)e ",
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Tran ST Tung Tich phén

BAI TAP

5
g 2 4

Bii 1. Tinh dao ham ctia hAm s6 F(x) = In

. 1
T d6 suy ra nguyén ham cia ham s6 f(x) = .
COSX
2
- L Inx"+D Lo
Bai 2. Chitng t0 rang ham s6 F(x) = X
0 ,x=0
2
o o o 2 Inx +1)’X¢0
12 mot nguyén ham cua ham so6 f(x) =9 x> +1 x°
1 ,x=0

Bai 3. X4c dinh a, b, ¢ sao cho ham s& F(x) = (ax” +bx +c¢).e™* 12 mdt nguyén ham cia
ham s f(x) = (2x> =5x+2)e™* trén R.

DS: a=-2;b=1;c=-1.
x* +3x* +3x -7
(x+1)°

Bai 4. a/ Tinh nguyén ham F(x) cta f(x) = va F(0)=8.

b/ Tim nguyén ham F(x) ciia f(x) = sinzg va F(g) - %.

2

ps: a/ F@):%;+x+

; b/ F(x):l(x—sinx+1)
x+1 2

Biai 5. a/ Xic dinh c4c hiing s8 a, b, ¢ sao cho ham s&:

F(x) = (ax” + bx + ¢)v2x —3 12 mdt nguyén ham ctia ham so:

2
f(x) = 20" Z30x +7 trén khoang (é, +oo)
J2x -3 2
b/ Tim nguyén ham G(x) cta f(x) véi G(2) = 0.
DS: a/ a=4;b=-2;c=1, b/ G(x) =(4x* -2x+10)v/2x -3 —22.
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Tich phan Tran ST Tang

Vidu 1: CMR , néu j f(x)dx = F(x)+C thi j f(ax + b)dx =~ F(ax + b)+ C v&i a = 0,
a

Gidi:

Ta luén c6: f(ax+b)dx = lf(ax +b)d(ax +b) v6i a = 0.
a

Ap dung tinh chat 4, ta dudgc: [f(ax +b)dx = 1 [(ax + byd(ax + b)LF(ax+b)+C (dpem).
a a

Ghi chii: Cong thifc trén dugc 4p dung cho cdc ham s6 hgp:
j f(t)dt = F(t)+ C = j f(u)du = F(u)+ C, véi u = u(x)

Vidu 2: Tinh c4c tich phan bat dinh sau:

X 2
a/ j(2X+3)3dX b/J‘cos4 x.sin xdx c/j %e dx d/j—d(21nx+1) X
e +1 X
Gidi:
4
a/ Tac6: [(2x+3) dx_—j(2x+3) d(2x+3)_l(2XI3> C:(Zx;r3) c
b/ Ta cé: jcos“ x.sinxdx:—jcos4 xd(cosx):—COS *iC

c/ Tacé:j %e 1d —2j(1(e—+11) 2In(e* +1)+C
e’ +

d/ Ta co: IM X

d :%j(Zlnx+1)2d(21nx+1) =%(21nx+1)3 +C.

Vi du 3: Tinh c4c tich phan bat dinh sau:

a/ j2sin2§dx b/jcotgzxdx c/jtgxdx d/j tgx dx
cos’ x

Gidi:

a/ Ta cé: j2sin2%dx :j(l—cosx)dx =x—-sinx+C

: 2

b/ Ta cé: jcotgzxdx = j(
sin” x

—ljdx:—cotgx—x+C

= —In|cosx|+C

¢/ Ta c6: jtgxdx :j Sinx X = _J‘d(COSX)

COSX COSX

Trang 8



Tran ST Tung Tich phén

sin X d(cosx) 1

1
&/ Taco: [~ gx= [0 gy = [FEOBX oo x4+ C= vt C.
COs” X cos” X cos” X 3 3cos’ X
Vi du 4: Tinh c4c tich phan bit dinh sau:
al [——dx b/ J.Z;dx
1+x X" —=3x+2
Gidi:
) X 1 cdd+x%) 1 5
a/ Ta co: dx=—|—==—In(1+x")+C
‘[1+X2 2-[ 1+x* 2 ( )
b/ Tacé:j > ! dx:j 1 dx:j( I - I )dx
X —3x+2 x—-D(x—-2) x—-2 x-1
—Inlx—2/=Inlx =1+ C =X =2+ C.
X_
BAITAP
Bai 6. Tim nguyén ham clia cdc ham sd:
al f(x):coszg; b f(x)sin’x.
1 ) 1 3
DS: a/ E(x+s1nx)+C; b/ —cosx+§cos‘x+C.
Bai 7. Tinh céc tich phan bt dinh :
e" 2%.3%.5"
a/ |e*"(2—e")dx;b/ —dx ; c/ ———dx.
Jere-emax [ =5
e’ +1 e
& [———dx; o  [—dx
e e +2
. e’ 6"
DS:a/ 2e¢"—-x+C; —+C; c/ +C
(1-1n2)2" In6
1
d/ —gez’GX—e’X+C; e/ In(e* +2)+C.
Bai 8. Tinh céc tich phan bt dinh :
a/ I x'+x*+2dx; b/ I\3/x§/;dx; c/ Ix x> +1dx;
J3-41
& [(1-2x""dx; e/ Iﬁdx
X
x* 1 5 1
bS:al Z——+C: b/ 7€/>7+c; ¢/ §(x2+1)\/x2+1+C;
X
1 (1-2x)*" 1 Nerwiee
d/ ——+C; e/ —B+4Inx)vV3+4Inx +C.
2 2002 6( )
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Tich phén Tran ST Tung

Véin dé 3: XAC BINH NGUYEN HAM BANG PHUONG PHAP PHAN TiCH

Phudng phdp phin tich thyc chat 13 viéc st dung cdc ddng nhat thiic d€ bi€n ddi bi€u
thitc dudi dau tich phan thanh tdng cic bi€u thifc ma nguyén ham cta mdi bi€u thic dé
c6 thé nhan dudc tir bAng nguyén ham hoic chi bing cdc phép bi€n ddi don gidn da biét.
Chi y quan trong: Piém mau chdt 12 phép phin tich 13 c¢6 thé rit ra y tudng cho riéng
minh tr m§t vai minh hoa sau:

e V4i f(x)=(x’ —2)* thi viét lai f(x) = x® —4x’ + 4.

2
o V6i £(x) =TT ki viet lai £(x) = x —3 4 ———.
x—1 x—1
» 1 . e 1 1
e VGi f(x) =———— thi vi€t lai f(x) = -
X" —=5x+6 x-3 x-2

1
V2x +1++/3-2x

o Vi f(x) =(2" —3") thi viét lai f(x) = 4* 2.6 + 9.

e Vdi f(x) =

thi vi€t lai f(x) = %(\/3 —2x —/2x+1)

e V4i f(x) = 8cos’ x.sinx thi viét lai f(x)= 2(cos3x +3cosx).sinx
=2co0s3x.sinX + 6cosx.sinX = sin4x —sin2x + 3sin2xX = sin4x + 2sin 2Xx.
o tg’x=(1+tg’x)—1
e cotg’x=(l+cotg’x)—-1
"(I+x*)+1
x(1+x7)+ e 1

1+x° 1+x%

D6 chi 12 mdt vai minh hoa mang tinh dién hinh.

Vidu 1: Tinh tich phan bat dinh: T = j x(1-x)**dx.

Gidi:

St dung déng nhat thic: x =1— (1 —x)
ta dugc: x(1—x)"7 =[1-(1-x)]1-x)"? = (1-x)™ —(1—x)*>.
Khi d6:
I= j (1-x)*dx —j (1-x)"dx = — j (1-x)22d(1-x)+ j (1-x)"%d(1-x)

. (1 _ X)2003 . (1 _ X)2004

2003 2004

Téng quét: Tinh tich phan bat dinh: 1= j x(ax +b)*dx, v6i a # 0

St dung déng nhat thic: x = l.ax = l[(ax +b)-b]
a a
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