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LGOI CAM ON

Sau qud trinh nhan dé tai va nghién ctu dudi su huéng dan khoa hoc
cia PGS.TS Lé Thi Thanh Nhan, luan van “Pinh 1i co ban cua Dai s6”
cta toi da duogc hoan thanh. C6 duoc két qua nay, d6 1a nho su day bao
hét sitc tan tinh va nghiém khac ctia Co. Toi xin bay td long biét on sau
sac t6i Co va gia dinh!

Toi cling xin glri 16i cam on chan thanh dén Ban Giam hiéu, Phong
Pao tao-Khoa hoc-Quan hé quoc t€ va Khoa Toan-Tin cua Truong Dai
hoc Khoa hoc - Pai hoc Thai Nguyén da tao diéu kién thuan lgi nhat
trong suot qua trinh hoc tap tai truong cling nhu thoi gian t6i hoan thanh
dé tai nay. Su gitip d& nhiét tinh va thdi do than thién cta cdc cin bo
thuoc Phong Pao tao va Khoa Todn-Tin da dé lai trong 1ong mdi chiing
toi nhitng an tugng hét stc tot dep.

To6i xin cam on Phong Gido duc va Pao tao huyén Thuy Nguyén -
thanh phé Hai Phong va Truong trung hoc co s& Duong Quan - noi toi
dang cong tac da tao di€u kién cho to6i hoan thanh khéa hoc nay.

To6i xin cam on gia dinh, ban be dong nghiép va cac thanh vién trong
16p cao hoc Toan K4B (Khéa 2010-2012) da quan tam, tao di€u kién,

dong vién c6 vii dé toi c6 thé hoan thanh nhiém vu ctia minh.
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LOI NOI DAU

Dinh 1i co ban ctia Pai s6 phat biéu riang méi da thic mot bién khac
hiang vGi hé s6 phic ¢6 it nhat mot nghiém phic. Doi khi, Dinh 1i co
ban ctia Pai s6 dugc phat biéu dudi dang: Mbi da thiic mot bien khac 0
vGi hé s6 phiic ¢6 s6 nghiém phic (moéi nghiém tinh véi s6 boi cua nod)
diing bang bac cua da thic do.

Mac du tén cua dinh Ii 1a “Dinh Ii co ban ctia Pai s6”” nhung khong c¢6
mot chiing minh thuan tdy dai s6 nao cho dinh 1i nay. Tat ca cac ching
minh cho Dinh 1i déu can dén tinh diy du cua tap cac s6 thuc, hoac mot
dang tuong duong vé tinh day da, ma tinh diy du lai khong 1a khai niém
dai s6. Hon nita, Dinh 1i co ban ctia Pai s6 khong phai 1a nén tang cta
Dai s6 hién dai. Tén cua dinh If ndy duoc dat ra vao thoi diém khi ma
viéc nghién cttu dai s6 chu yéu la dé giai phuong trinh da thic.

Peter Roth 14 nguoi ddu tién phét biéu goi md “Pinh 1i co ban cua
Pai s0” trong cudn sach “Arithmetica Phylosophica” cong bd nam 1608:
“Mot da thitc bdc n voi hé s6 thuc co khong qud n nghiém”. Tiép dén la
khang dinh ctia Albert Giard (1595-1632) trong cuén sich “L’invention
nouvelle en I’Algebre” xudt ban nam 1629: “Phuong trinh da thiic bdc
n ¢é n nghiém, trir khi phuong trinh bi khuyét”’. Nhi€u nha todn hoc da
tin Dinh Ii 12 ding, va do d6 ho tin rdng moi da thitc v6i hé s thuc khac
hing déu viét dudi dang tich cua cdc da thiic v6i hé s6 thuc bac mot
hoac hai. Bén canh dé lai c6 nhitng nguodi (Gottfried Wilhelm Leibniz,
Nikolaus II Bernoulli) ¢6 tim ra nhitng da thiic bac 4 véi hé s6 thuc khong
la tich ctia cac da thic bac 1 hoac 2. Tuy nhién, cac phan vi du ctua ho
déu dugc Leonhard Euler phan béc, diéu nay cang lam cho cdc nha toan

hoc thoi do tin tudng tinh ding dan cta Dinh Ii.
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Chiing minh d4u tién cho Dinh 1i thudc vé D’ Alembert vao nam 1746,
nhung ching minh nay khong hoan chinh. Euler 1749 c6 mot chiing
minh ding cho Dinh Ii trong trudng hgp bac cua da thic < 6. Cac chiing
minh khac dugc thuc hién boi Euler 1749, De Foncenex 1759, Lagrange
1772 va Laplace 1795 déu c6 it nhiéu chd chua chat ché. Ké ca chiing
minh dau tién ctia Gauss nam 1799 ciing khong day du. Mai dén nam
1816, Gauss méi dua ra mot chitng minh chinh xdc cho Pinh Ii.

Muc tiéu cua luan van la giéi thiéu lich st Dinh 1i co ban cua Dai so0,
trong d6 nhan manh nhiing déng gép quan trong cua D’Alembert, Euler
va Gauss, dong thoi trinh bay mot s6 chiing minh sau nay cho Dinh Ii
bang cdch sir dung cdc cong cu dai so, giai tich phiic va topo.

Cac két qua va thong tin trong luan van dugc viét dua vao bai bao [Ba]
cua Baltus trén “Historia Mathematica” 2004, bai bao [Ca] cua J. Carrera
trén “Publicions Matematiques” 1992, cuén sach [MF] ctua Miller-File
2003, va dac biét 1a bai bao [Du] cia Dunham 1991. Dunham da duoc
Hoi Toan hoc My trao giai thuéng Polya nam 1992 vi bai bdo nay.

Luan van gém 3 chuong. Chuong 1 trinh bay kién thitc chuan bi vé
da thic. Chuong 2 gidi thiéu lich st Dinh 1i co ban ctia Dai s6 v6i nhitng
dong gbp tiéu biéu cia mot s6 nha todn hoc. Chuong 3 dua ra mot s6
chiing minh cho Dinh Ii bang céch str dung cédc cong cu Dai so, Giai tich
phtic va Topd. Ngoai ra, luan van con ¢6 Phan phu luc trinh bay kién
thic vé s6 phic, md rong trudng, truong phan ra ciing nhu hinh anh cta

mot sO nha toan hoc c6 déng gép quan trong cho Dinh 1i.
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Chuong 1

Kién thic chuan bi

Muc dich clia chuong nay 1a nhac lai mot s6 khdi niém va két qua lién
quan dén da thic trén mot truong nhu phép chia v6i du, nghiém cua da

thitc d€ phuc vu viéc trinh bay céc két qua cta céc chuong sau.

1.1 Da thirc trén mot truong

1.1.1. Dinh nghia. Mot tap K cung v6i hai phép todn cong va nhan duoc
goi la truong néu:

(a) Két hop: a+(b+c) = (a+b)+c va (ab)c = a(be) v6i moi a, b, ¢ € K.
(b) Giao hoan: a +b=b+ a va ab = ba v6i moi a,b € K.

(c) Phan phdi: a(b+ ¢) = ab+ ac v6i moi a,b, c € K.

(d) Ton tai don vi 1 € K sao cho al = la = a v6i moi a € K.

(e) Ton tai phan tt 0 € K sao choa+0 =0+ a = a véi moi a € K.
(g) Mbi a € K, ton tai phan tir d6i —a € K sao cho a + (—a) = 0.

(h) Mdi 0 # a € K, ton tai phdn tit khd nghich a=! € K sao cho

aa !l =1=a1la.

Chang han, Q, R, C 1a cic truong. Tap Q[v7] = {a+bVT7 | a,b € Q}
1a mot truong. Q[/p] = {a + b\/p | a,b € Q} 1a mot trudng néu p 1a s6

nguyén to.

5
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T nay cho dén hét chuong nay, luon gia thiét K 1a mot truong.

1.1.2. Pinh nghia. Mot bi€u thiic dang f(z) = a,z" +. ..+ ay trong d6
a; € K v6i moi ¢ dugc goi 1a mot da thiic ctia 4n z (hay bién ) véi he
s trong K. Néu a, # 0 thi a, dugc goi 1a hé s6 cao nhdt cha f(x) va
s6 tu nhién n dugc goi 1a bdc cua f(x), ki hiéu 1a deg f(z).

Chd y ring hai da thic f(z) = > a;z' va g(x) = Y b;x’ 12 bang nhau
néu va chi néu a; = b; v6i moi . Ta chi dinh nghia bac cho nhiing da thiic
khéc 0, con ta quy ude da thic 0 1a khong c6 bac. Ki hiéu K [x] 1a tap cac
da thic 4n z v6i hé s6 trong K. Vé6i f(z) = > ax’ va g(x) = > biat,
dinh nghia f(z) + g(x) = > (a;b;)z’ va f(x)g(x) = Y cpz®, trong dé
Ch = D isjt Qibj-

Ta dé dang kiém tra duoc tinh chat sau d6i v6i bac cta céac da thic.
1.1.3. Bo dé. Vdi f(z),g9(z) € K|[z] ta luon cé
deg(f(z) 4 g(z)) < max{deg f(z), deg g()}
deg(f(z).g(z)) = deg f(z) + deg g().

Dinh Ii sau day, goi la Dinh 1i phép chia véi du, déng mot vai tro rat
quan trong trong i thuyét da thuec.

1.1.4. Pinh ly. Cho f(z),g(z) € K|z], trong do g(x) # 0. Khi do ton
tai duy nhdt mot cdp da thiic q(x),r(x) € Klx] sao cho

f(x) = g(x)q(x) + r(z), voi r(x) = 0 hodc degr(z) < degg(x).
Chitng minh. Trudc hét ta ching minh tinh duy nhat. Gia st
fx) = g(x)q(x) +r(2) = 9(z)q1 (z) + 11 (2),
trong d6 r(x),r1(z) bang 0 hodc c6é bac nhd hon bac cua g(z). Khi d6

9(x)(q(z) — qu(2)) = m(z) - r(2).
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Néu r(z) # r(z) thi
deg(r — ) = deg (9(q — q1)) = deg g + deg(q — q1)-
bicu nay mau thuan vi
deg(r — ) < max{degr,degr;} < degg < degg + deg(q — q1).

Do vay, ri(z) = r(z). Suy ra g(z)(q(z) — qi(x)) = 0. Vi g(x) # 0 nén
q(z) — qi(z) =0, tic 1a ¢(x) = ¢1(z).

Bay gio ta ching minh sy ton tai. Néu deg f(z) < degg(x) thi ta
chon ¢(z) = 0 va r(z) = f(z). Gia st deg f(zr) > degg(z). Vit
f(z) = apx™ + ... +ag va g(z) = byz™ + ... + by V6i ap,, b, # 0 va
n < m. Chon h(z) = ‘;—mxm—”. Pat fi(z) = f(z) — g(z)h(z). Khi d6
fi(z) = 0 hoac fi(z) cénbac thuc su bé hon bac cta f(x). Trong truong
hop fi(z) = 0, ta tim dugc du cta phép chia f(z) cho g(z) 1a r(z) =0
va thuong 1a ¢(x) = h(x). Néu fi(x) # 0 thi ta ti€p tuc lam tuong tu véi
f1(z) va ta dugc da thitic fo(x). Ci ti€p tuc qua trinh trén ta dugc day da
thic fi(x), fo(z), ..., néu ching déu khac 0 thi ching c6 bac giam dan.
Vi thé sau hitu han budc ta dugc mot da thic c¢6 bac bé hon bac cua g(x)
va d6 chinh 1a da thic du r(x). Néu mot da thic cta day bang 0 thi du

r(z) = 0. Th& vao r6i nhom lai ta tim dugc ¢(z). O

Trong dinh 1y trén, g(x) dugc goi 1a thuong va r(z) dugc goi la du
cta phép chia f(z) cho g(x). Néu du ctia phép chia f(x) cho g(z) 1a 0
thi ton tai ¢(x) € K[z] sao cho f(z) = g(z)g(x). Trong truong hop nay
ta né6i rang f(x) chia hét cho g(x) hay g(x) 1a udc cua f(x).
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1.2 Nghiém cua da thic

1.2.1. Pinh nghia. V6i méi f(z) = a2+ ...+ ayz +ap € Kz] va o
la phan t&r trong mot truong chia K, ta dat f(a) = a,”" +. ..+ a1+ ay.
Néu f(a) = 0 thi ta néi « 1a nghiém cua f(z).

Chéng han, s6 v/2 € R 1a nghiém cta da thic 22 — 2 € Q[x].

1.2.2. Hé qua. Phan tir a € K la nghiém cua da thiic f(z) € K[x] néu
va chi néu ton tai da thiic g(z) € K[z] sao cho f(z) = (v — a)g(z).
Chiing minh. Chia f(z) cho x — a, du hodc bang 0 hoac 1a mot da thiic
bac 0 vi bac clia (z —a) bang 1. Vi vay, du 1a mot phan tit r € K. Ta c6
f(x) = (xr—a)q(x)+r. Thay x = a vao dang thic ta duoc r = f(a). O

Cho k£ > 0 la mot s6 nguyén. Mot phan tr a € K dugc goi 1a mot
nghiém boi k cla da thic f(x) € K|[z] néu f(x) chia hét cho (z — a)F
nhung khong chia hét cho (z —a)*™1. Néu k = 1 thi a dugc goi la nghiém
don. Néu k = 2 thi a duogc goi 1a nghiém kép.

1.2.3. Hé qua. Phan tir a € K la nghiém boi k cua f(x) € K|x] néu va
chi néu f(z) = (x — a)*g(z) véi g(z) € K[x] va g(a) # 0.

Chiing minh. Gia su a 1a nghiém boi k cua f(x). Vi f(z) chia hét cho
(r —a)* nén f(z) = (z — a)kg(x) véi g(x) € K[x]. Néu g(a) = 0 thi
theo Hé qua 1.2.2 ta ¢6 g(z) = (x — a)h(x) v6i h(z) € K[z| va do
d6 f(x) chia hét cho (z — a)**1, vo Ii. Vay g(a) # 0. Nguge lai, vi
f(x) = (z — a)*g(z) nén f(z) chia hét cho (z — a)*. Néu f(z) chia hét
cho (z — a)* thi f(z) = (z — a)*"'h(z) v6i h(z) € K[z]. Do dé

(z - a)fg(z) = (z — a)" "' h(z).

Do K la truong nén g(x) = (z — a)h(zx). Suy ra g(a) = 0, mau thuan.
Vay f(x) khong chia hét cho (z — a)**!. O
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1.2.4. Hé qua. Cho ay,as, ... ,a, € K la nhitng nghiém phdn biét cia
f(z) € K|x]. Gid s a; la nghiém boi k; cua f(x)voii=1,2,... ,r. Khi
ds f(x) = (x —a)"(z —az)™ ... (z — a,)*u(x), trong dé u(r) € K|x]
va u(a;) #0véimoi i =1,...,r.
Chiing minh. Ta ching minh bang quy nap theo r. Trudong hop r = 1
duoc suy ra tir Hé qua 1.2.3. Cho r > 1. Theo gia thiét quy nap, ton tai
h(z) € K|[z] sao cho f(z) = (z — a1)"(x — ag)** ... (x — a,_1)*'h(z),
trong d6 h(z) € K|x] va h(a;)) #0 v6imoii =1,... ,r—1. Via, la

nghiém cta f(z) nén ta c6
0= f(a,) = (@ — a1)"(a, — az)* ... (a, — ar_1)"'h(a,).

Do a, # a; v6i moi i = 1,... ,r — 1 nén h(a,) = 0. Gia st h(z) =
(x — a,)'u(z) trong d6 u(z) € Klx], u(a,) # 0 va t > 0 1a mot s
nguyén. Vi h(a;) # 0 nén u(a;) # 0 v6i moi i = 1,... ,r — 1. Do a,
la nghiém boi k, cha f(x) nén t < k.. Hon nita, f(x) c6 su phan tich
f(z) = (x — a,)*v(x), trong d6 v(z) € K[z] va v(a,) # 0. Vi thé ta c6
f@)=(z—a) (@)= (x—a)"... (. —a_)" ' (z — a)'u(z).
Chd y rang K 1a trudong, vi th€ gian udc ca hai vé€ cho (z — a,)! ta duoc

kr—l

(z —a)" w(z) = (x —a)® ... (z — ap_1)"u(z).

Néu t < k, thi khi thay = = a, vao dang thiic trén ta cé vé trai bang 0,
con v€ phai khac 0, dieu nay 1a vo ly. Vay ¢ = k.. Vi th€ f c6 phan tich

f@)=(z—a)" ... (z —ar_)" ' (z — a)fru(z)
trong d6 u(a;) Z0véimoi i =1,... 7. ]
1.2.5. Hé qua. Cho 0 # f(x) € K|z| la da thicc. Khi dé so nghiém cua

f(x), moi nghiém tinh vdi s6 boi cuia né, khéng vuot qud bdc cia f(x).
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