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MG dau

Bat dang thtc la mot van dé kha co dién ctia toan hoc so cap va dang
ngay cang phat trién, day ciing 13 mot trong nhitng phan toan hoc s cap
dep va thi vi nhat, vi thé luén cudn hit rat nhidu ngusi quan tam. Bat dang
thic luon gitt vi tri quan trong trong cac ki thi hoc sinh gioi, thi dai hoc,
Olympic quéc gia va qudc té. Diém dic biét va an tugng nhat cia bat dang
thiic trong toan hoc so cap do 1a c6 rat nhiéu bai toan kho, tham chi 1a rat
kho nhung luon c6 thé gidi duge bing nhing kién thic co sé, chi yéu s
dung cac phép bién déi, danh gia so cap dé thu dudce két qua.

Ngay nay, c6 rat nhiéu cac phuong phap chitng minh bat ding thiic thong
dung nhu: phuong phép st dung cac bat ding thitc c6 dién, phuong phap
tam thitc bac hai, phuong phap dung dao ham, phuong phap phéan tich binh
phuong S.0.S., phuong phap véc to, phuong phap toa do,...Trong nhing
nam gan day, GS.TSKH. Nguyén Van Mau [I] d&a gidi thieu phuong phap
tam thiic bac hai dinh huéng. Day la co sé dé c6 phuong phap giam bién.
Phuong phap giam bién c6 thé phat biéu bang 15i nhu sau: Phuong phap
nay dua vao lat cit va phép bién déi dong dang dé giam sé bién. Thong
thuong, phuong phap nay hieu qua trong truong hop ba bién chuyén vé biéu
thic dang hai bién. Cling trong khodng thoi gian nay, TS. Tran Nam Diing
va Gabriel Dospinescu [3] d& gi6i thiéu va trinh bay phuong phap don bién
(Mixing variables). Day la phuong phap rat quan trong va hiéu qua trong
viéc chitng minh cac bat ding thic phitc tap. Phuong phap don bién c6
thé phat bieu mot cach don gian nhu sau: Dé ching minh bat ding thiic
f(x1,29,...,2,) > 0 chiing ta di chiing minh bat dang thiic

flxy,zo, .. 2p) > f<

xr1+ 29 11+ 19
9 ’ 9 y L3y .oy Ty | -

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



Sau dé chiing ta di chitng minh bat dang thiic

T1+ T2 X1+ X2
i

9 ) 9 Jx37"'7xn)20~

Bat dang thtc sau chi con n — 1 bién va don gidn hon bat dang thic ban
dau (c6 n bién).

Muc dich ctia luan vin nay la trinh bay lai mot cach téng quan, c6 he
thong céac kién thiic co sé vé mot s6 bat dang thiic co ban lien quan dén gia
tri trung binh, bat dang thitc Cauchy lién quan dén tam thitc bac hai va xét
dén phuong phap gidm bién, bat ding thic Karamata, do gan déu ctia bo sb
va xét dinh 1y don bién tong quat nhu 1a hé qua ctia ching. Tiép theo xét
mot s6 ting dung ctia phuong phap don bién trong céc bai toan ching minh

bat dang thitc thuong gip trong cac ki thi hoc sinh giéi va ki thi Olympic.
Luan van gom phan md dau, két luan, tai lieu tham khao va 3 chuong.

Chuong 1, trinh bay mot s6 bat dang thiic co ban lien quan dén gia tri trung
binh v& bat dang thitc Cauchy lién quan dén tam thitc bac hai. Céc kién
thiic nay 1a co sé dé trinh bay céc noi dung quan trong & cudi chuong 1
va trong chuong 2.

Chuong 2, trinh bay vé do gan déu, mot s6 khai niém va tinh chat quan
trong ctia ham 101, 1om, tit d6 di dén trinh bay phuong phap don bién
tong quat. Phuong phap don bién vé co ban la cach thitc lam gidm bién
trong bat déng thic dai sb.

Chuong 3, trinh bay mot s6 ap dung ctia phuong phap don bién va giam bién
giai cac bai toan bat dang thic 3 bién, 4 bién.

Qua day, ching toi xin duge gii 161 cdm on sau sac dén thay gido, ngudi
huéng dan khoa hoc ctia chung to6i, GS.TSKH. Nguyén Van Mau, ngusi da
dua ra dé tai va tan tinh huéng dan trong suét qua trinh nghién ctu cla
ching toi. Dong thoi ching to6i cling chan thanh cdm on cac thay co trong
khoa Toan - Tin hoc truong Dai hoc Khoa hoc, Dai hoc Thai Nguyén, da

tao moi dicu kién veé tai lieu va tha tuc hanh chinh dé ching toi hoan thanh
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luan van nay. Chung toi ciing giii 101 cdm on dén ban be, dic biét 14 cac ban
hoc vién trong 16p Cao hoc Toan K4, da dong vién gitip dd chung t6i trong
qua trinh hoc tap va lam luan van.

Do thoi gian han hep va khéi lugng kién thic 16n, chiac chan luan vin
khong thé tranh khéi nhitng thiéu s6t. Ching toi rat mong dude su chi bao
tan tinh cta cac thay co va ban be dong nghiép. Chung toi xin chan thanh

cam on.

Thai Nguyén, nam 2012

Hoc vién

Dinh Ngoc Quang
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Chuong 1

Mot sé6 dang bat dang thitc co dien
va phuong phap giam bién

Trong chuong nay ching toi trinh bay mot s6 bat dang thic co ban lien
quan dén gia tri trung binh va bat dang thitc Cauchy lién quan dén tam thiic
bac hai dé phuc vu cho viéc trinh bay céc noi dung chinh ciia luan van trong
cic phan sau.

Cac van dé dudc trinh bay trong chuong nay duge tham khéo va trich dan

chil yéu tai mot so6 tai lieu [1], [3].

1.1 Cac bat dang thic hai bién lién quan dén gia tri
trung binh

Xuat phat tit bat dang thic co ban 22 > 0, V. Khi d6
(z—9)2>0e 2?2 +9° 4+ 2zy > 4oy < (x +y)? > day, Va,y.

Suy ra
r+y

5 > Jxy, Vz,y > 0. (1.1)
Bat dang thic (1.1) 1a mot bat dang thic quen thude & chuong trinh toén
pho thong. Ta goi 1a bat ding thiic gitta trung binh cong va trung binh nhan
(goi ngan gon la bat dang thiic AM—G v6i 2 bién x, v.

! Arithmetic Mean - Trung binh cong, Geometric Mean - Trung binh nhan.
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Dinh 1y 1.1 (Bat dang thitc AM-GM véi 2 bién). V6i x1, x5 khong am, ta
co n
r1+x
VaiT, < = 5 2. (1.2)
Dau déng thic xay ra khi va chi khi z; = 2.
Chitng minh. Véi 11, 2o khong am, binh phuong 2 vé bat dang thiic (1.2)
dugce

4129 < (21 + 29)* & dwyw < 23 + 25 4+ 22129 & 0 < (27 — 29)°
diang v6i moi x1, xo.

Tt bat dang thitc (1.1)) ta thuc hien mot vai bién doi

Y < /7y

r+y

:c+y(:) 2z

VZY < 5

2
ﬁﬁgwx , Vaz,yz() (13)
— + —
roy
Bat dang thite (1.3)) 1& mot Hé qua tryc tiép ctia bat dang thic AM-GM
véi 2 bién, va dugc goi la bat dang thic giita trung binh nhan va trung binh

diéu hoa (goi ngan gon 1a bat dang thitc GM—H v6i 2 bién x, y khong am.

Heé qua 1.1 (Bit dang thiic GM-HM v6i 2 bién). Cho x1, 23 1a cac s6 thue
khong am, ta co
2
1 1

S T1X9. (14)

X1 x2

Dau déng thic xay ra khi va chi khi z; = 2.
1 1

Chitng minh. St dung bat dang thite (1.2)) déi véi z := —,y := —, ta c6
x Y
1,1
11 3%y
ry 27

2Harmonic - Trung binh diéu hoa.
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hay
2

+

< \/xy.

8 [=
S

Ta dugc diéu can chitng minh.
Tt bat dang thitc (1.1), binh phuong 2 vé ta dugc

(z +y)°

:cy§4,

hay

2 .2 .9 2 2 2 2 2
2xy§x2—l—y2<:)(x+y) e —y Sx +y @(:Uer) Sa: +y’

2 2 4 2
lay can bac hai 2 vé ta dugc

2
T 1 < xy, Vx,y>0. (1.5)
— _|_ —
r oy
Bat dang thitc (1.3) 13 mot He qua clia bat dang thitc AM-GM v6i 2 bién,
va duge goi 1a bat dang thiic gitta trung cong va trung binh bac hai (goi ngin
gon la bat ding thic AM—Q v6i 2 bién x,y khong am.

Hé qua 1.2 (Bat dang thiic AM-QM véi 2 bién). Cho z,y 1a cac sb thuec
khong am, ta co

(1.6)

Dau déng thic xay ra khi va chi khi z = v.
Chitng minh. V6i z,y khong am, binh phuong 2 vé bat dang thic ((1.6)
ta dudce

2 2 2 2 2
(xzy) Sw;ry eo<? Qiery

diang v6i moi x, y.

& 0< (z—y)?

3Quadratic mean - Trung binh bac hai (toan phuong).
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T nhitng chiing minh trén ching ta rit ra duge chudi bat dang thic véi
2 bién x,y khong am nhu sau

22 402
m1n{:z;y}< T < VY <ﬂ< Tty
2
L.
roy

< max{z,y}. (1.7)

1.2 Cac bat dang thic n bién lién quan dén gia tri
trung binh

Dinh 1y 1.2 (Bat dang thiic AM-GM (Theo [3])). Cho x1, 3, ..., x, 1A cic
s6 thue khong am, n > 1, khi d6

1. 1y <

Dau déng thic xay ra khi va chi khi 1 = 29 = - -+ = x,,.

£U1+SU2—|—"'+SUn

. (1.8)

Ching minh. (Phuong phap ching minh quy nap Cauchy)

V6i n = 1, bat dang thiic hién nhién ding.

Véin = 2, ta dude bat ddng thic da chitng minh la dang 6 Dinh 1y [1.1]
e Gia thiét quy nap: Gia st bat déng thiic dung vé6i n s6 thuc khong
am Ti,To,...,Tn,n > 1.

e Cho 2n s6 thyc khong am 1, Ta, . .., Tn, Tpit, - - . » Ton, ta xét

Tyt T+ + X 1 <x1+x2+---+xn+xn+1+xn+2+---+x2n)
2n 2

n n

S {1/1‘1332 e Ty T+ (l/xn+1$n+2 ... Top,
- 2

(SIS

> ({L/Lleg X Ty 1 T2 - 56‘2n) )

hay
T+ To A4+ Tog

> /L5 . Ton. 1.9
on = L1T2 Lon ( )

Tit truong hop n = 1, n = 2 va (1.9) suy ra (1.8) ding véi n = 2F, Vk > 1.
Day chinh la quy nap theo huéng 1én trén.

4Pay 1a kidu quy nap theo cip huéng (Ien-xudng) do Cauchy dé xuat nam 1821 (Cauchy A.L., cours
d’Analyse de I'Ecole Royale Polytechnique, I"¢ partie, Analyse alge’brique, Paris, Debure, 1821) dé chiing
minh Dinh Iy AM-GM [3].
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