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Chuong 1

Chuan trén truong

1.1 Cac khai niém co ban

Dinh nghia 1.1.1. Cho F la mét truong, dnh xa |.| - F — R dugc goi la chudn trén F néu
né théa man ba tinh chdt sau:

i |z|>0; VeeFvalr]=02=0
ii. |zy|=|zlyl; Ve,yerF
ii. |x+y| <l|z|+y|; Ve,yeF
Vi du.
1. Lay F =Q, R, C; véi gia tri tuyét d6i thong thudng la chuén.

2. Lay F la truong tuy ¥, Vo € F, ta dinh nghia
1 néfuxz+#0
ol = { ’

0 nfux=0

13 chudn tAm thudng.

Tinh chat.
L1=1
2. |z7Y = % Va # 0

x|’

3. N&u F 13 trudng hitu han thi trén F ¢6 duy nhat mot chudn 13 chuidn tAm thudng.
L]
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1.1.1 Chuan tuong duong

Cho F 1a trudng; |.| 1 chudn trén F. Khi d6, chudn |.| cdm sinh ra métric d(x,y) = |z — y|.
Topo sinh bdi métric nay duge goi 13 topd cdm sinh bdi chudn |.|.

Dinh nghia 1.1.2. Cho hai chudn |.|1, |.|2 trén truong F. Ta néi |.|, va |.|2 la tuong duong
vdi nhau khi va chi khi tépé cdm sinh béi hai chudn nay la tring nhau.

Pinh ly 1.1.1 (Cac diéu kién tuong duong clia chuan). Cho F la truong; véi |.|1, |.]2 la
hai chudn trén F, cdc khdng dinh sau twong dwong

~

Dz <le|zle<1; Vel

2. |z <1e|z[p<1; VreF.

3. Ton tai ¢ > 0 sao cho |z|, = |z|5; Vz e F
4

. Day {x,} la day Cauchy déi vdi chudn |.|, < day {z,} la day Cauchy déi vdi chudn
|-J2-

n

e~
Chiing minh.

1.=>2. Véimoiz € F, x #0;tacd || > 1 & |1/z)) <1 & [1/x|s < 1< ||z > 1. Do d6
o)y <1 |z < 1; Vo € F, x # 0, v6i z = 0 hién nhién.

2. = 1. Véi z = 0 hién nhién.
Véimoix € F, t £A0;tacd x|y > 1< |[1/z); <1< [1/z]s <1< |z); > 1. Do d6
x| <1< |z|o<1; Ve eF, #0

1.= 3. e Né&u chuin |.|; ]2 chufn tAm thudng thi chuén |.|; cling 1a chuin tAm thudng.
That vay, véimoi z € F, x #0 tacd |z|; = 1.
Néu |z|a > 1 thi |1/z]s < 1= |1/z]; <1 (mau thuin)
Néu |z|2 < 1 thi |z|; < 1 (mAu thuin)
Do d6 |z]s = 1 hay |.|2 12 chudn tAm thuong. Vay |.|; = |.|»

e Néu |.|; khong 1a chudn tAm thudng thi tdn tai 2y € F sao cho |zo|; > 1, do
d6 |zgla > 1. Didt a = |zo|l1 vA b = |xolo. Khi d6, Vo € F, x # 0 ta viét
x|y = a¥, y =log, |x|. Ta s ching minh |z|; = b¥. That vay, ldy = > y ta c6

)y = a¥ < a% = |zo|y = 2"y < |22

= |2"/al < 1= 2" /2l < 1= |z|y < bw
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cho @ — y ta dugc |z < BY.
Tuong ty néu ldy y > =, thi ta dugc |z[, > bY.
Vay |z|s = Y. Do d6

2|1 = a¥ = (V)% = |2|5;  v6ic = log,a >0
Véi o = 0 hién nhién ding thic trén cing théa man.
3. = 4. Day {z,} la day Cauchy dé6i v6i chudn |.|; khi va chi khi
|2p — xmlt = 0 khim,n — o
& |zn — |/ — 0 khim,n — oo véic >0
& |y — Tmlo — 0 khim,n — oo
& Day {z,} 1a ddy Cauchy d6i véi chudn ||, .

4. = 1. Gid st |z|; < 1 ta cAn ching minh |z|; < 1. Tu gia thi€t |z|; <1 ta suy ra 2" — 0 d6i
v6i chudn |.|;. Do d6 {z"} 1a day Cauchy d6i véi |.|; hay {z"} la ddy Cauchy d6i véi
|.|2. Diéu nay c6 nghia 1a (z"** — 2) — 0 d6i v6i chudn || hay 2"(x — 1) — 0 d06i
v6i chudn |.]o. Do d6 |2"|o]1 — 2] — 0. Ma |1 — x| # 0 suy ra |2"]2 — 0 hay |z| < 1.

3. = 5. Goi 7,7 1an lugt 1a t6pd dugc cdm sinh tit chudn |.|4, |.|]». LAy A € 71, Vo € A thi ton
tai By(z,r) C A. Khi d6

yEBi(r,r) e |ly—x)1 <r< |y—x|i/c<rl/c

S ly—zfa < rl/e o y € Bg(x,rl/c) & Bi(x,r) = Bg(l’,’f’l/c)

Diéu nay c6 nghia la tdn tai By(z,rY/¢) € A. Do d6 A € 7.
Vay i =1

5.= 1. Gid st |z|; < 1 suyra |2"]|; — 0. Do |.|;y ~ |.|2 nén |2"|; — 0. Suy ra |z]|s < 1

1.2 Chuan phi Archimedean

Dinh nghia 1.2.1. Cho F la truong va |.| la chudn trén F. Khi dé chudn |.| dugc goi la
chudn phi Archimedean néu né théa man thém diéu kién

ii’. |z +y| <max{|z|, [yl}; Vr,yeF
Vi du.

L. Chuin tAm thudng trén trudng F 1 chudn phi Archimedean.
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2. N&u F la trudng hiiu han thi moi chuidn trén F' déu la chuidn tAm thudng. Do d6,
moi chuéin trén trudng hitu han F déu [a phi Archimedean.

3. Cho p 1a s6 nguyén t6. Khi d6 V2 € Q, z # 0 dugc biéu dién dusi dang

x:pa%; voi a,m,nEZ; n%oa (map) :17 (nap) =1

Ky hiéu a = ord,(z)
Qui udc ord,(0) = oo

B6 dé 1.2.1. Cho p la s6 nguyén t6. Khi dé Vz,y € Q ta c6
i. ord,(zy) = ordy(z) + ordy,(y)
ii. ord,(z+y) > min{ord,(x),ord,(y)}

Lay p € (0,1). Khi d6 chuén |.| : Q — R x4c dinh bdi

2] = 7@ n&u z £ 0
10 néuzr =0

13 chuén phi Archimedean trén Q
LAy p1,p2 € (0,1) va goi |.|1,].]o tuong Gng 1a hai chudn dugc xac dinh theo p1, po.
Khi d6 |.]1 ~ |.]2- That vayVz € Q, z #0

ordp(x) _ (pgrdp(m))logp2p1

2|, = pf = |z|5; VOl c=log,p1 >0

Lay p = %, ta ¢c6 chuén |.|, : Q — R x4c dinh bdi

2], = p %) n&uax #0
P10 néuz =0

13 chuén phi Archimedean trén Q. Ta hay goi 1a chuén p-adic trén Q.
]

Pinh ly 1.2.1 (Cac diéu kién ctia chuin phi Archimedean). Cho F la truong véi e la phdn
tit don vi va |.| la chudn trén F. Cdc diéu kién sau day la tuong duong.

1. Chudn |.| la chudn phi Archimedean.
2. 12/ <Lvdi2=2c=c+e

3. n| <L védin=ne=e+e+---+e
~—_——

n

4. Tdp N = {n =n.e | n € N} bj chdn.
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Chiing minh.
1.=2. Taco |2| = |e+ e <max{lel|,|e|} =1

2.=3. NeuneNthin=ag+ a2+ -+ a2’
Trong d6 a; € {0,1}, Vi=0,1,...,s; as = 1.
Suyra|a;| <1, Vi=0,1,...,s Do dé

n = lao + a2 + -+~ +a,2°| < aol + [aa[2] + - - + [a,|[27]

<l4+1l+4+--+1=s+1

Mait khéc, ta cé
98 S n < 2S+1

Suy ra
s+1<log,n+1

Do d6
In| <logyn+1

Khi d6, v6i moi sd nguyén duong k, ta ¢
In*| <log,n®+1=klogyn +1 < k(logyn + 1)

Suy ra
In| < kY*(logyn + 1)V/*

Cho k — oo, ta sé c6 |n| < 1
3. = 4. Hién nhién.

4. = 1. Gid st tap N bi chin, tdn tai a € R sao cho |n| < a; Vn € N. Khi d6

oyl = @+ )" =1 Craky"™|
k=0

n n
<D 1Clz gl < Y alefMy
k=0 k=0

< (n + Da(max{]z], [y[})"
Suy ra

|z +yl < Vn+ 1Yamax{|z|, |y[}
Cho n — oo thi /n+ 1/a — 1. Do d6

|z + y| < max{|z], |y|}

Vay |.| 12 chudn phi Archimedean.
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1.2.1 Tinh chat co ban clia chuan phi Archimedean

Ménh dé 1.2.1 (Nguyén ly tam giac can). Cho |.| la chudn phi Archimedean trén truong F.
Néu |x| # [yl thi |z +y| = max{|«], [y]}.

Ching minh. Khong mat tinh tdng quat, ta gid st |z| > |y|. Khi d6, ta c6
|| = |z +y -yl < max{[z +y|, [y|} < max{|z|, |y} = ||

Suy ra

|| = max{|z + y|, [y}
Ma |z| > |y| nén |z] = [z +y|. Vay |z +y| = max{[z[, |y[}. 0
Ménh dé 1.2.2. Cho |.| la chudn phi Archimedean trén truong F. Néu day {x,} — x # 0 thi

ton tai ng € N sao cho |v,| = |z|, Vn > ng

Ching minh. Vi z # 0 nén |z| > 0 va do {z,,} — 2 nén tbn tai ng € N sao cho |z, — x| <
|z|; Vn > ng. theo nguyén Iy tam gidc cln, ta ¢ |x,| = |z, — 2 + x| = max{|z,, — x|, |z|} =
|z|; Vn > ng O

1.3 Chuan trén Q

Dinh ly 1.3.1 (Dinh ly Ostrowski). Moi chudn khéng tam thuong |.| trén Q déu tuong duong
véi chudn gid tri tuyét doi thong thuong hodc chudn |.|,, vdi p la s6 nguyén t6 nao do.

Chiing minh.

L. Né&u |2| > 1 thi |.| [A chu&n Archimedean.
Lay n € N, gid st n = ag + a12 + - -+ + a,2%, trong d6 a; € {0;1} va 28 < n < 25t
12| = 2% a =logy|2|. Tacd

In| <lao| + |a1||2] + -+ |as]|2]° < 142"+ --- +2%° <29°C < nC

Suy ra
In*| < n*eC = |n| < neC/*
Cho k — oo ta duge |n| < n*
Mit khac, do 25 < n < 257! nén ta ¢6
|2s+1| — |n_|_2s+1 _n| S |n| + |2s+1 _n|
Suy ra
|n| 2 |2s+1| _ |23+1 _ n| 2 2(s+1)a _ (2s+1 _ n)a 2 2(s+1)a _ 9sa

Do dé
|n| > 2(s+1)aC/ > nac/



