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MG dau

1. LY DO CHON DE TAI

Phuong trinh ham 13 bai toan khong thé thiéu khi nghién citu vé ham
s6. Phuong trinh ham ciing 14 mot trong cac bai toan hay gap va kho trong
cac ki thi hoc sinh gidi toan quoc gia, khu vire va quoc té. Da c6 nhicu tai
lieu viét vé phuong trinh ham nhung chua di so v6i nhu cau clia nhitng
ngudi yéu phuong trinh ham. Dé gép them mot cach nhin vé mot 16p cac
phuong trinh ham da an ham, t6i da chon dé tai "Phuong trinh ham da
an ham co ban".

2. MUC DICH NGHIEN CUU

Nghién cttu phuong trinh ham Cauchy thong qua cac vi du cu thé nham
ciing cb cac phuong phap va ki ning bién doi trong bai toan giai phuong
trinh ham.

Gop thém cach nhin nhan va phuong phap giai mot 16p cac phuong
trinh ham da an ham ma trong tam la phuong trinh Pexider va phuong
trinh ham sinh béi dang thic-phi dang thic dai s6.

Dinh huéng cho hoc sinh cach van dung phuong trinh ham trong viéc
giai mot s6 bai toan & cap trung hoc phd thong va bdi dudng hoc sinh gidi
toan.

3. POI TUGONG VA PHAM VI NGHIEN CUU

Phuong trinh ham Cauchy, phuong trinh ham Jensen, phuong trinh
ham D’Alembert, phuong trinh ham Pexider, phuong trinh ham sinh bdi
déng thic va phi dang thitc dai s6.

4. PHUONG PHAP NGHIEN CcUU

Nghién citu tric tiép tir cac tai lieu clia gido vien huéng dan, ti sach

chuyén toan va cac ky yéu hoi thdo khoa hoc vé chuyén toan ciing nhu tir
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bai hoc kinh nghiém gidng day clia cdc dong nghiép va cac ban hoc vien
trong 16p.
5. Y NGHIA KHOA HOC VA THUC TIEN CUA DE TAI

Tao dugc mot dé tai phu hop cho viéc gidng day, boi dudng hoc sinh
gidi cap trung hoc phd thong.

6. CAU TRUC CUA LUAN VAN

Luan van gom phan md dau, két luan, tai lieu tham khao va 3 chuong.

Luan van dugc hoan thanh dudi sy dinh huéng va huéng dan tan tinh
ciia GS.TSKH Nguyén Van Mau. Tac gid xin duge bay t6 long biét on sau
sac ctia minh t6i Thay.

Trong qua trinh hoc tap va lam luan van, tac gia da nhan dudgc su
quan tam gitip dé ciia Khoa Toan Tin, Phong dao tao Sau dai hoc truong
DHKH-DHTN. Tac gia xin chan thanh cam on sy gitp dé quy bau do.

Tac gid cling mudn dude gii 161 cdm on t6i gia dinh, cdc ban dong
nghiép 16p Toan K4A truong DPHKH, cac Thay Co gido to toan va Ban
giam hiéu truong THPT Tién Du s6 1 Bic Ninh da giap dé va tao diéu
kien dé tac gia hoan thanh luan vin nay.
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Chuong 1

Cac phuong trinh ham dang Cauchy

1.1 Céac phuong phap co ban dé gidi phuong trinh
ham

C6 rat nhiéu phuong phép dé gidi mot phuong trinh ham. Duéi day la
mot s6 phuong phap co ban hay dude st dung trong qua trinh gidi phuong
trinh ham tit cdc dé thi Olympic.

* Thay cac gia tri cho cac bién: Cach thit dau tién 1a thay bdi hang s6
(chang han 0 hoic 1), sau d6 14 mot s6 biéu thitc ma sé lam cho mot phan
ctia phuong trinh tré thanh hang s6. Vi duy, néu f(z + y) xuat hién trong
phuong trinh va néu xac dinh duge f(0) thi ta sé c6 két luan tuong tng
vll Yy = —x.

* Quy nap toan hoc: Phuong phap nay st dung f(1) dé tim tat ca céc
f(n) vé6in € Z, sau do tim f(%) va f(r) véir € Q.

* Xem xét tinh chat don anh, toan anh va song anh ctia ham s6 trong
phuong trinh: Trong rat nhiéu bai toan tinh chat dé 1a khong kho dé chiing
minh, nhung c6 thé 1a mau chét ctia 101 giai bai toan.

* Tim kiém cac diém bat dong va khong diém ctia ham: Phuong phap
nay thuong hay gip trong cac bai todn khé. S6 lugng cic bai toan stt dung
phuong phap nay it hon s6 luong cac bai toan st dung ba phuong phap
tréen. Ngoai ra ta ciing can nam viing cic dic trung ciia cdc ham khi sit
dung phuong phap nay.

* St dung phuong trinh ham Cauchy va cac phuong trinh ham kiéu
nay: Thudng thi ta can st dung cac bién ddi va mot s6 phuong phap giai
khéc dé dua phuong trinh ham ban dau vé phuong trinh ham Cauchy.

* Xem xét tinh lién tuc va don diéu ctia mot ham s6: Tinh chat lién tuc
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thuong 1a diéu kién thém va ciing nhu tinh don diéu, né thusng dung dé
dua bai toan vé phuong trinh ham Cauchy. Néu khong phai vay, bai toan
sé gidi quyét theo mot cach khé khian hon.

* Thiét lap cac mdi quan he truy hoi (Iip lai): Phuong phap nay su
dung cac phuong trinh ma mién gia tri bi chin va trong trudng hop ching
ta c6 thé tim duge moi lien hé gitta f(f(n)), f(n) va n.

* Thay thé ham s6: Phuong phap nay ding dé dua phuong trinh ham
da cho tré nén don gidn hon. Ta c6 thé thé an dé tao ra phuong trinh ham
mdi hoac hé phuong trinh ham méi ¢6 1oi giai don gian hon.

* Bieu dién cac ham s6 thanh tong cdc ham chdn va ham 1é. Diéu dé c6
thé hitu ich trong viéc tuyén tinh héa phuong trinh ham ctia nhiéu ham
s0.

* X1t 1y s6 trong hé co s6 10. Truy nhién, phuong phap nay chi st dung
néu mien xac dinh 1a tap N.

* Phuong phap hé s6 bat dinh, phuong phap chuyén qua giéi han,
phuong phéap sai phan...

Cudi cuing, ta nhan manh diéu quan trong nhat 1a doan nhan dugc 1oi
gidi ngay. Diéu d6 gitp ich rat nhiéu trong viéc tim dugc phép thé hop 1.
Tuy nhién, cudi 16i gidi can kiém tra lai xem 15i gidi da théa man cac dicu
kién da cho chua.

1.2 Dac trung ham ctia mot s6 ham sé so cap
( xem [6])

Dé c6 thé dinh huéng, gai ¥ va du doan coéng thitc nghiém ciia céc bai
toan lien quan, chiing ta xét mot vai tinh chat tieu biéu clia mot s6 dang
ham s6 quen biét ( xem [1]).

1. Ham bac nhat: f(z) = ax +b (a # 0,b # 0) ¢6 tinh chat

r+ 1
F(55Y) = 5@ + s, o e ®
2. Ham tuyén tinh: f(z) = ax (a # 0) ¢o6 tinh chat

flx+y) = f(x) + f(y), Yo,y eR.
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3. Ham mi: f(x) =a” (a >0, a # 1) ¢6 tinh chat
f+y) = f2)fly), Vr,y eR.
4. Ham logarit: f(z) =log, |z| (a > 0,a # 1) ¢6 tinh chat

flzy) = f(x) + f(y), Vz,y € R\{0}.

5. Ham lugng giac
a) Ham f(x) = sinx c6 tinh chat

f(3z) = 3f(z) — 4[f(2), Yz €R.
b) Ham f(z) = cosx c6 tinh chat
f2z) =2[f(z)]* -1, Vz €R

flz+y)+ flx —y) =2f(x)f(y), Vo,y €R.

c) Ham f(z) = sinx, g(x) = cosz ¢6 tinh chat
{ flx+y) = f(x)g9(y) + f(y)g(z), Vo,y €R,
gz +y) = g(x)g(y) — f(z)f(y), Vr,y €eR.

d) Ham f(z) = tanx ¢6 tinh chat

f@) + fy)
1= f(x)f(y)

flx+y) =

2k + 1
véi:c,yER,any#%, x#gwﬂm, y#nglmr (k€ Z).

¢) Ham f(x) = cot x ¢6 tinh chat

f@)fly) -1
f(x)+ fy)
viix,y ER, x+y#£km, v £ kn, y#kr (keZ).

flz+y) =

6. Ham lugng gidac ngudc
a) Ham f(x) = arcsinz c6 tinh chat

flx) + flz/1—9y?>+yV1—2a?), Ve,y € [—1;1].
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b) Ham g(x) = arccos z ¢6 tinh chat

g(z) +9(y) = g(zy — V1 — 221 —y?), Va,y € [-1;1].
¢) Ham h(z) = arctan x ¢6 tinh chat

h(z)+ h(y) = h (

r+y
1 —ay

), Vo,y:xy # 1.

d) Ham p(z) = arccot x ¢6 tinh chat

p(x) +ply) =p (

ry — 1
r+y

), Ve,y:x+y #0.
7. Cac ham hyperbolic
1 .
a) Him f(z) = sinhx = 5(69” — e ") ¢6 tinh chat
f(3x) = 3f(z) +4[f(2), VxR
1 .
b) Ham g(x) = coshz := é(ex + e7") ¢6 tinh chat

g +y) +g(xr —y) =29(x)g(y), Vo,y € R.

xT —X

c) Ham h(z) = tanhx := % ¢6 tinh chat
et +e "t
h(z) + h(y)
h(z+vy Vz,y € R.
Y= )
e’ +e
d) Ham ¢(z) = cothx := ———— c6 tinh chat
eT — e~
1+ q(z)q(y)
qx +vy , Ve,y:z,y,x+ 1y # 0.
ety = q(x) + q(y) 7

1.3 Phuong trinh ham Cauchy va cac phuong trinh
kiéu Cauchy ( xem [6])

1.3.1 Phuong trinh ham Cauchy

Phuong trinh
fle+y) = flz)+ fly), Yo,y eR (1.1)
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trong 16p ham lién tuc trén R duge goi la phuong trinh ham Cauchy.

Néu khong doi héi ham f thod man diéu kién gi thi (1.1) duge goi la
diéu kién cong tinh cta f.

Néu tap xac dinh ctia (1.1) 1a Q thi rat dé chi ra f(z) = z.f(1). Ching
minh nay c6 dugec nhs quy nap toan hoc.

Tiép theo, mé rong mién xac dinh tit Q dén R. Khong qua khé dé ching
ta chi ra dugc 1oi giai cia phuong trinh ham Cauchy trong truong hop nay
khong phai la f(z) =z f(1).

Tuy nhién, ta can c¢6 thém vao mot sb gid thiét dé bat buoc 16i giai duge
mo6 ta nhu trén. Nghia 13, néu ham s6 f théa man mot trong cac diéu kien
sau:

+) don diéu trén mot khoang cua R;
+) lién tuc;

+) bi chin trén mot khoang;

+) duong véi moi z > 0.

+) khé vi (cach lam sé don gidn hon nhiéu)
thi 1oi gidi ctia phuong trinh ham Cauchy f: R — S 1a f(x) = zf(1). Cu
the:

Bai toan 1.1. Xac dinh cac ham f(z) lién tuc trén R théa méan

fle+y)=f(z)+ f(y), Vo,y eR. (1.2)
Gigi. Tu (1.2) suy ra f(0) =0, f(—z) = —f(z), v6i x = y thi
f(2x) =2f(x), Vo € R. (1.3)

Gia stt k nguyén duong, f(kx) = kf(x), Yz € R. Khi d6

f((k+1)z) = f(kz+2)
= f(kz) + f(z)
= kf(z)+ f(z)
= (k+1)f(x), Vo €R, Yk eN.

Theo nguyén ly quy nap, ta cé
f(nz) =nf(zx), Vr € R, ¥neN.
K&ét hop vdi tinh chat f(—z) = — f(x) ta duge
f(mzx) =mf(x), Ym € Z, Vr € R. (1.4)
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