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MO DAU

Déi v6i phuong trinh elliptic tuyén tinh cap 2 thi nguoi ta dua vao xét
mot s6 loai nghieém. Nghiem ¢ dién la nhitmg ham s6 kha vi hai 1an lien
tuc va théa man phuong trinh khap noi. Nhung nghiém manh chi 14 nhitng
ham s6 c¢6 dao ham dén cap 2, binh phuong kha tich va thdéa man phuong
trinh hau khap noi.

Dua vao céac tai lieu [1], [2], [3] ludn van da trinh bay khai niém nghiém
manh clia phuong trinh elliptic tuyén tinh cap 2 va nghién citu tinh chat
tron ctia nghiém manbh.

Luan van dudgc chia lam 2 chuong:

Chuong 1 trinh bay cac khong gian Sobolev W 7 (Q), Wi (Q) va céc
dinh 1y nhing duge dua trén tai lieu [1], [2]

Chuong 2 dwa vao khai niém nghiém manh va nghién citu do tron cta
nghiém manh bén trong mién duge dya tren tai lieu [3].

Luan van da chi ra rang khi do tron ctia hé s6 va clia vé phai tang len thi
do tron clia nghiem manh ciing ting lén theo va né tré thanh nghiem co
dién ctia phuong trinh.

Do thoi gian va kién thic con han ché nén trong qua trinh viét luan
van ciing nhu trong xit 1§ vin ban chic chan khong tranh khoéi nhitng sai
s6t nhat dinh. Tac gid luan van rat mong nhan dude sy gép ¥ ciia cic thay
co va cac ban dong nghiép dé luan vin dude hoan thien hon.

Nhan dip nay, tac gid xin bay té long biét on sau sic dén thay huéng
dan PGS-TS Ha Tién Ngoan da tan tinh gitp dd trong sudt qua trinh lam

luan van.
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Tac gid xin tran trong cadm on céac thay, co gido Truong Dai hoc Khoa
hoc- Dai hoc Thai Nguyeén, Vien Toan hoc da gidng day va tao moi dicu
kién thuan lgi trong qua trinh tac gia hoc tap va nghién citu.

Tac gia ciing xin chan thanh cam on Ban Giam hiéu, Khoa Co ban
truong Cao dang Cong dong Hai Phong va tap thé ban bé dong nghiép
ciing gia dinh da quan tam gitp dd, dong vién tic gid hoan thanh tot luan
van nay.

Thai Nguyén, thang 08 nam 2012.
Ngudi thuc hién

Nguyén Thi Hoang Xa
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Chuong 1

KHONG GIAN SOBOLEV

Mot trong nhitng bai toan quan trong ciia phuong trinh dao ham riéng
la phuong trinh Poisson:

Au = f. (1.1)

Nghiém yéu u(x) ctia phuong trinh (1.1) théa man dong nhat thic tich

phan:
/DuDgpdx = —/fgpdx,
0 0
trong do: u (z) = u (1, .....,x,) 1a an ham, f (z) = f (z1,....., ;) 12 ham
, n 9
so duge cho trude, Au = 28_1;’ o(x) = o(r1, .y mp) € CHQ) 12
i=1 0T;

khong gian cac ham s6 kha vi lien tuc va c6 gia compact,

[ Ou ou & Ou Oy
Du = <a—xl, ..... 76_an> ,DUDQO—Z:ZlaxZaZCZ

Dat:
(u, ) = /Dchpda:. (1.2)
Q

Dé nghién ctu nghiém ctia phuong trinh Poisson ta xem xét mot cach tiép
can khac doi v6i phuong trinh nay.

Dang song tuyén tinh (u,p) = [DuDydx 1a mot tich trong ctia khong
QO

gian C} (2) vi bao déng ctia C} () theo metric cam sinh béi (1.2) 1a
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khong gian Hilbert ma ngusi ta ki hiéu la Wé’Q ().
Hon nita, phiém ham tuyén tinh F duge dinh nghia béi:

F(w)z—/fsodx

c6 thé duge mé rong dén mot phiém ham tuyén tinh bi chan trén khong
gian W, (Q). Theo dinh Iy Riesz ton tai mot phan tit u € Wy (Q) thoa
man (u, ) = F (), Ve € Gy (Q).

Dinh ly Riesz: Vdi moi phiém ham tuyén tinh bi chin F trong khong
gian Hilbert H luon ton tai mot phan tii zdc dinh duy nhat f € H sao cho
F(z)=(z,f) végi moi x € H va ||F|| = || f]-

Vi 7
@.0) = AT
P = sup ()
x#0 X
I = n = FW

Do d6 sy ton tai nghiém suy rong ctia bai toan Diriclet:
Au = f
v =0 trén 0f)

Van dé vé su ton tai nghiem co dién duge chuyén doi tuong tng thanh cac

thuc su duge thiét lap.

van dé vé tinh chinh quy ciia nghiém suy rong theo diéu kién bién tron
thich hop. Dinh 1y Lax-Milgram sé dugc ap dung dbi v6i phuong trinh el-
liptic tuyén tinh theo dang Div. Tuong tu nhu viéc 4p dung dinh 1y Riesz
4 trén bang cac li luan khac nhau duya trén dong nhat thic tich phan, két
quéd chinh quy sé dugdc thiét lap.

Tuy nhién truée khi thuc hien mot cach cu thé, ta di khao sat 16p cac
khong gian Sobolev, d6 1a W2 () vaWE? (Q) ma W2 (Q) 1a mot trudng
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hop riéng.

1.1 Khéng gian W*? (Q) ;ng’p (22)
1.1.1 Khoéng gian W"? (Q):

Cho ©Q C R" 14 mien bi chin.

xr = (21, T2, X3, ..., Ty) € S
a. Khong gian L” (2);(1 < p < +00)

L? (Q) la khong gian Banach co dién gom cdc ham do dugc trén Q va p-khd
tich. Tc la

/\u(x)|pdx < +0.
Q
Chuan ciia phan ti trong LP (Q) dugc dinh nghia bdi:
U

full ey = | [ lulPde |
Q

trong do: |u (x)| 1a tri tuyét doi cta u(x).
Khi p = +o0; L™ (£2) la khong gian Banach cac ham bi chan trén Q véi

chuan:
il = oy = sup . (13)

Khi khong c6 su nhap nhang, ching ta sé dung |ul|, thay cho [ul|,q):
Bat ddang thic Young:

p bq
jab| < lal” u, (1.4)
p q
) o .11
trong do p,q € R;p > 0,q > 0 thoa man: — + — = 1.
P q

Khi p=q=2;(1.4) chinh la bat déng thitc Cauchy. Thay thé a béi £'/Pa, b
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béi e 1/Pb, v6i € > 0 khi d6 (1.4) tré thanh bat déng thiic noi suy:

p —a/p |p|4
japf < S S o e (1.5)
p q
Bat dang thic Holder:
[ uvldz < Jal o, (10
Q

1 1
vdi uw € LP(Q),v e L1(Q) va —+ — =1,
P q

(1.6) 1a hé qua clia bat dang thiic Young, khi p = ¢ = 2, bat dang thiic
Holder tré thanh bat dang thic Schwarz.
Bat dang thic Holder st dung trong truong hgp tong quéat déi véi m ham

Ui, Us, ..., Uy, nam trong khong gian LPt, LP2 ..., LPm nhu sau:

/\u1u2...um|daj < Juall, Nuzll,, - llwmll,,, (1.7)
Q
" 1 1
véi —+ —+ ...+ — =1
P P2 DPm

Bat dang thic Holder ciing dudc st dung dé nghién ctu chuan trong LP
khi coi do6 la cac ham cta p:
1/p

1 P du
by (1) = @Q/ud | (18)

V6i p > 0, ¢, (u) 1a ham khong gidm theo p, véi u ¢ dinh.

Khong gian L (£2) 1a kha li khi p < oo, C° (Q2) 1a khong gian con trit mat
trong L (£2).

Khong gian déi ngdu ctia LP () khi 1 < p < oo dang cau véi L7 (),
trong do6 ! +—=1. Vithé L?(Q) khi 1 < p < 400 duge coi la lien hop
clia LV (Q])). Do d6, L7 () 1a phén xa khi 1 < p < 00

Khi p =2, L? (Q) 14 khong gian Hilbert véi tich vo huéng:

(1, v) = / u (2) v (@)da.

Q
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() = ull* = [ fu (o)
Q

Dinh 1y 1.1: (dinh ly nhing L? (Q)) Gid si 2 la mién b chdn va
1 <py <po. Khi do, LP>(Q2) C LP* (Q) va dnh za nhing

LR (Q) s L (Q)

la liéen tuc.
Ching minh: Gid st u € LP2 () ta can ching minh u € L' () hay
f lul"'dx < 4o0.

Ap dung bat déng thic Holder véi p = P2 ,q = L , ta co:
b1 D2 —P1
1/p 1/q
[u|""de = [ |u]”*.1dx < (f\u\plpdx) <f 1qda:)
1/p '
= (mes)"/ <f \u\pzdaz>
Q
Vi Q bi chan va u € L () nén
1/p
(mesQ)’ /|u|p2dx < +o00.
Vay u € LP* (Q).
T (1.9) ta suy ra:
1/p1 1/pp1
<f\u\pdx> < (mesQ) "/ (f\u\mdx>
0
/e, 1.10
— (mesQ)l/qp1 <f |u|p2dx> (1.10)
0

1/gp1
& [l o ) < (mes) ™[] 1o e

(1.10) ching t6 anh xa j : LP2(Q) — LP*(Q) la lien tuc va ||j|| <

)1/qp1 )1/p1—1/p2.

(mes$ = (mes§)

b. Khong gian W*? (Q))
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