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Dung lugng 1a mot trong nhimmg khai niém quan trong cta giai tich
phitc nhiéu bién ciing nhu cta 1y thuyét da thé vi.

Khai niem nay dung dé do cac tap hop ma 1y thuyét do do ¢d dién khong
nhan biét duge. Trong truong hop mot chiéu, 1y thuyét da thé vi co dien
cho ta cac dinh nghia tuong duong ctia dung lugng thong qua do do can
bang, ham Robin, hodc 1a hing s Tchebycheff, ... Tuy nhién, khi n > 2,
moi lien heé gitta cac dai luong nay 1a khong 1o rang. Do d6 ta c6 mot s6
dinh nghia khac nhau vé dung luong trong trusng hgp nhiéu chieu.

Noi dung chinh ciia luan van 1a trinh bay mot s6 két qua ctia Alexander
- Taylor vé so sanh dung luong tuong déi dugc dinh nghia bdi Bedford -
Taylor véi dung lugng toan cuc cia Alexander.

Noi dung chinh 1a dinh Iy 2.1.1 cho danh gia phia trén va phia duéi ctia
T(K) theo C(K, B) dung lugng tuong doi ctia K theo B.

Mot hé qua quan trong ciia dinh 1y 2.1.1 1a dinh 1y Josefson vé tinh tuong
duong gitta tap da cyc dia phuong va da cuc toan cuc duge trinh bay &
chuong cudi.

Noi dung chtt yéu ctia Luan van duge dya vao tai lieu [1]. Luan van bao
gom phan Md dau, ba chuong noi dung chinh, Két luan va Tai lieu tham
khao.

Chuong 1. Kién thitc chuan bi. Truéce hét trong muc 1.1 trinh bay khai
quat vé ham da dieu hoa dudi. Trong cac muc tiép theo gidi thieu toan ti
Monge - Ampere phiic, dung lugng toan cuc T(K) va dung lugng tuong
doéi C(K, D).

Chuong 2. So sanh dung luong toan cuc va dung lugng tuong doi trong
C" va viéc chiing minh dinh 1y so sanh dung lugng.

Chuong 3. Ap dung vé tap da ciic .Muc dich ctia chuong nay 13 dua ra
mot chitng minh ngan gon hon ctia dinh 1y Josefson vé tinh tuong duong
gitta tap da cuc dia phuong va toan cuc.

Luan van nay dugc hoan thanh dudi sy huéng dan va nhiét tinh chi bao
cua Gido su Nguyén Quang Diéu, Dai hoc su pham Ha Noi. Em xin dugc
bay toé long biét on sau sac dén Thay. Tac gia ciing xin gui 161 cAm on chan
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thanh dén Ban Giam hiéu, phong Dao tao, khoa Toan - Dai hoc su pham,
Dai hoc Thai Nguyén da tao diéu kién thuan lgi trong suét qua trinh hoc
tap tal truong.

Xin chan thanh cadm on gia dinh, ban be dong nghiép va cic thanh vién
trong 16p cao hoc toan K18B da luon quan tam, dong vién, gitip dé toi
trong sudt thoi gian hoc tap va qua trinh lam Luan van.

Tuy c6 nhiéu c6 gang, song thoi gian va nang luc ciia ban than cé han
nén Luan van khoé tranh khéi nhiing thiéu s6t. Rat mong duge sy dong
g6p v kién clia cac thay co cling toan thé ban doc.

Thai Nguyén, thang 08 nam 2012
Tac gia
Ngo Thi Lap
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Chuong 1
Kién thitc chuan bi

1.1 Ham da diéu hoa duéi

1.1.1 Ham diéu hoa duéi

Dinh nghia 1.1.1. Gia si X la khong gian topo. Homu : X — [—00, +00)
goi la nia lien tuc trén trén X néu vdi moi o € R tap

Xo={r e X ux) <a}

la md trong X. Haim v : X — (—o00, +00] goi la niia lién tuc dudi trén X
néu —v la nita lién tuc trén trén X.

Dinh nghia trén tuong duong véi dinh nghia mang tinh dia phuong sau:
Gid st u : X — [—00,+00). Ta ndi ham wu la nida lien tuc trén tai
xr € X néuVe > 0 ton tai lan can Uy, cia xo trong X sao cho Vx € Uy,
ta co:
u(xz) < u(zg) + e, u(zg) # —o0
1

u(z) < o u(zy) = —00

Ham u goi la nta lien tuc trén tréen X néu u nia lien tuc trén tai moi
xy € X.

Mit khac néu ta cho dinh nghia sau: Giast K Cc X vau: FEF —
[—00, +00) la ham trén E. Gia st zp € E. Ta dinh nghia

lim sup u(x) = inf{sup {u(y) : y € V}}

T—T0 =3
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§ d6 inf lay trén cac V chay qua céc lan can ctia zg. Khi d6 c6 thé thay
rang ham u : X — [—o00,+00) la nita lien tuc trén tai g € X néu
lim sup u(x) < u(zy)

T—X0

Dinh nghia 1.1.2. Gid s ) la tap md trong C. Ham u : Q — [—00, +00)
goi la dieu hoa dudi trén Q néu né nita lién tuc trén trén Q va théa man
bat dang thic dudi trung binh trén Q, nghia la vdi moiw € Q ton tai o > 0
sao cho voi mot 0 < r < p ta cé

2

u(w) < i/u(w + re')dt. (1.1)
27
0

Chii y: V6i dinh nghia trén thi ham dong nhat —oo trén € duge xem 1a
ham diéu hoa duéi trén €. Ta ki hieu tap cac ham diéu hoa duéi trén
1a SH(S). Sau day la céc vi du dang cha ¥ vé ham diéu hoa dudi.
B6 dé 1.1.3. Néu f : Q — C la ham chinh hinh trén Q thi log |f| la ham
dieu hoa dudi trén €.
Chitng manh. Truong hop f = 0 tréen Q thi két qua 1a o rang. Gia
st f # 0 tréen ©, Khi d6 rd rang log|f| 1a ham nia lién tuc trén trén
Q. Gia st w € Q. Néu f(w) # 0 thi chon ¢ > 0 sao cho f # 0 trén
B(w,0) = {2z € Q: |z —w| < o} Khi d6 log|f| 1a ham diéu hoa trén
B(w,0) = {2 € Q: ]z —w| < g} nén (1.1) dugc théa man v6i dau dang
thic. Truong hop f(w) = 0. Khi d6 log|f(w)| = —oo va do d6 (1.1) ludn
ding. []
Bé dé 1.1.4. Gid st u, v la cde ham diéu hoa dudi trén tap md Q0 trong
C. Khi do:
(i) max(u,v) la ham diéu hoa dudi trén Q.
(i1) Tap cdc ham dieu hoa dudi trén Q la mot nén, nghia la néu u,v €
SH(Q) va o, 5> 0 thi au+ Pv cing thuoc SH(S).
Dinh 1y 1.1.5. Gid st u la ham diéu hoa dudi trén mién bi chan Q trén
C. Khi do:

(i) Néu u dat cuc dai toan thé tai mot diem trén 0 thi u la hing so
trén €.

(i1) Néu 93% sup u(z) <0 doi vdi moic € 9 thi u < 0 trén €.

Chitng minh. (i) Gia st u nhan gia tri cyc dai M tai diem 2o € Q. Dat
A={ze€Q:u(z) < M} ; B={2e€Q:u(z) =M}

S6 héa béi Trung tam Hoc liéu — Dai hoc Thai Nguyén http://www.lrc-tnu.edu.vn7



Khi d6 A la tap mé vi u 1a ham nitta lien tuc trén. Tit bat dang thiic dusi
trung binh ta thay B ciing 1a tap mé. Ta c6 Q@ = AU B, AN B = @. Do
d6 hoac A = € hodc B = €. Nhung theo gia thiét B # @ nén B = Q) va
(i) dugc ching minh.

(4i) Mé rong u len © nho dat u(c) = £1£r§ sup u(z), (¢ € 99Q). Do Q la

tap compact nén u dat cuc dai tai w € Q. Néu w € 99 thi do gid thiét
u(w) < 0. Do d6 u <0 trén €.

Truong hop w € € thi theo (i) u la hing s6 trén Q. Do d6 né hang s6 trén
Q va vay thi u < 0 trén €. O

Sau day la tiéu chuan nhan biét khi ndo mot ham nita lien tuc trén la
ham diéu hoa duéi.
Dinh 1y 1.1.6. Gid s ) la tap md trong C va u la ham nia lién tuc trén
Q. Khi dé cdc phat biéu sau la tuong duong:

(i) w la ham diéu hoa dudi trén Q.

(ii) Vi moi w € 0, ton tai 0 > 0 sao cho A(w, 0 > 0) C Q va vdi moi
0<r<p0<1t<2rm ta co:

2m
, 1 92 — 72 ,
ity « 16 do.
uw +ret) < 27 / 0? — 20rcos(f —t) + TQU(W +ee”)
0

0 do Nw,0>0)={2€Q:|z—w| <o} la dia déng tam w bin kinh o.
(#41) Vdi moi mien D compact tuong doi trong Q va h la ham dieu hoa
trén D, lién tuc trén D thoa man:

limsup(u — h)(z) <0 (¢ € 0D)

Z—C

ta c6 u < h trén D.

Hé qua 1.1.7. Néu u la ham diéu hoa dudi trén tap md Q) va néu Z(w, 0) C
Q tha

2m
1 .
u(w) < %/u(w + 0e)db.
0

Dinh 1y 1.1.8. Gid st u € C*(Q), Khi dé u la ham diéu hoa dudi trén
khi va chi khi Au > 0 trén Q, ¢ do Au = % + gi;; la Laplace cia u.
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Chatng minh. Gid sit Au > 0 trén Q. Lay D la mién compact tuong doi
trong Q va h 1a ham diéu hoa trén D, lién tuc trén D sao cho

1il>n sup(u — h)(z) <0 (¢ € OD).
Z2—=<

Vé6i € > 0, xac dinh

u(z) — h(z) + ¢|z]? néu z € D
ve(2) = ) ,
elz| néu z € 0D.

Khi d6, v. nita lien tuc trén D nén né dat cuc dai trén D. Tuy nhién do
Av. = Au + 4e > 0 trén D nén v. dat cuc dai trén 0D. Do d6 u — h <
supyp €|2|? trén D. Cho € — 0 ta duge u < h trén D va do d6 u diéu hoa
duéi trén D.

Ngugc lai, gia sit u 1a ham diéu hoa duéi trén 2. Gia thiét tai u € Q ta co
Au(w) < 0. Do dé ¢6 ¢ > 0 sao cho Au < 0 trén A(w, ). Do d6 u 1a ham
diéu hoa trén A(w, 0). Vay Au(w) = 0 va gdp mau thuan. Do d6 Au > 0
va dinh 1i dugc chiing minh. ]
Dinh ly 1.1.9. Gid s u la ham dieu hoa dudi trén tap md Qq va la ham
diéu hoa dudi trén tap md Qo C Q. Gid thiét limsup v(z) < u(s), vdi

Z—G
moi ¢ € 01 N Oy, Khi do ham u zdc dinh trén )y :
_ max(u, v) trén
u =
u trén Ql \ QQ.
la dieu hoa dudi trén ;.
Chitng minh. Tu diéu kien lim sup v(z) < u(s), d6i véi moi ¢ € ;N0
Z—C
suy ra ham @ nita lién tuc trén trén €. Dé thay u thoa man bat dang thiic
duéi trung binh tai moi w € 2. Do w > wu trén €21 nén u cing théa méan

bat déng thic dusi trung binh tai moi w € O \ Q5. Dinh 1i duge chiing
minh. ]

Dinh 1y 1.1.10. Gid st {u} la day gidm cdc ham dieu hoa dudi trén tap
md Q trén C va u = lim u,,. Khi dé u la diéu hoa dudi trén Q.

n—oo

Chitng minh. Dau tién ta ching minh v nta lién tuc trén tren Q. V6i
moi a € R, tap

{ZGQ:U(Z)<a}:U{z€Q:u(z)<a}.
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Do d6 né 1a tap md. Vay u nira lién tuc trén trén 2. Do moi u,, thdéa méan
bat déng thitc dudi trung binh nén dung dinh 1f hoi tu don diéu suy ra u
ciing thdéa man bat dang thitc dudi trung binh trén Q. Do d6 u 14 diéu hoa
dudi trén ). ]

Dinh ly 1.1.11. Gid st u la ham dieu hoa dudi trén mién Q vdi u £ —oo
tren ). Khi do u kha tich dia phuong trén 2, nghia la vdi moi K € () ta
co
/yuydv < +o0. (12)
K

Chitng minh. Do dinh 1i Heine-Borel chi can chiing minh v6i mdi w € €
ton tai o > 0 sao cho

/ luldV < oo.

A(w,e)
Diat A = {w € Q} tai w o6 tinh chét (1.2) va B = Q\ A. Ta chiing minh
A, B la cac tap mé trén 2 va u = —oo trén B. Do d6 B = @ va dinh Ii

duge chiing minh.
Gia st w € A. Chon ¢ > 0 sao cho (1.2) ding. V6i mdi u € A(w, o),
dat 0= o — |0 — wl|. Khi d6 A(w, 0) C A(w, 0). Do d6

/ luldV < oo.

Aw,0)

Vay A(w,0) C A va A la tap md. Gia sit wy € B. Chon ¢ > 0 sao cho
A(wr,20) C Q. Do wy € B nén

/ luldV = 0.

A(wr,0)

V6i moéi w' € A(wy, 0), dat o' = o+ |w' —wi]. Khi d6 A(wy, 0) C AW, ¢)
va do u bi chan trén trén A(w', ¢’) nén

/ lu|dV = —o0.

Aw',0")

Ta c6 bat dang thiic:
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