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MG dau

1. Ly do chon dé tai

Bat dang thic 1d mot noi dung quan trong trong chuong trinh toan phd
thong thuong, dang toan nay thuong xuat hién trong cac dé thi chon hoc
sinh giéi trong nude va Qubc té. Voi he thong 1i thuyét, bai tap va phuong
phép gidi da dang nén viéc day va hoc chuyén dé nay giap rat nhieu khoé khan.

V6i mong mudn ¢é duge mot tai lieu dé boi dudng hoc sinh gidi vé chuyén
dé nay, dong thoi gitp hoc sinh tim hiéu cac két qua vé cac bat dang co dién
clia cac nha toan hoc da nghién cttu va c6 nhin nhan khai quat dudc nhicu
cac bat dang thic ma hoc sinh van thuong gip, dé tit d6 c6 the sang tac
dugce rat nhiéu céc bai toan vé bat dang thitc nén toi di tim hiéu va nghien
cttu dé tai nay.

2. Muc dich nghién ctu

Muc tieu ma dé tai can phai dat duge 1a tit mot bai toan quen thuoc hay
mot bat déang thic da biét, ta can khai quat, md rong ching ra dé tit do co
thé tao ra dudc rat nhiéu cac bat dang thiic.

3. Déi tugng vaA pham vi nghién ciiu

Dé tai tap trung nghién citu mot vai bat ding thiic co dién va cac bai toan
noi suy bat ding thic thong qua cac vi du.

4. Phuong phap nghién cttu

Nghién cttu triyc tiép tit cac tai liéu ciia gido vien huéng dan, ti sich chuyén
toan va cac ky yéu hoi thao khoa hoc vé chuyén toan cling nhu tit bai hoc
kinh nghiém gidng day ciia cac dong nghiép va cac ban hoc vién trong 16p.



5. Y nghia khoa hoc va thuc tién cta dé tai
Tao dugc mot deé tai phit hgp cho viéc gidng day, boi dudng hoc sinh giéi cap
trung hoc pho thong.

6. Cau tric cta luan van

Luan van gom phan mé dau, két luan, tai lieu tham khéo va 2 chuong.

Chuong 1.Cdc bat dang thitc co dién.
Noi dung chuong nay cac bat dang thic: Bat dang thic Cauchy, bat dang
thitc giita trung binh cong va trung binh nhan, bat dang thic Bernoulli. Day
1a co s6 1y thuyét dé van dung cho céc bai toan & chuong sau.

Chuong 2. Mot s6 bai todn noi suy.
Chuong nay trinh bay mot s6 bai toan noi suy: Noi suy bat dang thiic bac
hai trén mot doan, noi suy tam thic bac tity ¥ va noi suy bat dang thic
trong 16p ham don diéu.

Luan vin dugc hoan thanh dudi sy huéng dan ciia GS.TSKH. Nha gido

nhan dan Nguyén Van Mau. Tac gid xin bay t6 sau sac téi Gido su da tan
tinh giap dé tac gia hoan thanh luan van nay.
Trong qué trinh hoc tap va lam luan van, tac gia nhan duge sy quan tam,
giip do cua Khoa Toan, Phong dao tao Sau dai hoc ctia Truong Dai hoc
Khoa hoc-Dai hoc Thai Nguyén, cac thay co da tham gia giang day 16p cao
hoc Toan K4C. Tac gia xin chan thanh cam on sy giup dé quy bau do .



Chuong 1

Cac bat dang thic co dien

Noi dung ctia chuong nay la trinh bay cac bat dang thic co dién quan
trong nhu bat ding thiic Cauchy, bat dang thic gitta trung binh cong va
trung binh nhan, bat dang thiic Bernoulli. Pay 1a co sé 1y thuyét dé van
dung cho céac bai toan & chuong sau.

1.1 Bt dang thic Cauchy

Dinh 1y 1.1 (Xem [1]). Vi moi bo s6 (:CZ), (y,), ta luon c6 bat dang thitc
sau

Dau dang thic trong (1.1) xay ra khi v& chi khi hai bo s6 <xz> : (yz> ti le

v6i nhau, tic 1a ton tai cap s6 «, 8 khong dong thai bang 0, sao cho

ar; +pPy; =0, Yi=1,2,... n.

Ching minh. Xét tam thic bac hai sau day

n

F) =" (it —y)*.

i=1

Sau khi khai trién ta co

ft) = tQfo - 215233@'% + Z%Q
i1 i—1 i—1



Mat khac vi f(t) > 0, Vt € R nén theo dinh 1y vé dau ctia tam thitc bac hai
ta co

N <0e (Sam) - () (X 0) <o
1=1 =1 1=1

Hay

(om0 = (5) (50)

=1

Hé qua 1.1. Véi hai bo s6 (lL’Z) va (yz),yl >0, Vi=1,2,...,n, ta luon
€ 2 2 2 2

T +ﬁ2(x1+x2+~-+xn)

n Yo Un

y1+yo ot Yn
Bét dang thiic nay thudsng dugce goi la bat dang thitc Schwarz

Ching minh. Ap dung dinh 1y 1.1 véi hai bo sb (\7_), <\/@>, ta co
Yi

<¢—\/_+ L St

Ty, 2
Vi)
VY2 \/?Tn !
2 a3 :
S(—+—+ + >(y1+y2+ +yn)
(731 Y2 n
2 _(wi | ) )
<$1+$2+ +$n) S(—+—+---+—)<y1+y2+---+yn>.
(A1 Y2 Yn
Hay
2 2 2 2
x T T T1+Tog+ -+
_1_|__2_|_..._|__”2(1 2 ”)
0N Yo UYn

Y1+ Y2+ -+ Yn
Mot sé bat dang thiic lién quan

Dinh 1y 1.2 (Xem [1]). V6i moi cip day sé thuc a = (ay,as,...,a,) va
b= (b,bs,...,b,) va 0 <z <1, tadéuco

(iakbw;aib) (zaﬁzxzaz%)(zbuzxzbb)

1<j 1<j



R6 rang véi o = 0, ta thu dudce bat dang thiic Cauchy.

Ching minh. Xét tam thic bac hai theo y:

<Zak - 2xzazaj)y 2(2 b+ ab )w(i b + QSCZbibj)

1<j i#£j k=1 1<j

n 2 n 2
=(1—-2z)> (aky—bk) +x<2 (aky—bk)) :
k=1 k=1
Dé thay f(y) > 0 v6i moi y, va vi vay ta suy ra ngay diéu can chtiing minh.

Dinh ly 1.3 (H.W.Mclaughlin). V6i moi cip day s6 thuc a = (ay, as, . .., a,)
va b = (by, by, ..., b,), ta déu c6

(i a?) <j2n; b?) > (jznl: aibi)2 — (z”: (aibTH-i - an+ibi))2-

1=

Dau dang thic xay ra khi va chi khi

aib; — a;b; — anqibpyj + any b =0

aibn—i—j - ajbn—i—i + an—H'bj - an+jbi =0

ing v6i moi 7,7 = 1,2,...,n.

Chitng minh. Chitng minh dugce suy ra tric tiép tit dang thic

($20) (50) - (500" (35 (w000’

/Li

2
= Z (aibj — ajb; — apyibpyj + an+jbn+i> +

1<i<i<n

2

+ Z (az n+j — ajbn—H' + an—H'bj - an+jbi) .
1<i<j<n

Dinh ly 1.4 (Xem [1]). V6i moi bo s6 thuc a = (ay,as,...,a,) va b =
(b1, ba, ..., by) sao cho a2 +b? # 0,k=1,2,... n, ta déu c6

(u) <3 (1) 3 50 <330z

k=1 k=1




Bat dang thic dau xay ra dang thic khi va chi khi a v b ty 1é va bat dang
sau xay ra dang thitc khi va chi khi céc vécto {|ag|}_, va {|bk|}r_, truc giao.

Bai toan 1.1. Cho a, b, ¢ > 0. Chitng minh rang

a? b2 2
5 T+ 5 T

<

Wl —

2
5a? + <b+0) hb% + (c+a) 5c? + (a+b)
Giazs.
Theo bat dang thitc Cauchy, ta c6
9a? 9a>

2T (24 2L 2 2 2 '
5a2—|—(b—|—c) (a® 4+ 0% + ) + (2a® + bc) + (2a® + be)

1 1 1

< 2( )

=4 a2—|—b2+c2+2a2+bc+2a2+bc
Suy ra

a? N b2 N 2 N 2a2 n 22 n 202

a2 +b02+c2 a24+02+c2 a?+b24+c2 2a24+be 2024ca 22+ ab
2a? N 202 N 202 o be n ca n ab
202 +be 202 +ca 22 +ab 2a2 4+ bc 202+ ca 2c2+ab

IWT <

=1+

).

Lai theo bat dang thiic Cauchy, ta c6

be N ca N ab S
202 +bc 202 4+ca  2c2+ab —
(ab + be + ca)? _ (ab+ b+ ca)?

>
~ be(2a? + be) + ca(20? + ca) + ab(2¢? + ab)  (ab+ be + ca)?

T day ta thu duge diéu can chiing minh.

Bai toan 1.2 (USAMO 2009). Cho ay,as, as, ..., a, la cac sd thuc duong
thoa man

11 1 132
(a1 +az+ - +a)(—+—++—)< (n+—> .
a;  as an,



Chiing minh rang max {a;} < 4min{a;}.

Gidi. Khong mat tinh tong quat, ta gid st min {a;} = ay;max {a;} = as .
Khi d6 ta can chiing minh as < 4a;.
Theo bat ding thiic Cauchy, ta c6

1 1 1
(a1 +ax+-+a)(—+—+--+—)=[(a1 +az) +az+ -+ a,
aq as Qp,
1 1 1 1
9 [EAFE L L
ay as as Qp
1 1 2 1 1 2
2( (a1+a2)(—+—)+;+1+---+1> =< (a1+a2)(—+—)+n—2).
ap a2 R ap a2
Do d6, tit gia thuyét ta suy ra
1 1 25 2 17
(a1+a2)(—+—)<—®(%) ——@+1<0:>%<4<:>a2<4a1.
a;  as 5 ai ai ai

Ta dugc dieu phai chitng minh.

Bai toan 1.3 (MO Romanian 2004). Chting minh ring, v6i moi a, b, ¢ > 0,
ta déu co

a b L c 27
be(c+a)  cala+b)  ab(b+c) 2(a Lba c)2
Giai. Dat )
a c
=M
be(c+a)  ca(a+b) * ab(b + c)
Ta co

= (Vi7" e rn 0 aw g )

= [bc(ca+ a) * ca(ab—i— b) + ab(b—i—c)] [2<a+b—|—c)} =M [2<a+b+c)} '
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Mait khac, ciing theo bat dang thitc Cauchy thi
a2 b\2 c\2 a b b c c |a
[ /= [ ) > 2 = 4] — = [ Sl
( bc> +< ca) +( ab) — \ be cajL ca ab+ ab '\l be
a2 b\2 c 2 a b b c c la
@(\/@) + a) + \/a— +2( \/b—cv—ﬂ/a\/—ﬂ/m%)
\/ bc\/ ca \/ca \/ \/ \/ bc
/ 27
>3
\/bc ca \/ + + ) atbtec

M > 2 .
~ 2(a+b+c)

Bai toan 1.4 (MO USA). Xét cac so6 duong a,b,c théa man diéu kien
abc = 1. Tim gia tri nhé nhat clia biéu thic
1 1 1

neén suy ra

P = :
2010  Pleta)  Fatb)
Giai. Ta co
abc abc abc be ac ab
P = + + - + +
a’(b+c) b (c+a) Ala+b) alb+c) blc+a) cla+d)
1 1 1
__a b , ¢ |
1+1 1 1 1 1
b ¢ ¢ a a Db
1 1
Dat —=T,-=Y,— =2
a b
Khi do
x z x
P = + 24 - 1y 1+ +1-3
y+z z+4+x x+y y+=z zZ+x r+y

1 1 1
:(x+y+z)( + + )—3
y+z z+4+x x+vy

Al o) o) (s e )0z

3
Vamein:§khia:b:c:1.




