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Q)

Mo dau

1. Ly do chon dé tai luan vian

Bat dang thitc 13 mot trong nhing van dé kho ciia toan hoc so cap,
doi hoi tinh tu duy va tinh sang tao cao. Trong chuong trinh chuyén toan
ciia cac truosng THPT chuyén thi bat dang thic 14 mot chuyen dé quan
trong. Cac bai toan lien quan dén bat dang thic cling 14 nhitng bai toan
thuong giap trong cac ki thi hoc sinh gidi toan cap quobc gia, khu vuc va
quoc té.

Céc bai toan vé bat dang thiic kha da dang va c6 thé ching minh bing
nhiéu phuong phap khac nhau trong d6 phuong phap st dung dao ham 1a
mot cong cu hitu hiu. Tuy nhién, cac bat dang thic dao ham hién nay con
it duge quan tam va gidi thieu trong cac tai lieu bang Tiéng Viét.

Béi vay viéc suu tam, tuyén chon, khai thac vé mot s6 bat ding thic
dao ham mot bién nhu: cac dinh 1y trung binh, sy ting gidm ctia ham so,
huéng 16i va diém uén ciia do thi ham s6, cong thiic Taylor, cong thitc tinh
dao ham cap n, 1a rat can thiét cho cong tac giang day va hoc tap toan
hoc & bac pho thong.

Trén co s6 cac bat dang thic dao ham do, c6 thé van dung vao giai
quyét mot 16p cac bai toan khé nhu: chiing minh bat ding thiic, gidi
phuong trinh, gidi bat phuong trinh. D6 1a nhitng dang toan dugc dé cap
nhiéu trong cac ki thi hoc sinh giéi toan cap quoc gia, Olympic toan quobc
té.

Bén canh nhitng bat dang thiic dao ham ké trén thi vAn con kha nhiéu
bat dang thiic dao ham khé hon, dude gidi thiéu chua nhiéu bing tiéng
viet nhu: bat dang thic Landau-Hadamard; bat dang thic Glaeser, bat
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déng thitc Markov-Bernstein va mot sé bat dang thiic khac lien quan dén
ham 16i. Day 1a nhiing bat dang thic khé con it duge quan tam, chi xuat
hién rai rac trong mot so tai lieu.

Vi vay viéc giéi thiéu cac bat dang thiic dao ham nay la can thiét cho
cong tac giang day va hoc tap toan hoc & bac pho thong.

2. Muc dich nghién cttu luan van

Suu tam, gidi thieu, he théng héa va phan loai mot sé bat dang thiic
dao ham mot bién s6 dé ap dung vao gidi cac bai toan so cap kho, hay gap
trong cac ki thi vao 16p chuyén, thi dai hoc, thi hoc sinh gidi quoc gia va
Olympic toan quoc té nhu: Ching minh bat déng thic, giai phuong trinh,
giai bat phuong trinh.

Bén canh d6 gisi thieu mot s6 bat dang thitc dao ham khé hon chua dudc
gi6i thieu nhicu trong cac tai lieu Tiéng Viet nhu: bat dang thic Landau-
Hadamard, bat déng thic Glaeser, bat ding thic Markov-Bernstein va
mot s6 bat ding thic khéc lien quan dén ham 16i.

3. Bo cuc cua luan van

Béan luan van "Mot s6 bat déang thiic dao ham va tng dung gom cé:

md dau, hai chuong, két luan va tai lieu tham khao.

Chuong 1. M6t sé6 bat dang thic dao ham co ban

Trong chuong nay trinh bay cac dinh 1y trung binh, dinh Iy Rolle, dinh 1y
Lagrange, dinh 1y Cauchy, su tang giam ctia ham s6, huéng 16i va diém uén
ctia do thi ham s6, cong thic Taylor - bat dang thic Landau-Hadamard,
bat dang thitc Glaese, bat dang thuc Markov-Bernstein cong thic tinh dao
ham cap n vi mot s6 bat dang thic dao ham khac ciia da thrc.

Chuong 2. Ung dung ctia dao ham trong chitng minh bit ding
thiic,giai phuong trinh,bat phuong trinh

Trong chuong nay trinh bay nhitng iing dung ctia cic bat dang thitc dao
ham trong viéc giai cac bai toan chiing minh bat dang thic, gidi phuong
trinh v bat phuong trinh.

Luan vian dugc hoan thanh véi sy huéng dan va chi bdo tan tinh cia
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TS. Nguyén Van Ngoc - Vién Toan Hoc Ha Noi. Tu day long minh, em
xin dudce bay té long biét on sau sic doéi véi su quan tam, dong vien va su
chi bdo huéng dan ciia Thay.

Em xin tran trong cdm on cac Thay Co trong Truong Dai Hoc Khoa
Hoc - Dai Hoc Thai Nguyén, phong Dao Tao Truong Dai Hoc Khoa Hoc.
Dong thai, toi xin gii 161 cadm on t6i tap thé 16p cao hoc Toan K4 Truong
Dai Hoc Khoa Hoc - Dai Hoc Thai Nguyén da dong vién, gitip dé toi trong
qua trinh hoc tap va lam luan van nay.

Tuy nhién, do sy hiéu biét ctia ban than va khuon khd ctia luan vin thac
si, nén chic rang trong qué trinh nghién citu sé khong tranh khoéi nhitng
thiéu so6t, em rat mong nhan duge su chi day va dong gép ¥ kién clia cac
Thay Co6 va doc gid quan tam t6i luan van nay.

Thai Nguyén, ngay 10 thang 09 nam 2012
Tac gia

Nguyén Kim Toan
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Chuong 1

Mot sb6 bat dang thic dao ham ctia ham mot bién

1.1 Cac dinh ly trung binh
1.1.1 Ly thuyét tém tit

Trong muc nay trinh bay mot s6 dinh 1y trung binh vi phan, dugce biét
dén trong nhiéu tai lieu vé toan bang Tiéng Viet.
Dinh ly 1.1. (Dinh ly Rolle) Gid si ham f(x) lien tuc trén doan [a,b]; co
dao ham trén khodng (a,b) va f(a) = f(b) thi ton tai & € (a,b) sao cho
f€)=0.
Dinh 1y 1.2. (Dinh lyj Lagrange) Néu ham f(x) lién tuc trén doan [a,b] va
c6 dao ham trén khodng (a,b) thi ton tai & € (a,b), sao cho

f) = f(a) = f(§)(b - a).

Dinh ly 1.3. (Dinh lyj Cauchy) Néu cic ham f(z), g(x) dong thoi zdc
dinh, lien tuc trén doan [a,b] va c6 dao ham trén khodng (a,b), vdi g’'(x)
#0,Vz € (a,b) va g(a) # g(b) thi ton tai & € (a,b) sao cho:

fb) = fla) _ f'(€)
g(b) —g(a)  g(&)

1.1.2 Cac bai toan

Trong phan nay trinh bay mot sé bai toan ching minh bat dang thiic.
Day la nhitng bai toan kho, 6 dang tong quat, st dung cac dinh 1y trung
binh dé chitng minh.

Bai toan 1.1. Cho ham f(x) lien tuc trén doan [a,b], c6 dao ham hiu han
trong khodng (a,b). Ngoai ra f khong tuyén tinh. Khi dé trong khodng (a,b)
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ton tai it nhat mot diém c, sao cho

£(b) = f(o)|

> 1=

vLoi giai Chia doan [a,b] thanh n phan bat ki bdi cac diem
Aa=2, <X <Xy <. <xp,=>0.

Ta nhan dugc:

n—1 n—1
F0) = F(@)] = [ (Fi) = f@)| < 30| F ) = Fl)|
i=0 1=0
Theo cong thiic Lagrange, ta cé
flxir) = fxi) = (&) D wy, 2 <& < i1, Axy = @iy — Tl
Do do6 ta c6

£ \<Z|f )| A ;.

Vi ham f(z) khong tuyén tinh, nén ton tai mot phan hoach doan [a, 0]
sao cho trong cac s6 |f/(£)] ton tai mot s6 16n nhat, khac khong. Ki higu
s6 d6 1 |f/(c)|. Khi d6 ta nhan duge bat dang thitc

£(b) = f(a)] < |f'(c \Zﬁxz_b—a\f()\a<c<b.

Tu do suy ra

> [P =1

Ta c6 dpem.

Bai toan 1.2. Cho ham f(x) c¢é dao ham cap 2 hiu han trén doan [a, b],
théa man dieu kien f'(a) = f'(b) = 0 . Chitng minh rang trong khodng
(a,b) ton tai it nhat mot diém c, sao cho

F'(0) 2 Gl £0) = fla)].

vL3oi gidi Néu f(z) = const thi bat dang thiic can chiing minh 1a hién
nhién. Gi& st f(z) # const. Tu diéu kien f'(a) = f'(b) = 0, suy ra f(x)
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khong tuyén tinh. Ap dung cong thitc Cauchy vé s6 gia hitu han cho cac

ham s6 f(z) va ¢(x) = (z—a) trén doan [a, ot b)} va cho cac ham s
f(x) vav(x) = (b —2x)2 trén doan [GTM, b], ta nhan duge
a+b
3/ @] pey Vg ot
(b—a)? & —a’ ! 2
a+b
PO 1E] re) v S
(b—a)? b— &' 2 "
Cong timg vé cac dang thifc trén ta dugce
S0 - F@] _ f(6) , S
(b—a)2 §1—a b—gg'
Vi f'(a) = f'(b) = 0, nén vé phai ctia dang thitc cudi cuing c6 the viét dudi
dang:
f/(fl) f,<£2) o f/(gl) _ f,(a) f,(b) _ f,(€2) R/ "
G- b-6& G-a  b-g Wl
trong do
a<m<&; L<m<b
Tu do suy ra

S <1l 1l

Ki hiéu:
f7(e) = max{|f"(m)]; | f" ()]}
Khi do6 ta co

’8[f ((;j)_ a;;(a)]’ <2"(0)].

Tt d6 suy ra dpem. Dau ding thitc khong loai trit vi ¢6 thé cé trusng hop

()l = 11" (n2)] -

Bai toan 1.3. Gid si ham f(x) lién tuc trén khodng |a, +00) va hon nia,

f'(x) > k = const > 0,Vx > a. Ching minh rang, f(a) < 0, thi phuong
HOI

k

trinh f(x) = 0 c6 mot va chi mot nghiém thuc trong khodng (a, a+
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VL3i giai: Ap dung Dinh 1y Lagrange cho ham f(z) trén doan [a,a +

7l
fla+ ‘ff”) — f(a) = f’<a+0’f§:)‘).|f§:)|,0 <f<l.
Tit didu kien f/(z) > k > 0, ta tim duge:
Flat 2 f0) > (@),
Suy ra
#lat LY S @)+ 10) = 1) + @) = 0
£(a)

Ham f(z) trén cdc dau mat cia doan [a,a + T} nhan cac gia

tri trai dau, nén theo Dinh 1y Cauchy vé gia tri trung gian ton tai £ €

(a,a+ &lj)l), sao cho f(£€) = 0. Ta sé chiing minh diém £ d6 13 duy nhat.

That vay gia st trén khoang d6 con tim duge &, sao cho f(&1) = 0. khi
do6 theo dinh 1y Rolle, trén (£,&;) néu (£ < &) hay tren khodng (&1, €),
néu (& < &) tim dude &, sao cho f/(&) = 0. Dicu do6 trai véi gia thiét 1a
f'(x) > k> 0khix > a.

Bai toan 1.4. a, Gid st ham f(x) khd vi lién tuc n lan trén [a,b] va trén
doan nay cé khong it hon n khong diém (nghiém cia phuong trinh f(z)=0)
tinh ca boi .

Chitng minh rang:

b—a)”
0] < L0 o).

b, Ham f(x) € C?[0,1] c6 khong it hon 2 nghiém trén [0,1] (k€ cd bgi),
ngoai ra | f"(z)| < 1,Vx € [0,1]. So n[aafdf(x)\ s€ nhu thé nao ¢
0,1

vL&i giai: a, Bing quy nap theo & > 0 ta sé chiitng minh diéu khang
dinh sau:
Dinh 1y Rolle tong quét: Néu f € CFla,b] va f c6 khong it hon (k+1)

9
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khong diém (ké c& boi) trén doan [a,b] thi f*) ¢6 it nhat mot khong diém
trén [a,b].

V6i k=0 di¢u khang dinh 13 hién nhién.

Gia sit dinh 1y dang vé6i k-1. Ta ching minh dinh 1y dang véi k.

Gia st xy, %9, ...,x; 1a nhitng nghiem khac nhau ctia ham f trén [a,d]
c¢6 cac boi tuong tng la aq,ae,..,a; v6i ag +as + ...+ > k+ 1 va
1 < o3 < ... < oq. Khi d6 f'(x) c6 nghiem z; boi oj — 1(néu a; > 1)
va ngoai ra theo dinh 1y Rolle con c6 it nhat [ — 1 nghiém trén khodng
(a,j41),7 = 1,2,...,1 — 1. Tom lai s6 nghiém ctia f'(x) trén [a,b] khong
vugt qua:

(=) +1l—1>k—Il+1—-1—-1=F

l
=1

J

Bay gio, con lai ta 4p dung gid thiét quy nap cho f’ v6i k — 1. Dinh Iy
duge chiing minh.

Ta ki hiéu x1, 9, .., 7, 14 n khong diém ctia ham f(z) trén [a, b] & day
giita cic s6 nay c6 theé triing nhau, mdi nghiém ciia f ¢6 thé lap lai s 1an néu
boi ctia n6 khong it hon s. Gid st zy € [a, b] tuy ¥ va khac v6i x1, o, ..2).
Xét da thuce bac n:

ﬁ(x—a:j)

.ﬁ(fco—%‘)'

Diat g(z) = f(x) — P(x). Ham g(z) ¢6 cac nghiem 1a xg, 21, ..., 2,,. Néu s6
x;(j > 1) ndm trong day {z1, 9, .., 5, } s lan thi boi clia nghiem z; khong
it hon s. Vi vay ap dung dinh 1§ Rolle téng quat thi ¢™ c6 it nhit mot
nghiém 2’ € [a, b].

Ta co

n!f(xzg) |
l;ll(xo - ;)
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