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LG1 cam on

Luan van nay dugc hoan thanh tai truong Dai Hoc Khoa Hoc - Dai Hoc
Thai Nguyén. Tac gid xin bay t6 long biét on chan thanh va sau sic tdi
thay GS.TSKH Leé Diing Muu (Vién Toan hoc), thay da tryc tiép hudéng
dan tan tinh va dong vién tac gia trong sudt thoi gian nghién citu va viét
ludn van vira qua.

Tac gia xin chan thanh cdm on cac thay co gido trong khoa Toan - Tin,
Phong Dao tao khoa hoc va Quan hé qubc té, cac ban hoc vién 16p cao
hoc Toan K4 truong Dai Hoc Khoa Hoc - Dai Hoc Thai Nguyén da tao
diéu kien thuan lgi, dong vién tac gid trong qua trinh hoc tap va nghien
cliu tai truong.

TAc gia cling xin bay to6 long biét on sau sic t6i gia dinh va ngudsi than da
luon khuyén khich va dong vién tac gid trong sudét qua trinh hoc cao hoc
va viét luan van.

Mac dit ¢6 nhiéu ¢6 ging nhung luan van khé tranh khéi nhitng thiéu sét
va han ché. Tac gid mong nhan duge nhiing v kién déng gép clia cac thay
¢6 va ban doc dé luan vian duce hoan thién hon. Xin chan thanh cdm on.

Thai nguyén, ngay 10 thang 10 nam 2012.
Tac gia

Vit Anh Tuyét
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Mot sé6 ky hiéu va chit viét tat

R : khong gian thuc
xi=y: x dugc dinh nghia bing y
Vo : vil mol x
Jx ton tai x
||| chuan ctia vecto z
(x,y) = 2Ty : tich vo huéng ctia hai vectos x va y
A bao dong cta A.
coA : bao 16i ctia A.
coA : bao 16i dong ctia A.
coneA : bao nén 16i clia A.
coneA : bao noén 16i déng clia A.
af f(A): bao affine cua tap A.
ri(A) : tap diém trong tuong déi ctia tap A.
V(A) : tap cac diém cyc bién (dinh) ctia A.
re(A) : noén i xa cua A.
ntA : tap hop cac diém trong clia A.
domf : tap httu dung cua f.
e ham lién hgp cta f.
epif trén do thi cua f.
of (z): duéi vi phan cua f tai x.
f(x,d) : dao ham theo hudng d clua f tai x.
ACB: tap A 1a tap con thuc su ctua tap B.
ACB: tap A la tap con cua tap B.
AUB : A hop vé6i B
ANB: A giao v6i B
AX B : tich Dé - cac ctia hai tap A va B
AT . ma tran chuyén vi ciia ma tran A
b — x day 2* hoi tu manh dén =
zF—g day 2 hoi tu yéu dén x
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MG dau

Giai tich 16i 13 bo mon co ban ctia giai tich hién dai, nghién ciu vé tap
16i v& ham 16i ciing nhiing van dé lién quan. Bo mon nay c6 vai tro quan
trong trong nhiéu linh viic khac nhau ctia toan hoc tng dung, dic biét 1a
trong t6i wu héa, bat dang thitc bién phan, céc bai toan can bang,...

Mot trong nhitng van dé quan trong clia giai tich 16i d6 1a phép chiéu
len mot tap 16i déng. Day 1a mot cong cu sic bén va kha don gian dé chiing
minh nhiéu dinh 1§ quan trong nhu dinh 1y tach, dinh 1y xap xi tap 1oi,
dinh 1§ vé su ton tai nghiém ctia bat dang thiic bién phan,... Nhitng cach
chiing minh dya vao phép chiéu thuong mang tinh chat kién thiét, goi md
dén nhiéu van dé khac.

Trong luan van nay, tac gid tap trung vao viéc trinh bay dinh nghia,
tinh chat cting nhitng tng dung quan trong ctia phép chiéu. Luan van bao
gom 2 chuong,.

Trong chuong 1, trinh bay mot s6 kién thtic co sé vé khong gian Hilbert,
vé tap 16i vd ham 16i. Chung 1a nhitng cong cu co ban nhat cho nhiing
nghién cttu duge trinh bay trong luan van. Chuong 2 1a chuong chinh ctia
luan van. Trong chuong nay, tac gia trinh bay vé khai niém, tinh chat co
ban ctia phép chiéu. Trong qué trinh nghién cttu ching ta biét rang hinh
chiéu vuong géc ciia mot diem lén tap 10i déng, khac réng trong khong
gian Hilbert luon ton tai v duy nhat. Dya vao do6, tac gid dé cap dén
nhitng tng dung ctia nd, cu thé la ching minh dinh 1y tach, ching minh
sit ton tai dudi vi phan ciia ham 16, giai bai toan bat dang thitc bién phan
trong khong gian Hilbert.
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Chuong 1

Mot s6 kién thic co ban

Trong chuong nay, ta sé trinh bay nhiing kién thic co ban vé khong
gian Hilbert, tap 16i va ham 16i. Céc kién thic nay duge 1ay tir cac tai lieu
1,2,4,5].

1.1 Kién thic co ban vé khoéng gian Hilbert

Trong phan nay ta sé xét X 13 mot khong gian Hilbert thyc. Sau day
ta nhac lai mot s6 kién thic lien quan.
1.1.1 Khong gian Hilbert thuc

Dinh nghia 1.1. Cho X la mét khong gian tuyén tinh trén truong so thuc
R. Mot tich vo hudng trong X la mot anh za duoc ki hiéu

(L):XxX—>R

thoa man cac dieu kién sau day:

(y,2) Vo, y € X;
+$27y> - <$lay> + <Qf2,y> Vxlax%y S X7
4){ax,y) = alx,y)Vr,y € X,a € R.

Khi dé, khong gian tuyén tinh X (.,.) dugc goi la khong gian tién Hilbert.

Vi du 1.1. Khong gian C,; gom tat ca cdc ham lién tuc trén doan [a, b]
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v6i cac phép toan thong thuong va véi tich vo huéng cho baoi:

@) = [ atueyi

14 mot khong gian tién Hilbert.

Dinh nghia 1.2. Khong gian day du la khong gian ma moi day Cauchy
déu hoi tu.

Vi du 1.2. i) Khong gian Cj,y v6i chuan ||z||, = max |z(t)| 1a khong gian
day du.
2
ii) Khong gian Cl, 4 v6i chuan ||z, = <f lz(t)| dt) khong 1a khong
gian day du.

Dinh nghia 1.3. Khong gian tien Hilbert day di dudgc goi la khong gian
Hilbert.

1 /9

Vi du 1.3. i) Khong gian L[Qa y VO chuan ||z, = (f |z (1) dt) 1a mot

khong gian Hilbert.

1 /9

ii) Khong gian [? v6i chuan ||z|| = (Z \@\2) < +oo,x = (&1, -, &)
n=1

la mot khong gian Hilbert.

Nhan xét 1.1. i) Khong gian tién Hilbert 14 khong gian dinh chuan véi

chudn ||z|| = (z,z) /2.
ii) Khong gian tién Hilbert luon c6 bat dang thiic Schwars:

Iz, ) | < il -yl

iii) Khong gian tien Hilbert luon théa man diéu kién binh hanh:
2 2 2 2
o+ ol + 1z = ol = 2 (Il=]* + I1y]*)

iv) Tich vo huéng (z,y) & mot ham s6 lien tuc doi véi bién z va y.
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1.1.2 Khai trién truc giao va hé truc chuan

Dinh nghia 1.4. i) Hai vecto © va y cia mot khong gian Hilbert X duoc
goi la tryc giao vdi nhau néu (x,y) = 0 va dugc ki hiéu la xLy.
i) Phan tii x ciia khong gian Hilbert X dugc goi la tric giao vdi mot tap
M néu x truc giao vdi tat ca cac phan ti cia M.
i) Tap tat cd cdc vecto truc giao vdi tap M lam thanh mot khong gian
con dong cia X. Ki hi¢u: M+ = {z € X |x LM} va dugc goi la phan bu
truc giao cua M.

T dinh nghia trén ta c6 thé suy ra mot sé tinh chat don gian sau:
Tinh chat 1.1. Néuzly thiyLlx. Ta c6 xLx khi va chi khi x = 0. Vecto
0 truc giao vdi moi vecto x.

Chitng minh. That vay, v 1y < (x,y) = 0. Suy ra: (y,z) =0 < yluz.
+)zler < (z,2) =0 = 0Ve € X.
+) Ta c6: (0,z) =0 < 0LavVe € X. ]

Tinh chat 1.2. Néu z Ly, xLys, ..., x Ly, thi x truc giao vdi mot té hop
tuyén tinh cia vy, tic la x1(a1y; + aoys + ... + @uyn)Va; € R.

Ching minh. That vay, xét:

(z, 191 + agya + .. + )
= (x,a1y1) + (2, y2) + ... (T, anyn)
= (xayl) + 8% (xayQ) + ...+ 679 (xayn) =0

Do d6, x L(a1y1 + qoys + ... + anyn)Vay; € R. ]
Tinh chat 1.3. Néu zly,, lim y, =y thi xLy.
n—oo
Chitng minh. Ta ¢6: zly, < (x,y,) = 0 < lim (z,y,) = 0. Do X la
n—0oQ
khong gian Hilbert nén tich vo huéng 1a mot ham lién tuc hai bién. Do do,
(z,y) = lim (z,y,) =0 nén z_ly. O
n—oo
Tinh chat 1.4. NéuxLy th ||z +y||” = [|z||* + [yl (dinh lj Pytago).
Chitng minh. That vay, do z Ly nén (z,y) = 0. Do do,
lz+ylI* = (@ +y, 2 +y) = (z,2) + 2(x,9) + (v,9) = «|* + Iyl

Bang quy nap ta ching minh tong quéat hon, néu cac vecto z1, xa, ..., Tn
n n
2 2
z||” = ZleUiH : O
1=

d6i mot truc giao véi nhau va x = > x; thi
i=1
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Tinh chat 1.5. Néu {x,} la mot hé truc giao (nghia la cdc vecto tric
o0 (0. ]

giao tung doi mot) thi chudi S x, hoi tu khi va chi khi chudi 6 S ||@|)?
n=1 n=1

hoi tu.

Chiing minh. That vay, cho S, = . @1, Sy = 3 ||l |”
k=1 k=1

V6i moi n > m du 16n, theo dinh Iy Pytago ta co:

/!

HSn - SmH2 = meﬂ + .t xn”2 = meHHQ + .t Hmn”2 = Sn/ — S

Vi khong gian Hilbert 1a khong gian du nén ti ||S,, — S,,|| — 0 ta suy ra
{S,} hoi tu khi va chi khi {Sn} hoi tu. 0

Dinh 1y 1.1. Cho M la mot khong gian con dong cua mot khong gian
Hilbert X. Bat ky phan té x nao cia X cing cd thé biéu dién mot cach
duy nhat dudi dang

r=y+zyeMze M (1.1)

trong dé y la phan ti cia M gan x nhat tic la ||z — y|| < ||x — u|| vdi moi
ue M.

Chitng minh. C6 thé thiy ngay ring phan tich (1.1) néu c6 phai la duy
nhat vinuzr = y+2z =y +2'véiy,y € M;z,2 €¢ M- thiy—y =2 —=
ma M, M+ déu la khong gian con nén y —y' € M;2' — 2z € M+ tic la
(v —y)L(z —2),dod6 y —y = 2/ — 2z = 0. Thanh thit van dé cht yéu
la sy ton tai ctia phan tich (1.1).

Ta nhan xét rang: Trong trudng hop rieng X = R? vi M 1 mot dudng
thezmg thi dinh 1y néi 1én mot su kién quen thudc.

Trong trudng hop tong quat ta dat:

d = inf ||z — ull
ucM

Theo dinh nghia can dudi dung, ton tai mot day u, € M sao cho ||z — u,|| —
d(n — o00). Ap dung ding thitc binh hanh cho & — u, v & — u,, ta co:
122 = (un + wn) [I” + [l = wall” = 2]l = wa|l* + 2lJ2 = wp|”.

Khi n,m — oo thi vé phai dan t6i 4d®> con phan dau vé trai bing
4l|a — watin|® > 402 i L (u, + uy) € M.

9
986 héa béi Trung tam Hoc liéu — Pai hoc Thdi Nguyén http://www.lrc-tnu.edu.vn



Vay, khi n,m — oo thi |Ju, — uy|| — 0, do d6 u,, dan t6i mot gisi han y
nao dé. Tacé6 y € M vi M dong va ||z — y|| = lim ||z — u,|| = d.
n—o00
Bay gio ta diat 2 = z — y va tim cach ching minh z € M. Mudn thé,
xét mot phan t v bat ky ctia M. Ta c6, v6i moi s6 thue a:

(z — o, z — o) = ||2]|* = 20 (2, @) + || ul®

Ma y+au € M nen (z — au, z — au) = ||z — aul)* = —||z — (y + aw)|* >
d2. Mat khéc, ||z||° = ||z — y||* = d2, do d6 véi moi s6 thuc «:

20 (z,0) + |ul|* > d*—d*> =0

Diéu nay chf ¢6 thé x4y ra néu (z,u) = 0 tidc 1a z Lu. Vay, 2 € M+ (dpem).
Vecto y trong phan tich (1.1) goi l1a hinh chiéu ctia z lén khong gian con
M. D6 1a khoang cach nho nhat tit M t6i .

Dit Px = y, ta xac dinh mot toan t P goi 1a todn tii chiéu len M:

P:X—=M
r—Pr=y
R rang, P 1a mot toan tit tuyén tinh lien tuc vi || Pz|| < ||z]|. O

Dinh nghia 1.5. Mot hé {e,} cdc phan ti cia khong gian Hilbert X dugc
goi la hé truc chuan néu (e;,e;) = & trong dé 6;; = 1 néu i = jva d;; =0
néu i khdc j.

Nhu vay mot hé trite chuan 13 mot he tryc giao va chuan hoa ||e;|| = 1Vi.
Khi {e,} 1&a mot he tryce chuan thi véi moi x € X, 86 ¢; = (w, ¢;) duge goi

o0

14 hé so Fourier clia x doi v6i e; va chudi Y | (ie; dude goi la chudi Fourier
i=1

ctia = theo he {e,}. Ta c6 cac tinh chat sau:

i) S ¢2 < ||z||* (Bat déng thiic Besel).
i=1
11) Chuoi z Ciei h@l tu va (33 — Z CZeZ)J_en
i=1 i=1

Mot hé truc chuan {e,} goi 1a day dv khi chi c¢6 vecto 0 méi triyc giao véi
tat ca cac phan ti ctia he zle,(n =1,2,...). Suy ra x = 0.

Dinh Iy 1.2. Cho {e,} la mot hé truc chuan, ¢, = (x,e,) la cic hé sb
Fourier cia x doi vdi e,. Cdc ménh dé sau la tuong duong:
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