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LOI CAM ON

T6i xin gri 161 bi€t on chan thanh nhat dén PGS.TS Lé Thi Thanh Nhan.
Co6 da danh rat nhiéu thoi gian va tAm huyét trong viéc huéng dan toi. Cho
dén hom nay, luan van thac si cua toi da duoc hoan thanh cling chinh la
nho su nhiac nhd, don doc, su gidp do nhiét tinh cua Co.

Toi xin tran trong cam on Ban Giam hiéu, Khoa Toan - Tin va Phong
Dao tao - Khoa hoc va Quan hé quéc t€ cua truong Pai hoc Khoa hoc -
Dai hoc Thai Nguyeén. Toi Xin tran trong cam on cac Thay Co da tan tinh
truyén dat nhiing kién thic quy bau cling nhu tao moi diéu kién thuan loi
nhat d€ t6i hoan thanh lu4n vin nay.

Toi xin chan thanh bay to long bi€t on dén gia dinh, ban be, nhiing
nguoi da khong ngimg dong vién, ho trg va tao moi di€u kién tot nhat cho

toi trong suot thoi gian hoc tap va thuc hién luan van.
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LOI NOI DAU

Trong 1y thuyét da thic, da thic bat kha quy dong mot vai trd quan
trong giéng nhu vai trd ctiia s6 nguyén to trong tap cac sO nguyén. Néu
Dinh 1y co ban ctia S6 hoc cho phép coi cdc s6 nguyén t6 nhu la nhiing
vién gach xay nén tap cac sO nguyén, thi cac da thitc bat kha quy chinh Ia
nhiing vién gach xay nén tap tét ca da thic. Boi vi moi da thic bac duong
dang chuén (tiic 1a hé s6 cao nhat bing 1) v6i hé s6 trén mot trudong déu
viét dugc thanh tich ciia hitu han da thitc bat kha quy dang chudn va su
phan tich d6 1a duy nhat néu khong ké dén thi tu cac nhan ti.

Bai toan xét tinh bat kha quy ctia cac da thic trén truong phic C va
trén truong thuc R da duge giai quyét tir dau thé ki 19, khi nguoi ta ching
minh dugc Dinh 1y co ban cta Pai s6. Cu thé, cic da thic bat kha quy
trén C la va chi 1a cac da thiic bac nhit; cac da thic bat kha quy trén R
la va chi 1a cac da thic bac nhat hoac bac hai véi biét thiic am. Tuy nhién
bai toan xét tinh bat kha quy cua da thic trén truong hitu ty Q hoac trén
truong thang du Z, (v6i p 1a s6 nguyén t6) van dang thir thich cic nha
todn hoc trén thé gidi.

Muc dich cua luan van 1a trinh bay mot s6 két qua vé da thic bat kha
quy trén mot truong, dac biét 1a trén truong Q va trudng Z,,. Noi dung cua
luan van duoc viét dua theo cudn sach "Ly thuyét Galois" cua J. Rotman
[Rot], cudn sach ““Da thiic va tinh bat kha quy" cua A. Schinzel [Sc], bai
bao ““Tinh bat kha quy ctia da thitc" dang trén Tap chi Pai so6 cta 1. Seres
[S] va bai bdo “Tiéu chuin bat kha quy clia da thic" dang trén tap chi néi
tiéng Ann. Math cua H. L. Dorwart - O. Ore [DO].

Luan van géom 3 chuong. Chuong 1 trinh bay mdt s6 kién thic co s vé

da thiic bat kha quy va str dung da thitc bat kha quy dé chitng minh Dinh
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1y Kronecker vé su ton tai cua trudng phan ra cta da thic (Pinh 1y 1.3.2)
va Dinh 1y clia Galois v€ su ton tai mot trudng ¢ hitu han phan tir (Dinh
ly 1.3.5). Chuong 2 trinh bay mot s6 phuong phdp xét tinh bat kha quy
cua da thic trén truong Q nhu phuong phdp tim nghiém hitu ty, phuong
phdp ding B6 dé Gauss, tiéu chuian Eisenstein va phuong phép rit gon
theo modun mot s6 nguyén to. Biang cach sir dung Dinh 1y Kronecker vé
su ton tai truong phan ra va Dinh 1y Lagrange v€ cap cua nhém hitu han
(binh 1y 3.1.7), tinh bat kha quy ctia mot so da thic trén truong Z, (voi p
la mot s6 nguyén t6) duoc trinh bay trong Chuong 3.
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Chuong 1

Da thitc bat kha quy

Trudc khi trinh bay khai niém va mot s6 két qua vé da thiic bat kha quy,

chiing ta trinh bay kién thic co s vé da thiic.

1.1 Khai niém da thic

1.1.1 Dinh nghia. Mot tap F' cung v6i hai phép todn, ki hiéu la phép cong
va phép nhan, dugc goi la truong néu céac tinh chat sau thoa man
(i) Két hop: a + (b + ¢) = (a + b) + ¢ va (ab)c = a(bc) v6i moi
a,b,c e F.
(i1) Giao hoén: a + b = b+ a va ab = ba v6i moi a,b € F.
(iii) Luat phan phdi: a(b + ¢) = ab + ac v6i moi a, b, ¢ € F.
(iv) Tén tai phdn tir don vi 1 € F sao cho al = la = a v6i moi a € F.
(v) Ton tai phan tr 0 € F saochoa+0=04+a = a vé6imoi a € F.
(vi) Méi a € F, ton tai phan to d6i —a € F sao cho a + (—a) = 0.
(vil) Mdi 0 # a € F, ton tai phdn tir nghich ddo a=' € F sao cho

aa" ! = 1.

1.1.2 Dinh nghia. Cho F' 1a mot trudng va ag, a1, ..., a, € F. Mot bi€u
thic c6 dang f(x) = apx™+a, 12™ 1 +. . . +a1x+ag duge goi 1a mot da

thitc mot bién x. Tap cac da thic v6i hé so trén F duge ki hiéu 1a F'[x]. Néu
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@y, # 0 thi ta néi bdc cua f(x) lam vaki hiéu la deg f(x) = m. Hé s6 a,,
dugc goi 1a hé sd' cao nhdt cua f. Néu a,,, = 1 thi f(z) dugc goi la da thiic
dang chudn (monic polynomial). Hai da thic 12 bang nhau néu né c6 cing
bac va cdc hé s6 tuong tng 1a bing nhau. Vi hai da thic f(z) = > a2
va g(z) = Y b2, ta dinh nghia tong f(z) + g(x) = > (a; + b;)x’ va tich
f(x)g(x) =S cpa®, trong d6 ¢, = D ivjek @ibj.

Tir dinh nghia trén ta c6 ngay céc tinh chit sau day.

1.1.3 Bo dé. Cho f(x),g(x), h(x) € F[z]. Khi dé
(i) deg(f(z) + g(2)) < max{deg f(z), deg g(x)}.
(ii) Néu f(x) # 0va g(x) # 0 thi f(x)g(x) # 0 va

deg(f(z)g(z)) = deg f(x) + deg g(z).

(iii) Néu f(x) # 0 va f(z)g(z) = f(x)h(z) thi g(x) = h(z).

1.1.4 Pinh nghia. Cho f(z),g(z) € Flz|. Néu f(x) = q(z)g(z) véi
q(z) € Flx] thi ta néi rang g(x) 1a udc cha f(x) hay f(x) 1a boi cua g(x)
va ta viét g(x)|f(x). Tap céc boi cua g(x) duge ki hiéu 1a (g).

Ta c6 ngay cac tinh chat don gian sau day.

1.1.5 B6 dé. Cdc phat biéu sau la diing.
(i) Vi c € F va k la sé tu nhién ta c¢6 (x — c)|(a¥ — ).

(ii) Néu f(x) € Flz| va c € F thi ton tai q(x) € F[z]| sao cho

f(x) = q(z)(z — ) + f(o).

1.1.6 Pinh nghia. Cho f(z) = a2 + ... + a9 € Flz]. Gia st K 1a
mot truong chia F. Mot phan tir ¢ € K dugc goi 1a nghiém cua f(z)
néu f(c) = a,,™ + ...+ ap = 0. Trong trudng hop nay ta ciing néi ¢ la
nghiém cua phuong trinh f(z) =
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1.1.7 Bo dé. Cho f(z) € Flz] va c € F. Khi dé
(i) ¢ la nghiém cua f(x) néu va chi néu f(x) la béi cia x — c.

(ii) S6 nghiém cua f(x) khong vuort qud deg f(x).

1.1.8 Ménh deé. (Thuat todn chia v6i du). Cho f(x),g(x) € Flx] vdi
g(x) # 0. Khi dé ton tai duy nhdt cdp da thiic q(x),r(x) € Flx| sao cho

f(x) = q(x)g(x) +r(z)
trong do r(x) = 0 hodc degr(x) < deg g(z).

1.1.9 Pinh nghia. Mot tap con [ # () ctia F'[z] dugc goi 1a mot idéan cla
F[z] néu né thda man cic diéu kién sau

(i) Néu f(z),g(x) € I thi f(x) + g(x) € I;

(ii) Néu f(z) € I vagq(z) € Flx] thi q(z)f(z) € I.

Chd ¥ rang tap con I # () ctia F[z] 1a idéan néu va chinéu f —g € I
va fh € I véi moi f(x),g(z) € I va h(z) € F[z].

1.1.10 Ménh deé. Néu I # {0} la mot idéan trong F|x] va d(x) # 0 la da
thitc ¢6 bdc bé nhdt trong I thi

I'=(d) ={d(z)q(x) | ¢(x) € Flz]}.

Chitng minh. Cho da thic f(z) € 1. Viét f(x) = d(z)q(x) + r(x) trong
d6 r(z) = 0 hoac degr(z) < degd(x). Vi f(x),d(z) € I nén ta cd
r(x) = f(z) — d(z)q(x) € I. Do d6 r(z) = 0 theo cach chon d(x). Suy
ra f(x) = d(x)q(z). Nguoc lai, vi d(z) € I nén d(z)q(z) € I v6i moi
q(z) € Flx]. 0

1.1.11 Pinh nghia. Mot da thic dang chuin d(z) € F[x] dugc goi 1a udc
chung lon nhdt cua f(x),g(z) € Flz] néu d(x)|f(z), d(z)|g(x) va néu
h(z)|f(z) va h(x)|g(z) thi h(x)|d(x). Ta ki hiéu udc chung 16n nhét ctia
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F() va g(x) 12 ged(f(z), g(x)). Néw ged(f(x), g(x)) = 1 th ta ndi f(x)
va g(x) 1a nguyén to cung nhau.

Tir Ménh dé 1.1.10 ta c6 két qua sau.
1.1.12 Ménh dé. Néu f(x), g(x) la hai da thitc khong dong thoi bang 0
thi ged(f(x), g(z)) uodn ton tai va la 16 hop tuyén tinh cia f(x) va g(x),
titc la ton tai a(x),b(x) € F|x] sao cho

ged(f (), g(2)) = al@)f(x) + b(x)g(z).
1.1.13 Hé qua. Cho p(x), f(z),g(x) € Flz]. Néu ged(p(z), f(x)) =1
va p(x)| f(x)g(x) thi p(x)|g(z).
Chitng minh. Theo gia thiét, 1 = p(z)a(z) + f(z)b(z). Suy ra
g(x) = p(z)a(z)g(z) + f(2)b(z)g(z).

Do p(x) 1a udc cua da thic & v€ phai nén p(z)|g(z). O

Vé6i 0 # g(x) € F[z], ki hieu g*(z) = g(x)/a, trong d6 a, 1a hé s6
cao nhét cta g(x). Chi ¥ rang g*(x) 1a da thic dang chudn. Dé tim ude

chung 16n nhat ta c6 thuat toan sau:

1.1.14 Ménh dé. (Thuat toan Euclid tim udc chung 16n nhat). Cho hai da
thicc f(x), g(x) € Flz] voi g(x) # 0. Néu g(x)|f(x) thi

ged(f(x), g(x)) = g"(z).

Néu nguoc lai, chia lién tiép ta duoc
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Khi d6 ged(f(z)., g(x)) = i ().

Chitng minh. Tu dang thic cuéi ta c6 7, (z)|r,_1(x). Thay vao dang thic
tht hai tir duéi lén ta ¢6 r,(z)|r,_o(z). Ct ti€p tuc lap luan vé6i cic ding
thiic tir dudi 1én trén ta suy ra 7, (x)|g(x) var,(z)|f(x). Do dé r (z)|f(x)
va r¥(z)|g(z). Gia stt h(z)|f(z) va h(z)|g(x). Tu dang thic dau tién
ta ¢6 h(x)|r(z). T dang thic thi hai ta ¢6 h(z)|r(z). Ci ti€p tuc lap
luan trén véi cdc dang thic tir trén xuéng dudi ta c6 h(z)|r,(x). Do dé
h(z)|r!(x). O

1.2 Da thirc bat kha quy

1.2.1 Pinh nghia. Mot da thic f(z) € F[z] duoc goi 1a bdt khd quy néu
deg f(xz) > 0 va f(x) khong phan tich dugc thanh tich cta hai da thic c6
bac bé hon. Néu deg f(x) > 0 va f(x) la tich cla hai da thiic c6 bac bé
hon thi ta néi f(z) 1a kha quy.

Sau day 1a mot s6 vi du vé da thitc bat kha quy.

1.2.2 B6 dé. Cdc phat biéu sau la diing.

(i) Pa thitc bdc nhdt luén bdt khd quy.

(ii) Néu f(x) bdc lom hon 1 va cé nghiém trong F thi f(x) khd quy.

(iii) Pa thitc bdc 2 va bdc 3 la bdt khd quy néu va chi néu né khong cé
nghiém trong F.

(iv) Da thiic f(x) ¢6 bdc duong la bdt kha quy néu va chi néu f(x+ a)
la bdt kha quy voi moi a € F.
Chitng minh. (i) R rang da thiic bac nhit khong thé 1a tich clia hai da
thitc bac thap hon.

(ii) Néu deg f(z) > 1 va f(z) coOnghiém x = a € F thi f = (v —a)g
trong d6 degg = deg f — 1 > 1. Vi thé f kha quy.
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