PAI HQC THAI NGUYEN
TRUONG PAI HQC SU PHAM

POAN VAN SOAN

PINH LI PIEM CAN BANG BLUM-OETTLI
VA MOT SO MO RONG

LUAN VAN THAC SI TOAN HQC

Thai Nguyén-2009

S6 héa boi Trung tam Hoc liéu — Pai hoc Thdi Nguyén http://mww.lIrc-tnu.edu.vn



PAI HOC THAI NGUYEN
TRUONG PAI HOC SU PHAM

DOAN VAN SOAN

PINH LI PIEM CAN BANG BLUM-OETTLI
VA MOT SO MG RONG

CHUYEN NGANH: GIAI TiCH
MA SO: 60.46.01

LUAN VAN THAC SI TOAN HOC

Nguoi huéng dan khoa hoc:T.S Lé Van Chéng

Thai Nguyén-2009

S6 héa boi Trung tam Hoc liéu — Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



Muc luc

Chuong 1 BAI TOAN CAN BANG PON PIEU VA KHONG

COGIATHIETPONDIEU ............... 4
I.1. Baitodn can bang . . . . . . . ... 5
1.2. Baitodn can bang dondiéu . . . . .. ... ... ... ... 9
1.3. Bai todn can bang khong cé gia thiét don diéu . . . ... .. 17

Chuong 2 PINH LI PIEM CAN BANG BLUM-OETTLI

VAMORONG VOHUONG .............. 22
2.1. Dinh Ii Brezis-Nirenberg-Stampacchia . . . . ... ... ... 23
2.2. Dinh Ii diém can bing Blum-Oettli . . ... ......... 29
2.3. M& rong vo huéng Dinh 1i Blum-Oettli . . . . .. ... ... 36

Chuong 3 MG RONG VECTO PINH Li PIEM CAN BANG
BLUM-OETTLI .................... 41

3.1. Non va quan hé thit tu theo nén trong khong gian vecto topo 42

3.2. Dinh Ii diém can bing Blum-Oettli cho ham véc to don tri . 45

3.3. Dinh Ii diém can bing Blum-Oettli cho ham véc to datri . . 58

Kétluan . . . . ... . ... . .. 63

Tailieu thamkhao . . . . . .. ... ... ... .. ........ 64
1

S6 héa boi Trung tam Hoc liéu — Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



MO PAU

Bat dang thitc bién phan don diéu va bat ding thitc Ky Fan c6 nhiéu
diém gin nhau. Bit dang thic bién phan don diéu véi nhiéu ting dung da
dugc nghién citu tir nhitng nam sdu muoi clia thé ki trude. Bat ding thic Ky
Fan ngay sau khi dugc cong b6 (1972) da thu hiit su chid § ctia nhi€u nghién
citu trong linh vuc gidi tich phi tuyén béi su gan giii v6i bat dang thitc bién
phan don diéu va kha nang tng dung sau rong cua nd. Vi vay nguoi ta tim
cach két noi hai két qua nay véi nhau trong mot két qua chung. Két qua dau
tién cua su két noi nay la cua Brezis-Nirenberg-Stampacchia(1972). Nam
1993, Blum-Oettli cong b6 mot két qua ti€p theo vé su két n6i nay. Day la
két qua hop nhat hai huéng nghién citu co ban cua bai todn can bang, dé 1a
bai todn can bang c6 gia thiét don diéu va bai todn can bang khong c6 gia
thi€t don diéu.

Bai todn can bang dugc xét bai Blum-Oettli(1993) c6 dang sau:

Tim T € C sao cho g(Z,y) + h(Z,y) > 0 véimoi y € C,
trong d6 C' 1a mot tap 161 dong trong mot khong gian vecto topd X nao do,
ham ¢ : C' x C — R duoc gia thiét 1a don diéu vaham h: C' x C — R
khong nhét thié€t 1a ham don diéu (R 1a tap so6 thuc ).

Néu h = 0 ta nhan dugc két qua vé bai todn can bang don diéu (md
rong bat ding thic bién phan don diéu ). Néu g = 0 ta c6 két qua 1a mot mé
rong clia Bat dang thitc Ky Fan.

Sau két qua nay ctia Blum-Oettli, nhi€u két qua khac c6 lién quan hoac
mo& rong duoc cong bo. Do 1a cac két qua nghién citu mé rong vo hudng va

mo& rong vecto, don tri va da tri, doi v6i két qua cua Blum-Oettli [3].
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Muc dich ctia luan van la tap hop trinh bay mot s6 két qua nghién ciu
co ban xung quanh két qua ctia Blum-Oettli [3]. D6 1a mot s6 két qua ton tai
nghiém ctia bai todan can bang c6 va khong c6 gia thiét don diéu khoi nguén
cho két qua cua Blum-Oettli, cic két qua chinh cua Blum-Oettli va mot s

két qua mo rong.

Ngoai phan m& dau, két luan va tai liéu tham khao, luan van gom 3

chuong.

Chuong 1 trinh bay mot s6 két qua co ban vé su ton tai nghiém cua bai
todn can bang ¢ hai huéng nghién citu c6 gia thiét don diéu va khong cé gia
thi€t don diéu, vdi diéu kién biic ¢6 dién va noi giam. Chiing toi trinh bay
céac két qua nay véi muc dich dé€ thdy ro hon su két néi cuia hai huéng nghién
cttu nay trong két qua cua Blum-Oettli[3], két noi & két qua va két noi 6 y
tudng chiing minh cac két qua. Cac két qua nghién ctru duoc trinh bay & day

chu yé&u duge tap hgp tir cac bai bao Mosco[11], Allen[1], Chong[6].

Chuong 2 trinh bay két qua trung tam ctia luan van. D6 1a két qua vé su
ton tai nghiém cua bai toian can bang duoc thiét 1ap boi Blum-Oettli [3]. Két
qua nay cung y tudng chitng minh cta né la su hgp nhat cac két qua cung y
tudng chiing minh ctia ching dugc trinh bay & chuong 1. Trong chuong nay
ching toi cling trinh bay mot két qua cé lién quan va dugc cong bo trudc két
qua cta Blum-Oettli [3], d6 1a cong trinh cta Brezis-Nirenberg-Stampacchia
[4], dong thoi trinh bay mot két qua 1a md& rong vo hudng doi véi két qua
cua Blum-Oettli [3], d6 1a cong trinh cua Chadli-Chbani-Riahi [7].

Chuong 3 dé cap dén su mé rong két qua cua Blum-Oettli[3] ra bai toan
can bang cho ham vecto, don tri va da tri. Cic két qua & day duoc tap hgp tir
cac tai liéu Bianchi-Hadjisavvass-schaible[2],Tan-Tinh[13],Tan-Minh[14].
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Luan van dugc hoan thanh tai Truong Dai hoc su pham-Dai Hoc Thai
Nguyén. TruGc hét toi xin bay to 1ong biét on sau sac t6i Tién si Lé Van
Chong, nguoi thay da tan tinh hudng dan, gidp dd va nghiém khic trong khoa
hoc dé toi hoan thanh luan vin nay. Toi xin bay td 1ong biét on t6i cdc thdy
co gido trong Truong DHSP-Thai Nguyén, Vién toan hoc Viét Nam, Trudng
DHSP Ha Noi da giang day gidp to6i hoan thanh khéa hoc. To6i xin cam on
S& gido duc va dao tao Bac Giang, Trudng THPT Ly Thudng Kiét va Trudng
THPT Viét Yén s6 1 Bic Giang, gia dinh va ban b da luon tao diéu kién,

dong vién, gidp toi suot trong qué trinh hoc tap va nghién ctu.
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Chuong 1

BAI TOAN CAN BANG PON PIEU
VA KHONG CO GIA THIET PON PIEU

Hai huéng nghién ctu quan trong trong cic nghién ctiu vé su ton tai
nghiém cta bai todn can bang 1a cdc nghién cttu dung gia thiét don diéu va
khong dung gia thiét don diéu. Cac két qua va y tudng chiing minh & hai
huéng nghién ctu nay la co s& cho viéc thiét 1ap va ching minh Dinh 1i
diém can bing Blum-Oettli [3] duoc trinh bay & chuong sau. Vi vay trong
chuong nay ching toi trinh bay mot s6 két qua co ban & hai huéng nghién
cttu néu trén. Nhitng két qua nay duoc tap hop tir cac bai bdo cia Mosco
[11], Allen[1], Chong[6]. Trudc tién ching toi dua ra dang chung cta bai toan
can bang va mot soO trudng hop riéng quen biét cé tinh don diéu va khong don
diéu.

1.1. BAITOAN CANBANG

Bai todn can bing duoc Blum-Oettli[3] hiéu 12 bai todn sau:

Tim T € C sao cho f(7,y) < 0véimoiy € C, (EP)

trong d6 C' 1a mdt tap cho truée va f : C' x C' — R la mot ham cho truéce.

Dai véi bai todn can bang trong khong gian vécto topo X, tap C' thudng

dugc xét 1a tap 161,
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Ham f duoc goi la don diéu néu f(x,y)+ f(y,x) > 0vdi moi x,y € C.

Khai niém nay 1a md rong cua khdi niém toan tir don diéu. Todn tir
A:C — X* goi la don diéu néu (Az — Ay,x —y) > 0,Vz,y € C, & day
X™* la khong gian d6i ngau cua X.

Ham f duoc goi la hemi-lién tuc néu voi x,y € C cho trudc tity y ham
5O f(x +t(y — x),y) la nita lién tuc dudi theo t trén |0;1].

Khai niém nay 1a mé rong cua khai niém todn tir hemi-lién tuc. Toan tir
A: C — X* goi la hemi-lién tuc néu ham (A(x + ty), z) véi x,y,z € C
bat ky c6 dinh la nira lién tuc dudi theo ¢ trén [0; 1].

Bai todn can bang bao ham nhiéu truong hop riéng 1a cac bai todn quen
biét. Bat dang thitc Ky Fan 14 mot trudng hop riéng quan trong. Dudi day 1a
mot sO truong hop riéng quan trong khac.

1. Bai toan toi uu

Cho p: C — R. Tim T € C sao cho ¢(T) < ¢(y) v6i moi y € C. Ta
ciing viét: Tim min{p(z) | x € C}.

bat f(x,y) = p(r) —¢(y). Khi d6 bai todn t&i uu trd thanh: Tim 7 € C
sao cho f(z,y) < 0 véi moi y € C. Bai todn nay tuong duong véi bai todn
can bang va & day f 1a ham s6 don diéu.

2. Bai toan diém yén ngua

Cho ¢ : C1 x Cy — R. Khi dy (71, 73) goi 1a diém yén ngua clia ¢ néu

(T1,72) € C1 X Co, (T, 42) < @(y1,72), V(y1,42) € C1 x Ca. (1.1)
bat C = C; x Cy vachoham f : C' x C — R xac dinh boi
F((@1,22); (Y1, 92)) = (21, 92) — @Y1, 22).
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Khi ay, T = (71, 7z2) la nghiém cta bai toan can bang (EP) néu va chi

néu T thoa man (1.1). Dé thdy f 1a ham don diéu trong trudng hop nay.
3. Bai todn diém bat dong

Cho X = X* la khong gian Hilbert, 7" : C' — (' la mot anh xa cho

trudce.
Bai toan bat dong ¢ day la bai toan
Tim 7 € C sao cho T'(7) = 7. (1.2)

bat f(z,y) = (x —Tx,x —y). Tacd T 1a nghiém cua bai todn can bang

(EP) n€u va chi néu né la nghiém cua (1.2).

That vay

(1.2) = (EP): Hién nhién.

(EP) = (1.2): Chony = T'7 ta cé

0> f@y) =|lz—7|*>0Suyraz="1T7.

Do flz,y)+ f(y,2) = (@ —-Tr,x —y) +(y - Ty,y — z)
=(Ty—Tz,x—y) +(z—y,z—y)
=(Ty - Tz, x —y)+ |z —y |

= —(Ta—Ty,z—y)+ || 2—y ||?

nén trong truong hop nay f l1a don diéu khi va chi khi
Tz —Ty,z—y) <[z —y|*.
4. Bai todn bat dang thic bién phan
ChoT:C — X*. Tim = € C sao cho
(Tz,7—y) <0,Vy € C. (1.3)
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bat f(z,y) = (T'x,r — y). Ro rang bai toan (1.3) twong duong véi bai
todn can bang (EP) va f don diéu khi va chi khi 7" don diéu.
5. Bai toan bu
Cho C' 1a nén 16i déng véi nén cuc ciia nd
C*={z* e X* | (z*,y) > 0,Vy € C}
vaT : C' — X* la 4nh xa cho truéc. Bai todn bu la bai todn tim 7 € X sao
cho
TeC, Tzt e C*,(Tz,T) = 0. (1.4)
Dé thay (1.4) twong duong véi (1.3).
That vay
(1.4) = (1.3) 1a hién nhién.
Néu (1.3) ding, 14y y = 27 vay = 0 tir (1.3) ta thu duge (17, T) = 0.
Do d6 (1.3) = (1.4).
6. Can bang Nash trong trd choi

Cho I 1a mot tap chi s6 hitu han (tap cac nguoi choi). V6i i € I, cho

truée tap K; (tap chién luge nguoi choi thit 7). bat K = [[,_; K;. V6i moi
i € I, choham f; : K — R (ham t6n that chia ngudi choi thi 4, phu thuoc
vao chién luge cua tit ca nguoi choi). V6i x = (z;);e; € K ta dinh nghia
&' = (2;)jerjzi- Di€m T = (T;);e; € K duge goi 1a diém can bang Nash

néu véi moi ¢ € [ ta cd

£i(@) < fil@,y), Yy € K, (1.5)

(nghia 12 ngudi choi khong thé giam t6n that cha minh bing cach don 1€ thay
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