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LG1 cam doan

To6i xin cam doan rang cac két qua nghién citu trong luan van nay 1a trung
thic va khong trung lip véi cac dé tai khac. Toi cling xin cam doan rang moi
sit giip d6 cho viéc thyc hién luan van nay da duge cam on va cac thong tin

trich dan trong luan van da dugc chi r6 nguon goc.

Thai Nguyén, thang 5 nam 2013

Nguoi viét Luan van

Nguyén Thi Na
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LG1 cam on

Dé hoan thanh ducce luan vin mot cach hoan chinh, toi luén nhan duge su
huéng dan va gitp do nhiét tinh cia GS. Lé Ding Muu (Vién Toan hoc Viét
Nam). To6i xin chan thanh bay t6 long biét on sau sic dén thay va xin gui 1oi
tri an nhat ctia toi déi véi nhiing diéu thay da danh cho toi.

To6i xin chan thanh cAm on ban lanh dao phong sau Dai hoc, quy thay co
gidng day 16p Cao hoc K19 (2011- 2013) Truong Dai hoc Su Pham - Dai hoc
Thai Nguyén da tan tinh truyén dat nhitng kién thitc quy bau ciing nhu tao
dieu kién cho t6i hoan thanh khéa hoc.

Toi xin gtii 10i cAm on chan thanh nhat t6i gia dinh, ban be, nhitng nguoi
da luon dong vien, hd trg va tao moi diéu kién cho toi trong sudt qua trinh
hoc tap va thuc hién luan van.

Xin tran trong cam on!

Thai Nguyén, thang 5 nam 2013

Nguoi viét Luan van

Nguyén Thi Na
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Mdé& dau

Toan ti don diéu la mot trong nhiing linh vire ciia giai tich hién dai da va
dang dugc nhiéu nha toan hoc hang dau thé giéi nghién ctu, dac biet phai ke
dén nhu Browder F.E, Rockafellar R.T, Minty G.J.... Bén canh cac két qua
dac biet c6 ¥ nghia vé mat 1y thuyét, toan tit don diéu 1a mot trong nhitng
cong cu dude st dung nhiéu va rat ¢6 hiéu qua trong linh vice toan tng dung
chéng han nhu bat dang thic bién phan. N6 gitp ich cho viéc nghién cttu anh
xa dudi gradient va gradient, chting minh sy ton tai v duy nhat nghiém cho
rat nhiéu cac 16p bai toan can bang, bai toan bat dang thitc bién phan va bai
toan toi uu.

Dé tai clia luan van 1a vé toan tit don diéu trong khong gian Hilbert thuc
va ung dung cua no trong viéc khao sat bai toan bao ham thic don diéu cuc
dai vd mot s6 bai toan co lien quan. Vi thé day 1a mot dé tai vita c6 ¥ nghia
ve mat 1y thuyét, dong thoi vita c6 ¥ nghia thyc tién cao.

Noi dung ctia ban luan van dugc trinh bay trong ba chuong. Chuong 1 giGi
thieu mot cach hé thong lai cdc dinh nghia, vi du va mot s6 tinh chat quan
trong ciia khong gian Hilbert thiyc. Chuong 2 gom hai phan chinh. Phan thit
nhat néu len dinh nghia va gi6i thiéu cic tinh chat co ban ciia toan tit don
dieu. Phan tht hai trinh bay vé tong ctia hai toan tit don diéu cuc dai. Chuong
3 gi6i thiéu bai toan bao ham thitc don diéu cyc dai va hai truong hop riéng
quan trong la bai toan cuc tiéu ham 16i va bai toan bat dang thiic bién phan
don dieu, cubi chuong néu thuat toan diem gan ké va khéo sat sy hoi tu téi
nghiém cua thuat toan nay trong viéc giai bai toan bao ham thitc don diéu

cuc dai.
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Chuong 1

Cac kién thitc vé khong gian Hilbert

Cac khong gian Hilbert 1a nhiing truong hgp riéng quan trong ctia khong
gian Banach (hay con goi la khong gian tuyén tinh dinh chuan day du vei
chuan ki hieu 1a [|.||, xem [2], []) v& 1a mot khong gian hitu ich, dé& thao téc
trong cac a4p dung clia giai tich ham tuyén tinh vao 1y thuyét va ki thuat.
Trong chuong nay ta nhic lai mot s6 kién thiic co s vé khong gian Hilbert
trén truong so6 thyc R. Cac kién thiic trong chuong dude lay tir cac tai lieu
2, ), [,

1.1 Dinh nghia va vi du
Dinh nghia 1.1. Cho H la khong gian vecto trén R, tich vo hudng xdc dinh
trong ‘H la mot anh xa
(Lo:HxH—R
(z,y) — (z,9)
théa man cdac dieu kién sau day
1. {z,y) = (y,x),Vo,y € H;
2. {x+y,2z) =(x,2) + (y,2),Vo,y,z € H;
3. (Ax,y) = Mz, y),Vr,y € H,\ € R;
4. (z,x) > 0,Vr € H va (x,z) =0< x=0.
So (x,y) duge goi la tich vo hudng clia hai vecto x,y trong H.
Nhan xét 1.1. Tu dinh nghia suy ra
L (z, Ay) = Mz, y),
2. (x,y+2) = (z,y) + (r,2),
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3. (z,0) =0,
v6i moi x,y,z € Hva A € K.

Vidu 1.1. Vdiz = (x1,29, -+ ,T0), ¥ = (Y1, Y2, -+ ,Yn) € R, biéu thiic

<$, y> = Z TrYk
k=1

xac dinh mot tich vo hudng trong R™.

Dinh nghia 1.2. Cap (H,{.,.)), trong dé6 H la mot khong gian tuyén tinh
tren R, (.,.) la tich vo hudng trén H dugc goi la khong gian tién Hilbert thuc.

Dinh 1y 1.1. (Bdt ding thiic Cauchy- Schwarz)
Trong khong gian tien Hilbert H, vdi moi x,y € H ta luon cé bat diang thic

sau

[z, y)* < (2, 2).(y, ) (1.1)

Chiing minh. V6i y = 0, bat dang thic hién nhién diang.
Gia st y # 0, khi d6 v6i moi s6 A € R ta déu c6

(x4 Ay, x + Ay) >0,

tuc la
(z,2) + My, =) + Ma,y) + |\ (y,y) >0
Chon )\ = —M ta dugce
(y, y)
2
(y, y)
& [y’ < (@,2).(y.9).

Dinh 1y dugc chitng minh. [

Chu y 1.1. Dau bing trong bat dang thiic Schwarz xay ra khi va chi khi
x va y phu thuoc tuyén tinh.
M&bi quan hé giita khai niéem chuan va tich vo huéng duge thé hien qua dinh

Iy sau.
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Dinh 1y 1.2. (zem [}]) Moi khong gian tien Hilbert H déu la khong gian

tuyén tinh dinh chuﬁfn, vdi chuan duoc xdc dinh bdi cong thic

l|lz|| = +/(z,2), VxeH. (1.2)

Chuan nay dudgc goi 14 chuan cam sinh tit tich vo huéng.
Nhan xét 1.2. V6i ki hieu méi nay, bat dang thiic Schwarz dude viét lai
thanh

(=, )| < [l=[]- ]yl (1.3)

Nhu vay mot khong gian tien Hilbert xem nhu khong gian dinh chuan cé
thé day du hoic khong day du.

Dinh nghia 1.3. Néu H la khong gian tien Hilbert thuc va day di doi vdi
chuan cdm sinh ti tich vo hudng wdc dinh bdi (1.2) thy H dudc goi la khong
gian Hilbert thuc.

Vi du 1.2. R" la khong gian Hilbert thuc vdi tich vo hudng

n
k=1

trong do
r=(r1,22...,%),y = (Y1,%2-..,Yn) €ER"

va chuan cam sinh

n n
][ = {w,2) = Y wpan =Y lawl”.
k=1 k=1

Vi du 1.3. Khong gian

I? = {x = {z,}, eR: Z 2, |° < —|—oo}

n=1

la khong gian Hilbert vdi tich vo hudng

s
<$, y> = Z TnYn
n=1

va chuan cam sinh

lz]] =

vdi moi = (Tp)nen, ¥ = (Yn)nen € 12
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Vi du 1.4. Goi Cla,b] la tap tat cd cic ham gid tri thuc lién tuc trén khodng
dong hiau han [a,b] C R.
Trong C|a,b] zét tich vo hudng

b
@9 = [ 2Ot 2(t).y(t) € Cla.bl

Khi do
e Khong gian Cla, b] véi chuan

= t
lall = max [o(2)

la khong gian Banach nén Cla,b] la khong gian Hilbert.

o Nhung khong gian Cla, b] vdi chuan
1/2

Jall = | [ lattyPar

lai khong phdi la khong gian Banach mén noé khong phdi la khong gian
Hilbert.

1.2 Mot s6 tinh chat quan trong

Dinh 1y 1.3. Gid st (x,)n, (Yn)n la hai day hoi tu dén xg, yo trong khong gian
tien Hilbert thuc H, khi do

lim <xn7 yn> - <x07 3/0>

n—oo

Chiing minh. Gia st lim z,, = xo, lim y, = yo trong khong gian H.
n—oo n—oo
Ta can ching minh lim (z,, y,) = (zo,yo) trong R.
n—oo

That vay, ta co

(@0, Yn) — (@0, y0) | = [(@ns Yn) + (@0, o) — (2n, Yo) — (20, %0}
< [{@n, Y — yo)| + [{@n — 0, y0)|
< @nll-llyn = yoll + [lzn — @ol[-[|yol-
Vi day (z,), hoi tu trong H nén ton tai M > 0 sao cho ||z,|| < M v6i moi
n € N. Khi d6 bat dang thic trén trd thanh

{2, yn) = (@0, y0)| < M|y — wol| + [l2n — ol[-[yol]
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Cho n — oo suy ra
lim (z,,, yn) = (x0, Yo)-
n—0o0
Dinh 1y dugc ching minh. [
Nhan xét 1.3. Dinh 1y trén cho thay tich vo huéng 13 mot ham lién tuc
xac dinh trén H x H.
Dinh ly 1.4. Véi moi x,y thudc khong gian tién Hilbert H ta luon cé dang
thitc hinh binh hanh sau
[z + gl + |z =yl = 2(|=[1* + [yl ). (1.4)
Chitng minh. V6i moi x,y € H, ta ¢

e +yll* = (@ +y, 2 +y) = [zl + lylI* + (z,9) + (v, ),

le =yl = (& —y,2 —y) = [|2]” +[|yl]* — (x,y) — (y, 2).
Cong hai dang thitc trén ta duge dang thic (1.4). O
Ap dung ding thitc hinh binh hanh cho hai véc t6 z — y vi & — 2 ta ¢6 he
qua sau
Hé qua 1.1. Gid s H la mot khong gian tien Hilbert va x,y,z € H. Khi do,
ta c¢6 dang thic Apollonius

y+z
2

2 (lle = yll* + llw — 2I]°) = 4l - 17+ lly — =]

Nhan xét 1.4

1. Dang thtic (1.4) néi len mot tinh chat hinh hoc, tong binh phuong céc
canh ciia hinh binh hanh bing tong binh phuong hai dudng chéo.

2. Tu dinh Iy trén ta thay, mudn dua dugc tich vo huéng vao mot khong
gian dinh chuan thi khéng gian nay phai théa man diéu kién hinh binh
hanh. Ngugc lai néu H 1a mot khong gian dinh chuan trong dé dang thic
hinh binh hanh dugc théa man v6i moi phan ti thuoc H thi trén H sé
ton tai mot tich vo hudng (., .) sao cho chuan nay duge xac dinh nho tich
vo huéng. Didu nay duge thé hién qua dinh 1y sau.

Dinh 1y 1.5. Gid st (H,||.||) la mot khong gian dinh chudn trén R trong dé
dang thic hinh binh hanh nghiém ding vdi moi x,y € H, tic la

e+ yl* + llz = ylI* = 2(/1=[1* + [1yII*)
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