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LLOI CAM DOAN

Toi xin cam doan day I cong trinh nghién ciu cia toi, dudi sy dong
huéng dan khoa hoc ciua PGS. TSKH. Ha Huy Vui va GS. TSKH. Pierrette
Cassou - Nogues. Céc két qua duoce phét bidu trong ludn 4n 1a mdi, trung
thuc vh chua timg duoc cong bo trong cic cong trinh cla tic gid ndo khéc.
Céc két qua viet chung vdi cic tic gid khic da duoc sy dong ¥ cua cic tac

gid khi dua vao luin 4n.

Tac gia
Nguyén Thi Thao



LOI CAM ON

Luan 4n nay duwoc hoan thanh dudi sy hudng dan khoa hoc cua PGS.
TSKH. Ha Huy Vui. Thay la ngudi tin tam, tan tinh, danh nhiéu cong sic
dan dat tic gid thuc suw budc vao nghién ciu khoa hoc, dong vién, khich 1é
tdc gia vuot lén nhimg khd khan trong hoc tap va cudc song. Téac gia xin
duoc bay to su kinh trong va long bi€t on sau sac nhat doi véi Thay.

Téac gia cling xin bay to long bi€t on sau sic clla minh dén nguoi thay
thit hai GS. TSKH. Pierrette Cassou - Nogues vi sy tan tinh va sy cam thong
do6i v6i nhimg khé khan cia tdc gia.

Trong qué trinh hoc tap, nghién citu vd hoan thanh luin 4n, tic gia luoén
nhan duoc sy quan tdm, dong vién, giip do cia cidc thay co va cic ban
dong nghiép trong bo mon Hinh hoc, cic thay cd va cic ban dong nghiép
trong Khoa Toan - Tin, Truong Dai hoc Su pham Ha Noi, cac thanh vién
cua Phong Hinh hoc - Topo, Vién Toan hoc. Nhan day, tdc gid xin bay to
long biét on chan thanh trude nhimg quan tam dd.

TA4c gia ciing xin bay t6 long biét on téi Ban gidm hiéu Truong Dai hoc
Su pham Ha Noi, Phong Khoa hoc v Cong nghé, Phong Sau dai hoc cia
Truong da tao nhimg diéu kién thuén loi trong qud trinh tic gid hoc tap,
cong tac va hoan thanh luan an nay.

Cudi ciing, ludn &n sé khong thé hoan thanh néu thidu sy cam thong,
giip do clia nhimg ngudi than trong gia dinh. Tic gia xin duoc gui téi
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toan thé nguoi than trong gia dinh 11 cAm on chan thanh vi siu sac.

, o)
Tac gia



MUC

Loi cam doan

. e 9
Loi1 cam on

Mot sO6 quy wdc va ki hiéu

MG DAU
I Lydochondétai . ......

II. B6i tuong, pham vi, muc dich nghiéncdu . . . ... ... ..

III. Phuwong phap nghién ciru . .

L.UC

IV. Nhimg déng gép méi cialudn én . . . . . . .. .. ... ...

V. Y nghia khoa hoc va thuc tién cta ludn én . . . . . . ... ..

~ ) A ’
VI. Bo cuc cua luan an . . . . . .

Chuong 1. TINH RIENG CUA ANH XA bA THUC TU R” VAO R”

1.1

Ham da thic riéeng trén R"

1.2 Vi phoi da thuc toan cuc trén R™ . . . . . . . ... .. ...

Chuong 2. CAC GIA TRI TOI HAN CUA Ki DI TAI VO HAN CUA
CAC HAM DA THUC VA CAC HAM HUU Ti TREN MAT DAI SO

TRONG R"

2.1
2.2

Bai toan dac trung gid tri téi han cia ki di tai vo han

Céc gid tri t6i han cta ki di tai v6 han cua cdc ham da thitc

va cdc ham hiu ti trén mat dai s6 trong R™ . . . . . . . ..

2.2.1 Phét biéu cdc két qua

11
11
12
13

15
16
22

30
30

36
37



5

2.2.2 Ching minh Dinh 112212 . . ... . ... ... ... 45
2.2.3 Ching minh Dinh 112213 . . . ... ... ... ... 50
224 Chuy . .. ... 52
225 Vidu. ... ... 54

Chuwong 3. NGUYEN LI BIEN PHAN EKELAND, BAT DANG THUC
LOJASIEWICZ, VA HIEN TUONG Ki DI TAI VO HAN CUA CAC

HAM DA THUC 57

3.1 Nguyén li bién phan Ekeland cho cidc ham da thic . . . . . 60
3.11 Duong cong tiépxic . .. .. ... ... ... .... 60
3.1.2 Nguyén li Ekeland cho cac ham da thic trén R” . . . 62
3.1.3 Nguyén Ii Ekeland cho cdc ham da thic trén R? . . . 69

3.2 Bt ding thic Lojasiewicz clia haim da thic trén cdc mién
khong compact . . . . . .. ..o 73
3.21 Hinh hocniadaisé. ... .. ... ... ....... 73

3.2.2 Céc diéu kién ton tai bat dang thiic Lojasiewicz canh

thé v bat dang thic Lojasiewicz toan cuc . . . . . . 77
3.2.3 Bat dang thic Lojasiewicz suy rong canh thé va bét

dang thitc Lojasiewicz suy rong todn cuc . . . . . . . 85

3.3 M6l quan hé gitia su ton tai bat dang thic Lojasiewicz canh

thd voi hién tuong kiditai vohan . . . . . . . . ... ... 92
3.31 Phétbibucdckét qua. .. .. ... .. ... ... .. 92
3.3.2 Chung minhcdckétqua . . ... ... .. ... ... 93
333 Cauhdi ... ... 107
KET LUAN 108
CAC CONG TRINH LIEN QUAN DPEN LUAN AN 110

TAI LIEU THAM KHAO 111



MOT SO QUY UOC VA Kf HIEU

Trong toan bo luan 4n, ta thong nhat mot so ki hiéu nhu sau.
(1) N: tap cdc s6 ty nhién.
2) R: tap céc so thue.
3) R*: tap cac thyc khac khong.
4) C: tap céc so phic.
5) max: gid tri 16n nhat.
6) min: gid tri nho nhat.

7) inf: can dudi dung.

13) det: dinh thuec.

14) grad: gradient.

15) #: luc luong tap hop.

16) x: dac trung Euler-Poincaré.

)
)
)
)
)
)
)
)
9) lim: gi6i han.
)
)
)
)
)
)
)
)

17) |.|: gid tri tuyét doi ca s6 thue.
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B" = {(x1,...,2,) ER" 1 22 + -+ + 22 < r?}.
23) St ={(z1,...,2,) ER 1 23 + - + 22 =12}

)
)
)
(21) ~: bao déng tap hop vdi top6 thong thuong trong R™.
)
)
24) S" = {(21,...,2,) ER": 22 + -+ 22 =1}.



MO PAU

I. Ly do chon dé tai

Céc tap dai s6 13 mot trong nhimg doi twong nghién citu co ban nhat cia
Toan hoc. Lép céc tap dai s6 duoc nghién citu nhiéu nhat la cac tip phic

va cac tap thuc. Ching duoc chia thanh bon loai:
e Céac tap dai so xa anh phic;
e Céac tap dai s6 xa anh thuc;
e Céac tap dai so affine phiic;
e Céc tap dai so affine thuec.

Céc két qua mang tinh nén tang cta Lefschetz S., Zariski O., Milnor J.,...
va nhiéu ngudi khéc da dem dén nhimg hidu biét sdu sdc vé cdc tinh chat
topo, cau tric dai sd,... cua cdc tap dai s6 xa anh phuc ([46], [43], [13],
[9],...).

So véi tap dai s6 xa anh phic, cic tap dai s6 xa anh thuc 14 déi tuong
khé nghién ciu hon. Chi khoang 50 ndm tro lai day, vdi cic cong trinh co
ban cla Petrowsky, Arnold, Rokhlin,... vé su sap xép céc oval clia nhimg
dudng cong phang xa anh thuc khong ki di, viéc nghién citu cic tap xa anh
thue bit dau hoa vao dong phét trién chung va dang trd thainh mét linh
vire s6i dong véi nhiéu két qua dic sac ([15], [33], [16],...).

Céc tap dai so affine, ca phitc lan thue, 14 ddi twong dic biét khé nghién
citu. Ngudi ta van hiéu rat it vé cic tap affine phiic, mac du cdc tip niy
thu hit dwoc su chu y cla rat nhiéu chuyén gia Hinh hoc dai s6 va Hinh
hoc t6p6 nhu Dimeca [10], Fary [44], Némethi [50], Malgrange [49], Pham F.
[51], Lé Dung Tréng [54],...
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Nhimg hiéu biét vé tap dai s6 affine thuc lai con it hon nita. O dy, nhiéu
bai todn tu nhién, ngay ca vdi cdc dudng cong affine thire, van chua cé cau
tra 1oi.

Trong luan 4n, ching t6i muén tim hiéu cic tinh chit top6 cia mot sé

16p céc tap dai s6 affine thue.
II. D6i twong, pham vi, muc dich nghién ciru

Mobi tap dai s6 affine thuc (twong tng, phic) V 1 tap khong diém cia
mot hé cdc phuong trinh da thiic, tic 1a ¢6 dang V = f~1(0), trong d6 f
I3 mot 4nh xa da thiic tir R” dén R¥ (twong tng, tir C* dén CF).

Tir mot két qua rat tong quat ciia Thom R. [53], moi anh xa da thidc f tir
tap dai s6 khong ki di V4 sang tap dai s6 khong ki di V5 xéc dinh mot phan
thé tdm thuong dia phuong 16p C™ ngoai mot tap dai s6 con B(f) C Va.
D6 la phan thé Milnor toan cuc. Tap B(f) duogc goi la tap cac gid tri ré
nhanh clia f. C6 thé thay ring tap B(f) chita tip cac gid tri tdi han L(f)
cua f. Néu V; khong compact, & day xuat hién mot hién twong mdi, ma
ta khong gap khi nghién ciu trudng hop xa anh, dé 1 hién twong ki di tai
v6 han. N6i chung, B(f) # X(f), va cdc diém thudc By (f) := B(f)\Z(f)
duoc goi la cac gid tri toi han cia ki di tai vo han. N6i mot cach van tat,
¢6 hai nguyén nhan dé f khong xdc dinh mot phan thé tAm thudng quanh
th f71(t), t € B(f):

e Hoac phan thé nay khong tAm thuong trong lan can diém ki di, tic la

t e X(f);

e Hoac phan thd nay khéng tim thudng trong lan can diém voé han, tic

14 v&i moi lan can D cta t, moi r > 0, 4nh xa
f:fH(D)\B — D
khong phai 1& mot phan thé tam thuong.

Tong két lai, dé hiéu topd clia cac tap dai s affine f~1(t), ta cn hiéu

phan thé Milnor toan cuc

fVINFTHU(B(f) — Va\B(f)-
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D¢ hiéu phan thé Milnor toan cuc, ta phai hiéu tap B(f). Dén day, xuit
hién bai toan ty nhién va quan trong:

Ddc trung cdc gid tri tdi han cua ki di tai vo han cua f, tic la bao gio the
mot gid tri t € Vi, cho trudc thujc vio tdp Boo(f) = B(f)\2(f)?

Bai todn nay la doi tuong khao sit chinh cta luan 4n.

Mic dit bai todn dic trung cdc gid tri téi han cia ki di tai vo han duoc
nghién ciu rat tich cuc trong 20-30 nam nay, né van con la mot bai toin

m&. Nguoi ta chi biét cau tra 1oi cho mot s6 truomg hop riéng:

o f: C? — C (Suzuki [52], Ha Huy Vui - Lé Ding Trang [58], Ha Huy
Vui - Nguyén Lé Anh [57], Hd Huy Vui [56]).

e f:R? — R (Coste - de la Puente [8]).

e f:V — R Ia han ché cia ham da thitc trén mot méat dai s6 tron khong
compact V trong R" (Tibar - Zaharia [31]).

o [:C" — C, véi diéu kién f chi ¢d ki di ¢6 1ap tai vo han (Parusinski
[23]).

e f:V — C, trong d6 V C C" 1a méat dai s6 khong ki di vh f 1a 4nh
xa thda man diéu kién ton tai ”phép chiéu tot” (Ha Huy Vui - Nguyén
Tat Thang [39)]).

o f: C" — C" !, véi diéu kién ton tai "phép chiéu tot” dsi véi f (Ha
Huy Vui - Nguyén Tat Thang [40]).

Muc dich nghién citu cia luan 4n la dac trung tap cic gid tri téi han cua
\ . . A~ o N oA ~ A ’ ’ N ~ \
ki di tai vo han, hoac tim hiéu sau hon vé no6 cho cac tinh huong hinh hoc

Sau.

1. C4c 4nh xa da thife tir R” vho R™: Ching toi tim diéu kién dé tap cdc
gid tri t6i han cia ki di tai vo han cia mot 4nh xa da thic F : R" — R”
Ia tap trong (cling ¢ nghia la, F' 14 4nh xa riéng). Chd ¥ rang, van dé

\ * A \ . / . /\7- .
nay lién quan dén bai todn Jacobi noi tiéng.

2. Han ché cia mot him hi ti thyce 1én mot mat dai s6 khong ki di trong

R"™: Ching to6i dua ra mdt bat bién cho phép dac trung tron ven cic



