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LOI CAM OGN

Tru6c hét, toi xin gli 10i bi€t on chan thanh va sau sac t6i PGS.TS Lé
Thi Thanh Nhan. C6 da danh nhiéu thoi gian va tam huyét trong viéc huéng
dan. Sau qua trinh nhan dé tai va nghién ctu dudi su huéng dan khoa hoc
cua Co, luan van \Da thtic chia duong tron" cua téi da duoc hoan thanh.
C6 duoc két qua nay, d6 1a nhd su nhac nhd, don doc, day bao hét sic tan
tinh va nghiém khac cta Co.

Toi ciing xin gui 10i cam on chan thanh dén Ban Giam hiéu, Phong Dao
tao-Khoa hoc-Quan hé quoc t€ va Khoa Toan-Tin cua Truong Pai hoc Khoa
hoc - Pai hoc Thai Nguyén da tao diéu kién thuan loi nhat trong sudt qua
trinh hoc tap tai truong ciing nhu thoi gian t6i hoan thanh dé tai nay. Su
gitp d& nhiét tinh va thai do than thién cta cac can bo thudc Phong Dao
tao vd Khoa Todn-Tin da dé lai trong 1ong mdi ching t6i nhiing 4n tuong
hét stc tot dep.

Toi xin cam on Phong Gido duc va Pao tao Quan Lé Chan - thanh pho
Hai Phong va Truong trung hoc co s Nguyén Ba Ngoc - noi toi dang cong
tdc da tao diéu kién cho t6i hoan thanh khéa hoc nay.

Toi xin cam on gia dinh, ban bé dong nghiép va cac thanh vién trong
16p cao hoc Toan K5B (Khoéa 2011-2013) da quan tam, tao di€u kién, dong

vién ¢6 vii dé t6i c6 thé hoan thanh nhiém vu ctia minh.



LOI NOI DAU

Ta biét rang v6i moi s6 nguyén duong n, ¢6 ding n can bac n cla
2km

n

+isin 2Tk =0,1,...,n — 1. Chd ¥ ring ¢ 1a can

don vi: €, = cos ==
nguyén thiy bac n ctia don vi néu va chi néu ged(k,n) = 1. Vi th€ c6
ding p(n) can nguyén thily bac n cla don vi, trong d6 ¢ la ham Euler.
Goi €, - - ., €k, 12 cdc can nguyén thuy bac n cta don vi. Khi d6 da rhiic
chia duong tron thit n, ki hiéu 1a &, (), 1a da thic bac p(n) duge cho bai
cong thic ¢, (r) = (v — €,) ... ( — €x,,,)- Muc dich cta luan van nay l1a
trinh bay mot s6 két qua vé da thic chia duong tron, nhiing tng dung cua
da thac chia duong tron trong mot s6 bai toan so cip, va ching minh tinh
bat kha quy cua da thic chia duong tron.

Luan van gébm 3 chuong. Cdc kién thic chudn bi vé s6 phic va da thic
duoc nhic lai trong Chuong 1. Phin dau cia Chuong 2 danh dé trinh bay
mot s6 tinh chat quan trong cua da thic chia duong tron. Ching toi ching

t6 ring " — 1 = | | @a(z) (Pinh If 2.3.3), va tir d6 ta suy ra ,,(x) c6 cdc
dln
hé s6 déu nguyén (Hé qua 2.3.5). Hon nita, néu = € Z va p 1la mot udc

nguyén t6 ctia ®,(x) thi p = 1 (mod n) hoac p|n (Pinh Ii 2.3.11). Phan
cudi Chuong 2 trinh bay mot s6 ting dung cua da thitc chia dudong tron dé
ching minh lai mot Dinh ly cta Dirichlet va giai quyét mot s bai toan thi
hoc sinh gioi todn quoc t€ lién quan dé€n phuong trinh nghiém nguyén va
danh gia s6 uéc cua mot s6 tu nhién. Chuong 3 trinh bay mot s6 phuong
phap ching minh tinh bat kha quy trén Q cua da thac chia duong tron.
Chi ¥ rang da thitc bat kha quy déng vai trd quan trong giong nhu vai
tro cua sO nguyén to trong tap cac s6 nguyén. Véi n la sO nguyén duong,

da thic chia duong tron @, (x) 1a mot da thic bat kha quy dac biét, n6 1a
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mot uc cua " — 1 nhung khong 13 uéc ctia ¥ — 1 v6i moi k < n. Khi
p la s6 nguyén t6, tinh bat kha quy cta ®,(x) da duoc giai quyét vao dau
Thé ky thit 19, duoc ching minh 1an dau tién boéi C. E Gauss 1801 [Gau]
v6i cach chiing minh kha phtic tap va dai dong. Sau dé ching minh duogc
don gian hod di nhi€u bdi ciac nha toan hoc L. Kronecker 1845 [K] va F.
G. Eisenstein 1850 [E]. Con viéc ching minh tinh bat kha quy cta &, (x)
vGi n tuy y duoc giai quyét vao khoang giita Thé ky 19, dugc chiing minh
lan dau tién boi Kronecker 1854 [K2]. Sau dé, R. Dedekind 1857 [D] va
mot sO nha toan hoc khac da dua ra ching minh don gian hon.

Noi dung cua luan van duogc viét dua theo cuon sach \Ly thuyét Galois"
cua S. H. Weintraub [W1], bai bao \Elementary Properties of Cyclotomic
Polynomials" cua Y. Ge [Ge] va bai bao \Several proofs of the irreducibility
of the cyclotomic polynomial" cta S. H. Weintraub [W2]. Bén canh d6 c6
tham khao mot s6 bai bdo c6 dién cua C.F Gauss [Gau], E G. Eisenstein
[E], L. Kronecker [K] va R. Dedekind [D] vé tinh bat kha quy cta ®,(z).



Chuong 1

Kién thic chuan bi

Trude khi trinh bay cdc két qua vé da thic chia duong tron & Chuong 2,

chiing ta nhic lai kién thic co s& vé so phiic va da thic.

1.1 So phitc va cac phép toan trén so phiic

1.1.1 Pinh nghia. S6 phitc 1a mot biéu thitc c6 dang z = a + bi trong d6
a,b € R vai® = —1. Ta goi a 12 phdn thuc va b 12 phdn do cla z. S6 phic
i dugc goi 1a don vi do. Néu a = 0 thi z = bi duoc goi 1a s6 thudn do. Néu
b= 0 thi z = a la so thuc. Tap cac so phic dugc ki hiéu 1a C. S6 phiic

Z = a — bi dugc goi la so phic lién hop cha z = a + bi.

1.1.2 Cha y. (i) Hai s6 phiic bang nhau néu va chi néu phan thuc va phan
ao tuong ung bang nhau: a +bi = c+ di < a = ¢, b =d.

(ii) Néu 2z = a + bi thi z Z = a® + b 12 mot s6 thuc.

(i) Lién hop cta téng (hiéu, tich, thuong) bang tong (hiéu, tich, thuong)
7 :%Véimoi o 40.

cuacacliénhop: z 2/ =Z 42, 22/ =%Z 2 va

Z\z\|z\z

Biéu dién s6 phic z = a + bi dugc goi la bi€u dién dai s6 cua z. Cic



phép toan trén so phic dugc thuc hién nhu sau:

(a+bi) + (c+di) = (a+c) = (b+ d)i;

(@ + bi)(c+ di) = (ac — bd) + (be + ad)i;
a+bi  (a+0bi)(c—di) ac+bd+ bc—adi
c+di  (c+di)(c—di) E+d  E+d?

Tap C céac s6 phiic v6i phép cong va phép nhan 1a mot truong chira truong

s6 thuc R, trong d6 moi s6 thuc a dugc dong nhit vé6i s6 phic a + 0i.

1.1.3 Dinh nghia. Trong mat phang P vé6i hé truc toa do vuong géc 0y,
mdi s6 phiic z = a + bi duoc déng nhat v6i di€ém Z(a,b). Khi d6 tap s6
phiic 1dp diy P va ta goi P 1a mdt phdng phitc. Xét géc « tao bdi chiéu
duong truc hoanh véi véc to OZ va goi 1 do dai clia véc to OZ, khi d6

z=a+bi =r(cosa+isina).

Bi€u dién 2 = r(cos a + i sin ) duoc goi 1a biéu dién liugng gidc cua z. Ta
goi 7 1a modun cla z va ky hiéu 1a |z|. Géc a dugc goi 1a argument cua z
va ki hiéu 1a arg(z). Chd y rang modun cua mot s6 phic 1a xac dinh duy
nhat va argument cia mot s6 phiic 1a xac dinh sai khac mot bdi nguyén lan
cla 2, tic 1a r(cos o +isina) = r'(cos o +isina’) néu va chi néu r = 1’

vaa=do +2kw véi k € Z.

Vé6i méi s6 phic z = a + bi, 16 rang |z| = v a? + b?> = |Z|. Hon nita, véi

21,29 € Ctacod |21||22| = |21||22| va |Z1 + 22| < |21| + |22|

1.1.4 Chii y. Cho z = r(cos ¢ + ising) va 2z’ = r'(cos ¢’ + isin ') 1a hai

s6 phic. Khi d6 zz" = r1'(cos(p + ¢') + isin(p + ¢)) va néu 2’ # 0 thi
; = %(cos(gp —¢') +isin(p — ¢')). T day ta c6 thé nang lén liy thira
bang cong thitc sau (goi 1a cong thic Moirve):

2" =r"(cosnp + isinny).
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1.1.5 Pinh nghia. S6 phiic u 1a mot cdn bdc n cta s6 phic z néu u" = z.

Chd y rang mdi s6 phiic z = r(cos ¢ + isin ) khdc 0 déu c6 ding n
can bac n, do6 1a

k2 k2
Wi = \"/F(cosuqtisinu),k:0,1,...,n—1.
n n

Pac biét, c6 ding n can bac n ctia don vi, d6 1a

2k 2k
Gk:COS—W—f—iSin—W, k=0,1,...,n—1.
n n

1.2 Khai niém da thirc

Trong suo6t ti€t nay, luén gia thi€t K la mot trong cac truong C, R, Q.

1.2.1 Pinh nghia. Mot biéu thic dang f(z) = a,2" + ... + ag trong d6
a; € K v6i moi ¢ dugc goi 1a mot da thitc cta 4an z (hay bién ) véi hé
s6 trong K. Néu a, # 0 thi a,, dugc goi 1a hé s6 cao nhdt cha f(z) va s
tu nhién n dugc goi 1a bdc ciua f(x), ki hiéu 1a deg f(x). Néu a,, = 1 thi
f(z) dugc goi 1a da thitc dang chudn (monic polynomial).

Chi y ring hai da thic f(z) = > a;x’ va g(z) = _ bz’ 1a bing nhau
néu va chi néu a; = b; v6i moi 7. Ta chi dinh nghia bac cho nhiing da thic
khéac 0, con ta quy udc da thic 0 1a khong ¢6 bac. Ki hiéu K[z] 1a tap cac
da thic 4n z v6i hé s trong K. Véi f(z) = > ax’ va g(x) = > b,
dinh nghia f(x) + g(x) = Y (a; + b))z’ va f(x)g(x) = > cpa®, trong d6
Ch = 34—y aibj. RO rang néu f(z) # 0 va f(x)g(z) = f(z)h(z) thi
g(x) = h(x). Hon nita ta c6

deg(f(z) + g(z)) < max{deg f(z), deg g(z)}
deg f(v)g(r) = deg f(x) + deg g(z).



8

1.2.2 Pinh nghia. Cho f(x),g9(z) € K[z]. Néu f(x) = g(z)g(z) véi

T
q(r) € Klx] thi ta néi rang g(z) 1a udc cta f(x) hay f(z) 1a boi cua g(x)

la
va ta vi€t g(z)|f(z). Tap cac boi cla g(z) duge ki hiéu 1a (g).
Ta c6 ngay cac tinh chat don gian sau day.

1.2.3 B6 dé. Cdc phdt biéu sau la diing.
(i) Véi a € K va k la s6 t nhién ta ¢6 (x — a)|(zF — o).
(ii) Néu f(x) € K[x] va a € K thi ton tai q(z) € K|[z| sao cho

f(x) = q(z)(z — a) + f(a).

Dinh 1i sau day, goi l1a Dinh 1i chia véi du, dong mot vai tro rat quan

trong trong 1i thuyét da thuc.

1.2.4 Dinh ly. Cho f(x),g(z) € K|[x], trong do g(x) # 0. Khi dé ton tai
duy nhdt mot cdp da thic q(x),r(x) € K[z]| sao cho

f(z) = g(x)q(x) + r(x), vdi r(x) = 0 hodc degr(x) < degg(x).

Chitng minh. Truéc hét ta chiing minh tinh duy nhat. Gia st

f(@) = g(x)q(x) +r(z) = g(@)q(x) +ri(z),
trong d6 r(x),r1(z) bang 0 hodc cé bac nhd hon bac cta g(x). Khi d6

9(x)(q(x) — qu(x)) = r(z) —r(z).
Néu r(z) # r(x) thi
deg(r — 1) = deg (9(¢ — q1)) = deg g + deg(q — q1).

Diéu nay mau thuan vi

deg(r — r1) < max{degr,degr;} < degg < degg + deg(q — ¢1).



