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Lo1 no1 dau

Cac bai toan cyc tri 1a mot trong nhitng van dé quan trong ctia ca toan hoc
cao cap lan toan hoc so cap. Trong chuong trinh toan so cap & bac phd thong
trung hoc, gia tri bé nhat ho#c 16n nhat clia cac ham mot bién hoac nhiéu bién
trén mot mien nao dé duge tim bang mot trong cic phuong phap sau day:

- Duing dao ham khéo sat ham s6 trén mién da cho (d6i v6i ham mot bién).

- Dung Iy thuyét vé tam thitc bac hai (phuong phap mién gia tri).

- St dung céc bat ding thiic khac nhau.

Céac bai todn tim gia tri bé nhat hodc 16n nhat ctia ham nhiéu bién (theo
thuat ngit clia todn cao cap) rat thuong hay xuat hién & cau hoi phan loai clia
cac dé thi tuyén sinh dai hoc v& cao ding mon Toan hoc (xem dé thi tuyén
sinh dai hoc mon Toan cac khdi A,B,D tit nam 2002 dén nam 2012). Dé giai cac
bai toan nay thuong phéai van dung phuong phéap thi ba (phuong phap dung
bat dang thiic), hai phuong phap dau hau nhu khong phat huy tac dung. Vi
vay, dé nang cao kha nang gidi cac bai toan cuc tri ciia cac ham nhiéu bién,
hoc sinh phai rén luyén rat nhiéu vé cac bat ding thitc. Cac bat dang thiic ma
hoc sinh phd thong thuong st dung la bat ding thitc Cauchy, bat ding thic
Cauchy —Schwarz (hay con goi 14 bat dang thitic Bunhiacovski). Cac bat dang
thiic nay c6 cac dang tong quat khac nhau, chdng han tong quat hon bat dang
thiic Cauchy 1a bat déng thitc Cauchy suy rong, tong quat hon bat dang thic
Cauchy - Schwarz 14 bat déang thic Holder.

Tac gia Phan Huy Khai (xem [P.H.Khail]) da st dung bat dang thiic Cauchy

suy rong dé tim cyc tieu ctia mot 16p cac ham nhicu bién ma tac gid goi 1a céc
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phan thic chinh quy. Theo huéng nay, trong [H.V. Hung 1] tac gia Hoang Vian
Hung da ding bat ding thiic Holder dé tim gia tri bé nhat hoic 16n nhat cia
mot 16p cac ham nhiéu bién ¢6 dang ti s6 clia hai phan thitc dong dang. Huéng
nghién cttu nay cho thady méi mot bat dang thic chita nhiéu bién hau nhu cho
kha nang két luan ve cic tri cia mot 16p ndo d6 cac ham nhiéu bién. Van deé 1
céc 16p ham dua ra phai di don gian vé dang dé d& nhan biét, c6 nhu vay ngudi
stt dung méi c6 thé nhé va van dung dugce linh hoat.

Ban luan vin “Cuc tri cia mot s6 ham nhiéu bién cé cac dang dic
biét” nghién citu mot sé bat ding thiic chita nhiéu bién va dua ra két luan tuong
ing vé gia tri bé nhat hoac 16n nhat cia mot s6 16p ham nhiéu bién c6 dang dic
biet. Noi dung ctia ban luan vin gom Loi néi dau, 03 chuong va Phan két luan:

Chuong 1: Mot sb cac bat dang thic co dién

Chuong 2: Cuc tri ctia mot sé6 ham nhiéu bién dang dic biét

Chuong 3: Cuc tri ctia cac ham ctia hai da thic dbi xing hai bién

Trong chuong 1 tac gid dua ra cac bat dang thiic co dién Cauchy, Bunhia-
covski, Holder, Mincowski cling v6i mot s6 hé qua v md rong ciia chiing. Tat ca
cac bat déng thic duge dua ra déu duge ching minh chiit ché, theo cach ngin
gon nhat ma tac gid biét.

Chuong 2 danh cho cac dinh Iy vé gia tri bé nhat clia cac phan thic k- chinh
quy, gia tri 16n nhat va bé nhat clia cac ham c6 dang ty sd ctia hai phan thic
dong dang, suy rong két qua cho ty s6 clia cac ham mot bién c6 dang dic biét,
gia tri bé nhat va 16n nhat ctia cac ham ntta cong tinh. Sau mdi dinh Iy déu co
cac vi du minh hoa lay tit cdc dé tuyén sinh dai hoc moén Toan ciia céc khéi A,
B, D tit nam 2002 dén 2012 va mot s6 tai lieu tham khéo vé cac bai toan cuc
tri, bat déng thic. Tat ca cac dinh Iy déu dude ching minh chat ché.

Chuong 3 danh cho viéc xét bai toan gia tri bé nhat va 16n nhat clia cac ham
hai bién biéu dién dugc qua cac da thiic d6i xting ctia hai bitn u = x + y va v =

xy. TAc gid da dua ra va chiing minh hai dinh 1y vé gia tri bé nhat va 16n nhat
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clia cac ham dang nay. Mot s6 vi du minh hoa cho a4p dung ctia céc dinh Iy clia
chuong nay dugce lay tit cac dé tuyén sinh dai hoc mon Toan ctia cac khoi A, B,
D tit nam 2002 dén 2012. Cac vi du khac do tac gid sang téc.

Phan tai lieu tham khao gom 07 tai lieu.

Tac gid xin bay t6 long biét on sau sic t6i thay huéng dan TS. Hoang Van
Hung, Vien Khoa hoc Co ban, Truong Dai hoc Hang hai Viet Nam, thay da tan
tinh huéng dan tac gid trong sudt qué trinh chuan bi luan vian.

Tac gia cing xin chan thanh cam on cac thay co6 cong tac tai: Truong Dai
hoc khoa hoc, Truong Dai hoc su pham, Khoa cong nghé thong tin- Dai hoc
Thai Nguyen, Truong Dai hoc khoa hoc- Dai hoc Qubc gia Ha Noi, Truong Dai
hoc st pham Ha No6i, Truong Dai hoc Hai Phong, Vién Cong nghé Thong tin,
Vien Toan hoc- Vien Khoa hoc va Cong nghe Viet Nam da rat quan tam va tao
diéu kién cho tac gid hoan thanh chuong trinh hoc tap bac cao hoc trong sudt

thoi gian qua.

Hai Phong, ngay 10 thang 5 nam 2013
Tac gia

Lé Minh Tién



Chuong 1

Mot sb6 cac bat dang thiic co dién

Chuong nay chiitng minh mot sb cac bat dang thiic ¢ dién nhu bat ding thiic
Cauchy, bat déng thitc Cauchy — Bunhiacovski, bat déng thitc Holder va cic mé
rong ctia chung. Cac chiing minh dua ra trong chuong nay khong giéng cac cach
ching minh truyen théng clia cac bat ding thic néu trén trong cac sach pho

thong vé chi dé bat dang thiic.

1.1 Bét dang thic Cauchy va cac hé qua

Meénh dé 1.1.1: V6i moi s6 thiec x ta c¢6 bat ding thitc e* > z+ 1. Dau ding
thic xay ra khi va chi khi x = 0.

Chtng minh. Xét ham f(z) =e*—x—1taco f'(x) = e"—1, f'(x) =0+ = 0.
Khi x < 0 ta c¢6 f'(z) <0, khi x > 0 ta c6 f'(z) > 0. Vay f(x) dat cuc ticu thuc
sy va toan cuc tai x = 0. Ta ¢6 f(0) = 0. Vay f(x) > 0 v6i moi s6 thuyc x, dau
ding thitc x4y ra khi va chi khi x=0. Khang dinh nay tuong duong véi bat dang
thiic e > x + 1, dau ding thic xay ra khi va chi khi x = 0.

Dinh Iy 1.1.2 (b4t dang thiic Cauchy): Néu z; (i =1,2,..,n) la n s6 duong
thi:

dau dang thic xay ra khi va chi khi 21 = 29 = ... = 2,
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Chitng minh. Dat A = - > xi, G= | [] =i- Ap dung khang dinh ctia ménh
i=1 \/ i=1

dd 1.1.1 véi x = % —1(i=1,.n)tacé:ei !>

Vachikhi%zlexi:fl).
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Z (dau déng thitc x4y ra khi

Vi cac z; déu la cac s6 duong nén tit bat dang thic trén ta suy ra:
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bang nhau.

Tiép theo ta ky hieu R 1a tap hop céc véc to x = (1, ...,1,) cia R" ma
moi thanh phan z; déu duong, Q7" 1a tap con ciia R}" ma moi thanh phan cta
cac vée to thude n6 déu la cac s6 hitu ti duong. Ta sé goi mdi véc to thuoe QY
1a mot vée to hitu ty duong n- chiéu. Ham thic n bién f(x)= f (21,..., 2, ) goi la
% _

lien tuc tai diem x* = (2%, ...,2%) € R" néu x* thuoc tap xac dinh clia f(x) va

véi moi day {& = (&g, -, Enr) } AM trong tap xac dinh clia f(x) thod man:
lim & =27 Mie{l,..,n}) (1.1)
k—o0

ta luon c6 lim f(g) = f(+*). Khi (1.1) ding ta n6i day {& = (€1p, - &)} hoi
tu téi x* va ky hiéu kli)r{)lo & = x*.

Néu D 1a mot tap con clia tap xac dinh ctia f(x) va f(x) lien tuc tai moi x €D
ta néi f(x) lien tuc trén D. Mot véc to p = (p1, ...,pm) € RY" goi 1a mot hé trong
lugng chuan néu f: p; = 1. Ta c6 ménh dé sau:

Meénh dé 1.1131: Gia stt F(p,x), G(p,x) 1a hai ham xac dinh tréen RY" x R}
va lien tuc theo bién p trén RY™ v6i méi x ¢6 dinh € RY". Khi d6:

1) Néu bat dang thiic F(p,x) > G(p,x) ding v6i moi (p,x) € Q" x RY" thi

né cing dung véi moi (p,x) € RY"™ x R



2) Néu bat dang thiic F(p,x) > G(p,x) ding véi moi cip (p,x) € Q5" x RY"
trong d6 p la mot hé trong lugng chuan thi né ciing ding véi moi cap (p,x) €
R™ x RY trong d6 p la mot he trong luong chuan.

Ching minh. 1) Gia st (p*,x*) la mot cdp tuy § thuoc RY" x RY". Ton
tai mot day {px} cac véc to hitu ty duong sao cho kli_)ﬂolopk = p*. Khi d6 theo gia

thiét ta co:
F(pg,x*) > G(pg,x™) v6i moi k nguyén duong. (1.2)

Cho k dan t6i vo cyc trong (1.2) va dung tinh lien tuc ctia cac ham F, G theo
bién p ta duge dieu can chiing minh: F(p* x*) > G(p* x*).
2) Chitng minh hoan toan tuong ti nhu phan 1). Chi can nhan xét rang néu
p* 1& mot heé trong luong chuan tuy ¥ thi bao gio ciing ton tai mot day cac hé
trong lugng chuan gom toan céac véc to hitu ty duong {ps} sao cho klggo pr = p*.
Dinh 1y 1.1.4 (bat ding thitc Cauchy suy rong):
Gia sit x= (1, 22...7,) 1a mot véc to thuoe RY" va p = (p1,...,pp) 1 mot he
trong luong chuan. Khi dé ta c6 bat ding thec:
n n
Zpixi > fo (1.3)
i=1 i=1
Chitng minh. Trudc hét ta chiing minh bat dang thitc (1.3) dang v6i moi
hé trong luong chuan hitu ty. Gia si p; 1a cac s6 hitu ty duong sao cho i pi = 1.

=1
X = £ £ 2 ~ - 2 my z
Quy dong mau s6 chung cho tat ca cac p; ta c6 thé xem p; = — trong do
m

n 7
mi(i = 1,2,...,n) va m 1a cac s6 nguyén duong thod man > m; = m. Ap dung
i=1
bat dang thic Cauchy cho m sé duong: mq s6 x1, ma S0 @2 ,..., m, SO x, ta
dugc:

EZmlxlzmeZHZExzznxl HZpleZHxl
=1 i=1 =1 i=1 =1 =1

Vay (1.3) ding véi moi cap (p,x) € QY x RY". Dat F(p,x) = > pizi, G(p,x)
i=1

n .
= ljlel
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R0 rang F(p,x) vd G(p,x) la cac ham lien tuc theo p = (p1,...,py) trén mién
R v6i mdi x ¢6 dinh thuoc R7Y". Ap dung khing dinh 2) ctia meénh dé 1.1.3 ta
suy ra tinh ding din ctia bat dang thic Cauchy suy rong (1.3).

Ménh dé 1.1.5: Néu z;(j = 1,2,....k) 1 cic s6 duong thod man ﬁ zj=1
va o/ > 1 thi: "

Ek::v?‘ > Ek::vf (1.4)
j=1 j=1
Nhan xét: Bat dang thiic (1.4) cho cau tra 16i khang dinh déi véi cau héi
dat ra bdi tac gid Le Thong Nhat trong bai bao “Nhitng suy nghi ban dau ve dé
thi tuyén sinh dai hoc mén Toan nam 2001” (Tap chi Toan hoc va Tudi tré sb
8/2001)
Chiing minh. Chitng minh bat dang thiic (1.4) dugc chia lam hai bude:
i) Budc 1: Ta sé chiing minh réng néu m, n 1a cac s6 nguyén duong va m>n
thi: i .
PO
j=1 j=1
V6i méi j € {1,2,...,k} ap dung bat dang thitc Cauchy cho m s6 duong: n s6
m/n

bang z7"" va m — n 80 bang 1 ta co:

nx;.n/n +m—-—n>mz; (j=12,..,k) (1.6)

k
Dat A= x;.n/”, cong cac vé clia k bat dang thitc trong (1.6) roi ap dung
j=1

bat dang thitc Cauchy cho k s6 duong x;(j = 1,2,....k) (ch

Q<\

k
H =1) ta suy
ra: B
k k k
nA+k(m—n)>md> xzj=n) xj+(m—n))
j=1 j=1 j=1

k k
>nY zj+k(m—n)—A>> z;
i=1 i=1
Vay bat dang thtic (1.5) ding, tic bat dang thitc (1.4) ding v6i a 1a sd hitu

L m N 2z A ~ N
ty @« = —, m, n la cac so nguyén duong, m > nva =1
n



