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Lol cam on

Luan van “Bat dang thitc dai s trong tam giac” dudc tac gia hoan thanh
duéi sy huéng dan va chi bao tan tinh cia GS. TSKH. Nguyén Vian Mau.
Dé hoan thanh dudc luan van nay tac gia da nhan dugce rat nhiéu sy dong
vién, gitp dé clia nhiéu c4 nhan va tap thé. Trudc hét, toi xin bay té long
biét on sau sdc dén GS. TSKH. Nguyén Van Mau nguoi thay da huéng dan
t6i thuc hién luan van ctia minh. T6i xin bay t6 long biét on chan thanh té6i
cac thay co gido da gidng day ching to6i trong 16p cao hoc trong hai ndm
hoc vita qua. Toi xin gt 161 cAm on chan thanh téi cac thay co6 trong Ban
Giam hiéu, Phong Dao tao Khoa hoc v Quan hé qubc té, Ban Chti nhiém
khoa Toan - Tin cta truong Dai hoc Khoa hoc - Dai hoc Thai Nguyén va
truong THPT Chu Van An - Thai Nguyén da tao nhitng dieu kién t6t nhat
cho t6i trong quéa trinh hoc tap. Cudi cing t6i xin gii 16i cAm on dén gia
dinh, ban be, nhitng nguoi da luoén bén to6i, dong vién va khuyén khich toi
trong qua trinh thyc hién luan van ctia minh.

Tac gia

Pham Coéng Dinh
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Mé& dau

Bat ding thic trong tam gidc 1a mot phan quan trong ctia toan so cap.
Bat dang thiic dai s6 trong tam giac 14 mot phan chiém vi tri quan trong
trong cac bai toan vé bat dang thic trong tam giac. C6 rat nhiéu cac dang
toan loai kho lien quan dén chuyén dé nay.

Trong cac ki thi hoc sinh gidi qubc gia, thi Olympic toan qubc té, cac
bai toan lien quan dén bat dang thic dai sb6 trong tam giac ciing hay dudc
dé cap v thuong thudc loai kho. Céc bai toan vé chiing minh bat dang
thiic, cyc tri trong tam giac hay cac bai toan vé nhan dang tam giac da
ducc dé cap 6 cac tai lieu boi dudng gido vien va hoc sinh chuyén toan bac
trung hoc pho thong.

Cac két qua nghién citu vé noi dung nay tuong d6i day diu va hoan thien.
Chinh vi vay dé thu dudc két qua méi c6 ¥ nghia vé noi dung nay la rat
khé6. Tuy vay cho dén nhiing ndm gan day mot s6 nha toan hoc van thu
dugc mot s6 két qud méi c6 ¥ nghia vé noi dung nay.

Luan van Bat dang thitc dai s6 trong tam gidc nhim cung cap mot sb
kién thic co ban vé cac heé thic dai s6 clia cac yéu t6 bén trong tam giac,
bat dang thic lien quan dén sé do do dai trong tam gidc. Dong thoi cling
dua ra dugc mot s6 cach xay dung cac bat ding thic dai s6 méi trong tam
glac.

Trong qué trinh hoan thanh luan vin, tac gid da khong nging nd luc
dé hoc héi, tim toi va suu tam cac bai toan vé bat dang thiic dai sé trong
tam giac.

Luan vin gom phan mé dau va ba chuong.

Chuong 1. Cac dang thitc dai s6 lién quan dén tam giac. Noi dung cua
chuong nay nham trinh bay céc dinh 1i co ban vé tam gidc. Dong thai trinh
bay cac hé thic dai s6 clia cac yéu té bén trong tam giac.

Chuong 2. Bat dang thic lién quan dén sé do do dai trong tam gic.
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Chuong ndy nhim gidi thieu mot s6 bat ding thiic dai s6 trong tam giac
duoc xay dung dudgc tir cac hé thic dai s6 trong chuong 1. Dong thoi dua
ra mot s6 dang hé qua quen thudc ctia bat dang thiic AM-GM dé chiing
minh mot s6 dang bat dang thiic dai s6 trong tam gidc. Chuong nay ciing
dua ra mot s6 bai thi hoc sinh giéi quéc gia va quoc té co lien quan dén
bat ddng thitc dai s6 trong tam giac.

Chuong 3. Mot s6 ing dung vao bai toan cuc tri va nhan dang tam giac.
Chuong nay dua ra cac bai toan vé nhan dang cac loai tam giac: Tam giac

vuong, tam giac can, tam giac deu.
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Mot s6 ky hiéu dung trong luan vian

e MO - National Mathematical Olympiad.

e IMO - International Mathematical Olympiad.

e APMO - Asian Pacific Mathematical Olympiad.

e AM - GM - Arithmetic mean - Geometric mean.

* > m - Tong dbi xtng, sym la viét tat clia symmetric.

> e - Tong hoan vi, cyc 1a viét tit ctia cyclic.

® My My M, - lan lugt 1a do dai cac dudng trung tuyén xuat

phat tu cac dinh A, B, C.

ol Iy I, - lan luot 13 do dai cac dudng phan gidc xuat phat
tir cac dinh A, B, C.

o hy; hy; he - 1an luot 14 do dai cac dudng cao xudt phat tir cac
dinh A, B.C.

°7: - 1a ban kinh dudng tron nai tiép.

o R: - 1a ban kinh duong tron ngoai tiép.

® Ty T Te - 14 ban kinh duong tron bang tiép.
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) - la nita chu vi cua tam giac.

oS - la dién tich cta tam giac.
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Chuong 1

Cac dang thic dai s lién quan dén
tam giac

1.1 Cac dinh 1y co ban vé tam giac

Trong luan vin nay, ta sé st dung mot s6 ky hiéu thong nhat trong tam
giac nhu sau.
Cho tam giac ABC, ta ki hieu AB =c¢; AC =b; BC = a.

Dinh ly 1.1 (Dinh 1y ham s6 sin trong tam giac, xem [4],[6]). Trong tam
gidc ABC ludn c6 dang thiic sau

a b o
sinA sinB sinC

2R.

Dinh ly 1.2 (Dinh Iy ham s6 cosin trong tam giac xem [4],[6]). Trong tam
gidac ABC ludn c6 ding thiic sau

a®> = b+ & — 2bccos A;
v = a® + ¢ — 2accos B;
¢ = a® 4 b* — 2abcos C.

Dinh 1y 1.3 (Dinh Iy ham s6 tang trong tam giac, xem [4],[6]). Trong tam
gidc ABC ludn c6 dang thiic sau

A—-B
a—b AT A-B_C
= = tan an —;
a+b A+ B 2 2’
tan 5
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B-C
b—c AN L B-C A
= = tan an —:
b+ c B+C 2 2’
tan
2
C—-A
c—a_tan 9 _ C_At B
o O+A—an 5 an2.
tan 5

Dinh 1y 1.4 (Cong thic tinh do dai dudng cao trong tam giac, xem [4],[6]).
_ 25 2p(p—a)(p—b)(p—¢)

ha |
28 _ 2/l —a)p—b)p—c)
b= = ; ’
h, = ﬁ _ 2v/p(p —a)(p —b)(p — c).

Dinh 1y 1.5 (Cong thtc tinh do dai duong trung tuyén trong tam giac,
xem [4],6)).
, b+ ad

Mo =0 7
o a+c 0
T2 4’
, at4b A
m; = ——.
¢ 2 4
Dinh 1y 1.6 (Cong thic tinh do dai dudng phan giac trong tam giac, xem
[4],[6])-
2bc A
o= cOS—;
b+c 2
2ac B
b= cos—;
at+c 2
2ab C
l. = CcOS—.
a+b 2
Dinh 1y 1.7 (Cong thic tinh do dai ban kinh dudng tron ngoai tiép, xem
[4],[6])-
a b c abc abc

T 2sinA 2sinB  2sinC 45 44/p(p—a)(p—b)(p —c)
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