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MG dau

Luan vin nghién ctu tinh giai dugc ctia bai toan bién Dirichlet cho
phuong trinh Monge-Ampera elliptic trong mién €2 bi chan va 16i chit cla
R"™. Day 1a mot phuong trinh dao ham riéng cap hai phi tuyén hoan toan,
do do6 viéc nghién cttu no6 la phitc tap hon so véi cac phuong trinh elliptic
tuyén tinh hodc 4 tuyén tinh.

Dé tiép can bai toan tren, ngusi ta ding phuong phap lién tuc, trong
d6 dua vao bai toan tham s6 ¢ € [0, 1] sao cho khi ¢ = 0 thi bai toan luon
¢6 nghiém va truong hop khi ¢t = 1 dudgce tuong ing véi bai toan ctia ching
ta. Phuong phap nay doi héi phai tién hanh danh gia tién nghiém trong
> (Q) d6i v6i nghiem ctia bai toan. Do d6, toan bo phan con lai cla
Luan van la danh cho viéc trinh bay danh gia nay.

Luan vian gom hai chuong. Trong chuong I mo ta phuong trinh Monge-
Ampere elliptic, phat biéu bai toan Dirichlet cho phuong trinh nay va tién
hanh danh gia tien nghiéem theo chuan C? (Q) d6i véi nghiem bai toan
trong bén budc.

Phan dau ctia chuong II trinh bay cac danh gia tién nghiem déi véi
phuong trinh elliptic tuyén tinh cap hai. Sau d6 ap dung cac két qua nay
dé danh gia theo chuan C'* déi véi cac dao ham cap hai é bén trong mién €2
va ¢ trén bien 0. Cac két qua nay cliing véi cic danh gia nhan dugc trong
chuong I sé két thic viec danh gia theo chuan C* (Q) d6i véi nghiem. T
do6, dua vao phuong phép lién tuc, suy ra sy ton tai nghiém ctia bai toan

Dirichlet doi véi phuong trinh Monge-Ampere elliptic.
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Chuong 1

Phuong trinh Monge-Ampere
elliptic

1.1 Khai niém phuong trinh Monge-Ampere ellip-
tic

Trong chuong nay, ching ta trinh bay phuong phap lién tuc dé nghien
cttu vé tinh gidi dudc ctia bai toan Dirichlet cho phuong trinh Monge-
Ampere. Phuong phap nay doi hoéi phai danh gida duge nghiém cua bai
toan nay trong khong gian C* (Q) Trong Muc 1.3 ching ta sé dua ra
cac danh gia cho nghiem va dao ham dén cap hai ctia né theo chuan trong
khong gian C (ﬁ)

1.1.1 Dinh nghia phuong trinh Monge-Ampeére elliptic

Gia st © 14 mot mién bi chan trong R™ véi bien 92 tron. Phuong trinh
Monge-Ampeéere c¢6 dang

det (uij) =f (Qj‘) ,x € €, (1.1)

trong d6 x = (x1,x9, ..., 7,), f(z) 1a ham s cho trude Q, u = u () 1a an
ham, w;j () = Uy,e, () 12 dao ham cap hai cia an ham.

Phuong trinh (1.1) dugce goi 1a phuong trinh Monge-Ampere elliptic néu
f(z) > 0, an ham u(z) 13 ham 16i v ma tran [u; (z)] la x4c dinh duong
tai moi diém x € .
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1.1.2 Mot sé tinh chit cia phuong trinh Monge-Ampeére el-
liptic

Toan tit Monge-Ampere M duge xac dinh bdéi
M (u) = det (u;),

doi véi u € C? (). Ro rang, M (u) > 0 néu u(z) 1a 161, va M (u) > 0
néu u la 16i ngit.

D6i v6i ham u 10i ngit, ta sé dua vao toan ti
F (D*u) = log det (u)-
Dinh 1y 1.1. Ta c6 cic cong thic sau

— OF __ _j
F’ij__.._uj;

o 0PF ik, gl
Ej,kl = Oudun u-u,

trong dé (uV) la ma tran nghich ddo cia ma tran Hessian (u;) .

Chiing minh. Chung ta ki hieu A = [Aij} la ma tran cac phan bu dai s
clia ma tran H = [uy], ticla A= (det H) H ' V6ii=1,...... n, ching
ta khai trién dinh thiic theo hang thi 4

det DQU — Ail.uil + o + Amum
Sau d6 dé dang thay
oF 1 G
Ous; — det D2u'14lJ = u.

Tiép theo, c6 dinh 7, j = 1, ..., n, ching ta c6 theo dinh nghia
o =G {O,néui#j'

Lay dao ham dang thiic trén ddi v6i u,,, ching ta c6

(uik)upq.ujk + uik(ujk)upq = 0.
Nhan hai vé v6i v/ va lay téng theo j, ching ta c6
(), = ("), g = i ()

= —qlay?!,
Upq

Upq

hoac
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guﬁ = —ul M,
Ukl

Vi thé ching ta c6 dudgc

OP’F  __ oub il kg
8ui_]-8ukl T Ouy usu.

]

O tren va dudi day, néu trong bidu thiic c6 céc chi s6 lap thi ta quy
dinh 13 1ay tong theo chi s6 lip do.

Dinh 1y 1.2. Ham F la ham lém cia cic doi so cia né, dé la cdc ma tran
zdc dinh duong D*u = (w;). Diéu nay cé nghia la

PF
Duyugy Uik <0,
doi vdi moi ma tran xdc dinh duong M = (mij) .

Chiing minh. Ching ta chéo héa ma tran (u;j). Sau d6 (u") trd thanh ma
tran duong chéo diag ()\1, ..... ,)\”) vi X' > 0,7 = 1,...,n. Do do, ching

ta co

CORF il K o e NE NG a2
8uij6ukl'm1.]'mkl = —u.u 'mlj'mkl - _)\ )\ mlJ S O

]

Trude khi nghién citu vé phuong trinh Monge-Ampere, chiing ta néu ra
mot két qua don gidn déi véi ma tran duong, ma sé can thiét sau nay. Néu
H = (ujj) 1a ma tran duong, khi dé ta c6

Juij| < 3 (i + ujj).

Diéu nay c6 thé dé dang nhin thay nhu sau: khi H duong, bat ky ma tran
duong chéo chinh 2 x 2 ndo déu xac dinh duong. Diéu nay suy ra

2 A
UiJ S ull.UJj.

Bt ding thiic Cauchy sé cho ta két qua bén tréen.
Bay gio ching ta quay tré lai phuong trinh Monge-Ampege

det (uij) = f

Ching ta viét lai n6 nhu sau
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F (D*u) = logdet (u;;) = log f,

cho u 16i ngat
Gia st 0 1a mot dao haum theo hudng tuy ¥ trong R™. Ap toan tit 0 vao
hai vé ctia phuong trinh trén, ching ta c6 dugc

ulOuy; = dlog f.
Diéu nay dan dén toan tit vi phan
L = ul0y,
trong d6 dyu = duy. Khi w 1a 161 ngat, L 1a elliptic. Ching ta nhan dugce
L (0u) = 0log f.
Lay dao ham mot lan nita. Chung ta c6
L (0%u) — u'uf QuyyOuy = 0*log f,
hoac
L (0%u) = uuk du0ugy + 0% log f.
S6 hang dau tién bén phai 1a duong, khi u 1a 16i ngat. Khi d6 ching ta c6

L (82u) > 0% log f.

1.2 Phuong phap lién tuc dbi véi bai toan Dirichlet
1.2.1 Dat bai toan Dirichlet.

Ching ta xét bai toan Dirichlet sau

det u;; = f(z) trong €,
(1.2)
u = trén OS2,

§day f € C*(Q), f >0, trong Q va p € C (9Q) la cac ham s6 dugc
cho truée.
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1.2.2 Khéng gian Holder C* (Q).
o (Q) 14 khong gian cac ham lién tuc trén Q véi chuan
oy = max Ju (2)].

Nguoi ta thuong viét C° (Q) = C ().
Dinh nghia

CH(Q) ={u(z) e C(Q);Due C(Q),V|0] <k},

v6i chuan Hu||ck(0) = > HDﬂuHC(Q)

1B|<k
o) day ta dung cac ki hiéu sau

5 = {517627“'7671}7 6] € Na

8] =B+ Bat ... + B,
D = (Dy,Ds,....D,), D; = 5=,
DP = DD Db

Cho 0 < a < 1, dinh nghia

|u(z)—u(y)|
jriy

Khi do
c* (Q) = {u € C(Q);ul,q < —l—oo},
v6i chuan
lullge () = llullpo() + [ulag-

Véi k 1a mot s6 ti nhién, ta dinh nghia

che(Q) = {u e C"(Q); (D%, o < +00,V]a| = k},
v6i chuan

il = el oraay = lllra) + Siaor D
cac khong gian C* (Q) va Cha (Q) la khong gian Banach.

8
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