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LOI NOI DAU

Mot s6 bat ding thitc noi tiéng nhu bat ding thitc Cauchy, bat dang thic
Jensen, bat diang thic Karamata,...lien quan dén cac ham 16i va cac ham
16m. Mot s6 cac bat déng thic noi tiéng khac nhu bat dang thic Mincowski,
Holder,...liéen quan dén cac ham ntta cong tinh va thuan nhat duong. Dieu
nay chiing t6 nhiéu bat dang thic quan trong la hé qua ciia cac tinh chat
ham s6 thuoc mot 16p dic biet ndo d6. Do d6 nghién citu cac tinh chat cia
cac ham s6 c6 tinh chat dic biét gitp phat hién cac bat dang thic méi va doi
khi 13 cac cach chitng minh méi, don gidn hon cac chiing minh da biét. Ban
luan vin “Mot s6 16p ham dang dic biét va cic bat dang thiic lién
quan” gom Loi n6i dau, hai chuong, phan két luan va Tai lieu tham khéo.
Chuong 1. HAM LOI VA CAC BAT DANG THUC LIEN QUAN

Chuong nay trinh bay dinh nghia ham 16i, ham 16m, cac tinh chat quan
trong ctia ham 16i, ham 16m va cach chiing minh ctia mot loat céc bat dang
thitc noi tiéng dura trén tinh chat cia cdc ham nay: bat ding thic Cauchy, bat
dang thiic Jensen(dang day va dang tich phan), bat dang thitc Holder(dang
day va dang tich phan), bat dang thiic Karamata,...vh cac hé qua. Tac gid
ciing trinh bay ching minh mot loat céc bat dang thic khé trong chuong
trinh toan s cap dua trén cac bat dang thic noi tiéng vira ké treén. Mot sb
trong cac bat ding thic nay, theo ¥ kién chii quan ciia tac gia, chi c6 theé
chitng minh dya trén ly thuyét ham 16i (vi du bat dang thiic Jensen dang
tich phan vd mot sé cac bat dang thitc trong tam gidc ctia muc 1.3.3).
Chuong 2. HAM LOI NHIEU BIEN VA CAC HAM NUA CONGC TINH,
THUAN NHAT DUONG

Chuong nay xét cadc ham 16i nhiéu bién, cac ham nita cong tinh, cAc ham



thuan nhat duong va cac bat ding thic lien quan. Tu litu ctia chuong nay
dugc tuyén chon tit cic tai lieu [N.H. Bingham and A.J. Ostaszewski], [Janus
Matkowski], [H.V.Hung va L.M.Tién]. Cac ham duéi cong tinh va thuan nhat
duong trén mot noén 16i K véi dinh tai khong trong khong gian R™ 14 mot 16p
con clia 16p cac ham 10i tréen K va c6 nhiéu tinh chat kha dic sic. Tac gia
trinh bay mot loat cac tinh chat ctia ham 16i nhiéu bién, cac ham nia cong
tinh, thuan nhat duong, ching minh mot tong quat héa ctia mot két qua
clia Janus Matkowski trong bai bao [Janus Matkowski]. Dia trén sy tong
quat héa nay tac gid da dua ra ching minh ngdn ciia cac bat ding thic
Mincowski ( thuan va nghich) trong trusng hgp tong quéat va bat dang thiic
Holder. Trong chuong nay téac gia ciing ching minh mot sé khing dinh mo
ta dic trung clia cic ham dudi cong tinh va k — thuan nhat trén mot nén 1oi
K trong khong gian véc to thuc V va cho ap dung ctia cac khang dinh nay
dudi dang mot s6 bai toan chiing minh bat dang thic ( ménh dé 2.4.4).
Cudi cling tac gia trinh bay mot md rong clia mot két qua trong [H.V.Hung
va L.M.Tién] (dinh 1y 2.4.6) va cho 3 vi du minh hoa. Ban luan van nay dugc
hoan thanh du6i sy huéng dan ciua T.S Hoang Vian Hung, Vién Khoa hoc
Co ban - Dai hoc Hang Hai Viet Nam. Tac gia xin bay t6 long biét on chan
thanh tdi thay huéng dan vé cac ¥ tudng clia ban luan van ciing nhu si tan
tuy trong cong viéc huéng dan. Tac gid cling xin chan thanh cdm on cac thay
¢0 trong khoa Toan —Tin, Dai hoc Khoa hoc - Dai hoc Thai Nguyén da tao
cac diéu kien thuan loi dé tac gia co thé hoan thanh ban luan vin nay.
Thai Nguyén, ngay 10 thang 5 nam 2014

Nguoi viét

Do Thi Hue



Chuong 1

HAM LOI VA CAC BAT DANG
THUC LIEN QUAN

Chuong nay trinh bay khai niém ham 16i, cac tinh chat ctia ham 16i va cic
bat dang thiec lien quan. Tu litu ctia chuong nay duge tham khao tit cac tai
lieu [Hardy, Littllewood,Polya] va [Zoran K. and others]

1.1 HAM LOI

1.1.1 Dinh nghia
Ham mot bién f(x) goi 1a 16i trén khoang s6 thuc (a;b) néu véi moi cap s6
thuec z,t thuoc khoang (a;b), moi s6 thie A € (0; 1) ta luon c6 bat dang thie:
fOz+ (1 =M1) <Af(2) + (1= A)f(2) (1.1)

Ham f(x) goi 1a 16m trén khoang (a;b) néu -f(x) 16i trén (a;b), néi cach khac,
f(x) 16m trén (a;b) néu véi moi cap s6 thuc z,t thuoc khoang (a;b), moi s6

thuc A € (0;1) ta luon c6 bat dang thiic:
fz+ 0 =Mt) =2 Af(z) + (1 =X2f@)  (1.2)

Néu trong (1.1) va (1.2) khi z, t phan biét ta c6 dau bat dang thic thuc sy
thi ham f(x) goi 1& 161 chat ( tuong ting: 16m chit) trén (a;b). Tinh 161, 16m

ctia ham f(x) trén mot khoang déng hoac nita déng duge dinh nghia tuong tu.



1.1.2 Tinh chit ctia ham 16i vA ham 16m

Tinh chéat 1. Néu f(x) 16i tréen khodng (a;b) thi v6i 3 s6 thic phan biét

X, 7, t thudc khoang (a;b) thod méan t < z ta ludn co:

) = 169 _ /)~ () s
t—x z—x
Chting minh.
—t o
Giés{’ra<t<x<z<b.Dat:)\:x —>1—)\:Z r
z—1 z—t

Vi f(x) 161 trén (a;b) ta co:
fz+ (1 =M)t) <Af(z) + (1= A)f()
o flz) SAf(2) + (1= A)f(1)
< AMf(@) = f(z) <A =N)(f{) — f(x))

o T (@)~ ) € S0 ~ (@)
o HO=S0) 1) =1

Bay gig giasta < x <t <z < b.

Ap dung diéu vita ching minh ta c6:
flo) = f(t) _ fl2) = f() _ f(2) = flo) + f2) = f(2)
r—1 z—1 z—1
< (z—z+ta—t)(f(z) = f(t) =2 (@ =t)(f(2) = f(x) + f(z) = f(t))
< (2 —2)(f(z) = f() = (z = t)(f(2) = f(z))
f)~ fx) _ 1)~ f(o)
Cubi cﬁng,tr}eu:lv a<t< ZZ<_Xx< b, ap dung diéu vita chitng minh ta co6:
72— ) _ fa)— (D)
z—1 - r—1
< (@=0)f(z) = fl@)+ f(z) = f(t) < (z—z+z—1)(f(z) — f(1))
< (z=1)(f(z) = f(z)) < (2 —2)(f(z) = f(¢))
ft) = flz) _ f2) = f(x)
Vay tlni_chg;t 1 dugce cili_ng minh hoan toan.

Nhan xét : Néu f(x) 12 16i chat thi trong bat dang thitc (1.3) dau “ <” dugc

—

<

thay bang dau “<” vi theo cach dit tac6 0 < A < 1.
Tinh chat 2. Ham f(x) 16i trén khodng (a;b) lién tuc v c6 dao ham mot
phia tai moi diém x thuoc khoang (a;b), dong thoi f/ (z) < f(z) v6i moi
€ (a;b). Néu f(x) xac dinh trén khodng déng [a;b], 16i trén khoang mé (a;b),
lien tuc phai tai a, lien tuc trai tai b thi f(x) 10i tren khoang déng [a;b].
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(Cac ky hieu f’ (z), f} (z)tuong tng chi dao ham trai va dao ham phai cua
ham f tai x)

Ching minh. Gié st x 1a s6 tuy ¥ thuoc khoang (a;b) va t < x < z. Theo
tinh chat 1 ta co:

f(t) — o) _ f2) = @)

t—x Z—x
o (z—2)(f(@) - f{) < (@=0)(f(2) = flz)) (1.4

Co6 dinh t va cho z — a trong (1.4) ta dugc:

lim inf f(2) > f(2) (1.5)

z—xT

Bay gio gid stt x < t < z. Lai dung tinh chat 1 ta co:

flt) — f(x) _ f(2) = f(2)

t—x Z—
o (z—2)(f@) - flx) <t —2)(f(z) — flx))  (1.6)

Trong (1.6) ¢6 dinh z va cho t — z™ ta duge:

lim sup f(t) < f(x) (1.7)

t—at
T (1.5) va (1.7) suy ra: lim f(z) = f(x)
Z—T
Vay f lién tuc phai tai x. Chitng minh tuong tu ta ciing nhan dugc f lién

tuc trai tai x. Vay f lién tuc tai x tuy y thuoc khoéng (a;b).
f(z) = f(z)
) z2—x

bién x, z, duge xac dinh khi x, z phéan biét va thudc khoang (a,b), c¢6 tinh

T tinh chat 1 ta suy ra dai lugng As(z, z) = la ham cta hai

chat doi xing Ay(z, z) = Ap(z,z). Gid st t < x < z, theo (1.3) dai lugng
N B
—

2
vé trai ctia (1.3). Do d6 ton tai giéi han hitu han:

f(tz : i(X) < lim, w = 1, (x) (1.8)

ft) = f(x)

t—x
chén trén bdi vé phai ctiia (1.8), do d6 ton tai gi6i han:

i MO0y TG = T@)

t—x~ t—x z—xt Z—X

khong giam theo z trén (x; b) va bi chian dudi béi

Dai lugng As(t,x) = 14 ham khong gidm theo t trén (a;x) va bi

= f+/(33)



Vay phan dau ctia tinh chat 2 duge chiing minh. Bay gio gia st f(x) 161 trén
khoédng mé (a;b) va z = a, t€ (a;b). Khi d6 v6i z’ tiy § € (a;b) va A € (0;1)
ta co :

FO 4 (1= X)) < AF() + (1— NF()
Cho 7z’ dan t6i a™ va dung tinh lien tuc ctia f(x) trén (a;b), tinh lién tuc phai

clia f(x) tai a tit bat dang thiic trén ta nhan duge bat dang thiic:
fQa+ 1 =Mt) <Af(a) + (1= A)f(t)

Vay bat dang thiic (1.1) trong dinh nghia 1.1.1 duge théa man khi z = a,
t € (a;b). Hoan toan tuong tu ta c6 thé chiing minh duge bat dang thiic
(1.1) dugc théa man khi z € (a;b), t = b hodc z =a, t = b. Vay f(x) 16i trén
khoang dong [a;b].

Tinh chat 3. Néu f(x) c6 dao ham va f ’(x) khong gidm trén (a;b) thi
f(x) 101 trén (a;b). Néu f(x) c6 dao ham cap hai f ”(x) > 0 trén (a;b) thi f(x)
161 tren (a;b). Néu f ’(x) khong tang trén (a;b) thi f(x) 1om trén (a;b). Néu
f(x) ¢6 dao ham cap hai f ”(x) < 0 trén (a;b) thi f(x) 16m trén (a;b).
Chitng minh.

Vi diéu kién f 7(x) > 0 kéo theo f ’(x) khong gidm trén (a;b) nén chi can
chitng minh khang dinh tht nhat. Gid st t < z 1a hai s6 thyc tuy ¥ thuoc
khoang (a;h) va 0 < A< L. Dat:z=Xz+ (1 - Nt >t <z <z

Ap dung dinh 1y Lagrange cho ham f trén cac khoang (t:x) va (x;z) ta dugc:

(1 =N () = F{) + A(f(z) = f(2))
=1 =Nz -t)+Af(B)x—=2)  (1.9)
Trong dot<a<z<f<z.Viz—t=ANz—1t), z—x=(1-XN)(z—1),
tit (1.9) ta co:
(1 =X (f(z) = (1) + A(f(2) =
SAMI= N —0(f(a) — F(B) <0 (110)
Bat dang thiic (1.10) tuong duong véi bat dang thie:
FOZ+ (1= Mt) < Af(2) + (1= f(t)
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