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MG dau

Bat dang thtc la chuyén dé quen thudc va quan trong doéi véi Toan hoc
va ngudi lam Toan, hoc Toan. Cac bai toan vé bat dang thitc c6 mat trong
hau hét dé thi hoc sinh giéi, Dai hoc, Olympic... Trong phan phéi chuong
trinh chuyen sau Toan 10 Trung hoc phd thong do Bo gido duc an hanh,
ngoai noi dung bat budc, chuyen dé bat dang thic chiém khoang 12 tiét
trong s6 55 tiét chuyen deé. Tuy nhién day 1a chuyén dé kho vi doi hoi ngudi
lam Toan phai c6 von kién thitc vitng vang, dong thoi linh hoat, sang tao
van dung kién thic khi gidi Toan. Ciing chinh vi Ii do d6 ma cac bai toan
vé bat dang thic vo cling phong phi, da dang. N6 khoi goi 6c sang tao, tu
duy, gép phan hinh thanh, ciing ¢d va phét trién nang luc phan tich, giai
quyét van dé clia nguoi hoc Toén.

Nguyéen ly Dirichlet duge phat biéu dau tién bdi nha toan hoc Dric
Johann Peter Gustav Lejeune Dirichlet (1805-1859) nhu sau: “néu nhot
n + 1 con thé vao n cdi chuong thi bao ¢io ciing c6 mot chuong chia it
nhat 2 con thé”. Day 1a phuong phap thong dung va hiéu qua dé giai nhiéu
dang toan.

Hién nay c6 mot s6 dé tai da tim hiéu va tng dung nguyén 1i Dirichlet
vao giai mot vai dang toan nhung chua cé ai tap trung khai thac ré viéc
van dung nguyéen 1y Dirichlet vao chiing minh bat dang thic. Mat khac
van dé nay da dudc néu trong tap chi nhu tap chi Toan hoc va Tudi tré,
nhung méi chi ding & ¥ tudng, vai vi du don gian va dua ra cac bai tap.

Vi nhitng 1i do trén nén to6i chon dé tai “Ij’ng dung nguyén ly
Dirichlet vao ching minh bat dang thite” lam dé tai luan van Thac
si.

Luan van gom hai nhiém vu nghién cttu chinh
e Tong quan vé bat ding thic ¢ pho thong.

e Van dung nguyén ly Dirichlet vio chiitng minh mot vai bat dang thric.



Ngoai phan md dau va phan két luan, luan van gom hai chuong

Chuong 1: So lugc vé chiing minh bat dang thic

Noi dung chuong 1 giéi thieu vai phuong phap chiing minh bat dang
thitc kem theo vi du minh hoa cho titng phuong phap & trusng pho thong.

Chuong 2: Ung dung nguyén ly Dirichlet vio chitng minh béat
dang thic

Noi dung chuong 2 néu téong quan vé nguyén ly Dirichlet, tng dung
nguyéen 1y Dirichlet vao chiing minh bat déng thitc va mot sé vi du minh
hoa chiing minh bat ding thic bing cach sit dung nguyeén ly Dirichlet.
Cudi chuong 2 14 mot s6 vi du dé doc gid tham khao va tu ching minh.

Trong qué trinh lam luan van, chung t6i da tham khéo, st dung cac tai
lieu boi dudng hoc sinh gidi, gido trinh ciia GS.TSKH. Nguyén Van Mau,
Tap chi Toan hoc va tudi tré tit nam 1964, dé thi Dai hoc tit nam 1970
dén nay, mot s6 dé thi Olympic Toan...

T6i xin gtii 16i cam on t6i Ban Giam hiéu, khoa Toéan - Tin, phong Dao
tao truong Dai hoc Khoa hoc - Dai hoc Thai Nguyeén, cac thay co gido
da trang bi kién thic va tao diéu kién tot nhat cho toi trong qua trinh
hoc tap va nghién citu. Xin bay t6 long cdm on chan thanh va sau sic tdi
PGS.TS. Trinh Thanh Hai, ngusi da tan tinh chi bdo, huéng dan t6i hoan
thanh luan van.

Mazc du luan van da hoan thanh nhung khong tranh khéi nhiing thiéu
sot. Toi rat mong nhan duge nhiing 10i dong gop ¥ kién clia cac thay co
gido va cac ban vé nhitng mat tich cuc va han ché dé luan vian dudc hoan
thién hon.

Thai Nguyeén, thang 04 nam 2014

Hoc vién

Bui Thi Lan Huong



Chuong 1

So ludgc vé chitng minh bat dang
thuc

1.1 Bat dﬁng thic

e Khai niém bat dang thiic

Dinh nghia 1.1. Cho hai s6 thuc a va b. a dugc goi 1a 16n hon b, ki hiéu
a > b néu hieu a — b 1a mot s6 duong; a dugce goi 1a 16n hon hoic bang b,
ki hieu @ > b néu hiéu a — b 13 mot s6 khong am; a dude goi 1a nhé hon

b, ki hieu @ < b néu hiéu a — b 1a mot s6 am; a dude goi 1a nhdé hon hoac
bang b, ki hieu a < b néu hiéu a — b 14 mot s6 khong duong.

e Mot vai tinh chéit ctia bat dang thic
Véi cac s6 thuce a, b, ¢ va so6 tu nhién n luon c6 tinh chat
a>b << a—0>0.
a>b < a+c>b+c
04> b e g2t S g2l
la|>|b| <= a® > b
a>b <= a=>bhoaca >b.
Vé6ia >b,c >0 <= ac > bc.
V6ia >b,c <0 <= ac < bc.
a>bb>c < a>c.
la|<a <= a>0va —a<a<a.



1.2 Mot vai phuong phap ching minh bit dang
thic

1.2.1 Phuong phap bién déi tuong duong

oY tudng

- Dé chiing minh bat ding thtc bing phuong phap bién doi tuong
duong ta st dung mot s6 bién doi so cap dé dua bat ding thic can
ching minh vé bat dang thiic méi, trong dé bat dang thic méi hien
nhién ding hodc ta c6 thé chitng minh duge.

A>B&C>D

(trong d6 C' > D la bat dang thitc hién nhién ding hodc ta c6 thé
chitng minh dugc.)

- C6 2 phuong phap bién doéi tuong duong 1a bién déi tuong duong truc
tiép hodc dit an phu roi bién doi tuong duong.

e Vi du minh hoa

Vi du 1.1 (JMO 2004 - [5]). Cho a,b,c > 0,a+ b+ ¢ = 1. Chitng minh

rang
l+a 14b 1+4c b ¢ a
<2(—-4+-+-]. 1.1
1—a+1—b+1—c_ <a+b+c> (1)
~ P ~ A 2, A s . X - ]‘+a’: A~ s A
Nhan xét 1.1. Cac so hang & ve trai déu c6 dang 1 nén ta viet
—
1—|—.7:_1Jr 2z
1—a 11—z

Giai
Ta bién ddi bat dang thic (1.1)

2a 2b 2c b ¢ «a
1.1 3 <2l —-4+-+-
(1) Jr1—a+1—b+1—c_ (a—kbJr )

st ) el

c b+c a cH+a b a+0b) 2
ab N bc n ca >3
cb+c¢) alc+a) bla+d) — 2




Ta co

(Vmﬁa'ﬂﬁ;+%mﬁ@'ﬁ;5+

Theo bat dang thitc Bunhiacovski ta c6

ab — bc — ac — i
<\/c(b+c). bret alc+a) C+a+\/b(a+b). a+b>

< ab N be n ac
~ le(b+c¢)  alc+a)  bla+D)

(VF_ VF_ ¢aj [ h+c+a@%ﬂ>+mjim]pm+b+@y

Theo bat dang thitc AM-GM ta c6

b) -\/a—l—b) .

]pm+b+@]

(a+b+c)* > 3(ab+ be + ca)

én
ab be ac ? ab be bc ac ac ab
— +\/—+4/=—] =3 —— =+ —
c a b c a a b b ¢

=3(b+c+a).
Suy ra
3(a+b+c)<[ ab + e + ][2(a+b+c)].
~ le(b+c¢)  alc+a)  bla+Db)
Hay
ab bc ac 3
c(b+c)+a(c+a)+b( +b)2§
Ta suy ra

1+a+1+b+1+c<2 b+c+a
l—a 1—b 1—c— '

a b c
Bat dang thic (1.1) dude chitng minh.



Vi du 1.2 (IMO 1995 - [5]). Cho cdc s6 duong a,b,c théa man diéu kién
abc = 1. Chiing minh rang
1 n 1 n 1
adb+c¢) bV(c+a) Ala+b)

> ; (1.2)

Nhan xét 1.2. Vai tro clia a, b, ¢ trong bat dang thic 13 nhu nhau. Mt
khéc vé trai clia bat dang thiic chita a?, b2, ¢ va a, b, ¢ nhung khong c6 bac
hai dang ab, be, ca. Do d6 ta dat an phu cho ab, be, ca.
Giai
Dat
bc = x,ca =y,ab = z.
Khi d6 theo gia thiét abc = 1 ta dugc

1 1 1
7b y)c

a

Suy ra
b=

a = Cc =

SHE

1
y oz

Ap dung bat ding thic AM-GM, két hop vé6i gia thiét abe = 1 ta ¢6

1 1 1 ./ 1
THy+z==—+-+->3/—=3.
a b ¢ abe

Bién doi bat dang thic (1.2) ta c6

3 3 3
Y z 3
e+t 1+t 1235
y z z x T Y
Byz  yP.ao 23.:1:y>3
y+z z4+zx x4y~ 2
72 2 2 3
Yy z
& + + > >
y+z z4+zx x+y” 2

Do vai tro clia a, b, ¢ ciing nhu clia x, v, z 1a nhu nhau, khong lam mat

tinh tong quat, ta c6 thé gia thiét
a>b>c>0.

Suy ra
O<zx<y<Lz.



Khi do
x? <y < 2P
1 1 1
< < :
Y+ z Z+x r+vy
Suy ra

22 y? 22 22 y? 22
+ + > +
y+z z+r x+y y+xr z2z4+y xT+2
2 2 2 2 2 2
x z x z
+ L4 > + L =
y+z z+4+x x+y x+z yt+txr z+vy
Cong vé véi vé ta dugc
2 2 2 2 2 2 2 2 2
x z 1 (242 +x z° +
+ Y + Z—( +y + Y
y+z z4+xz z+y 2\ z+z y+x z+y

Theo bat ding thic AM-GM thi

242> (x+ 2)?
2

2

2+t > (y + )
2

2

2P > (Zzy)

va két hop véi o + y + 2 > 3 ta duge

1 /22422 2t a2 2242 1
(:L‘ +z+y +x+z +y)Z

T+ z y+x z+y 2
Suy ra
z? y? 22 3
+ + > =
y+z2z z4+zx T4+y 2
Vay
1 N 1 n 1 >3
a?b+c) b(ct+a) Ala+d) — 2

Bat dang thic (1.2) duge chiing minh.

3

)



1.2.2 Phuong phap phan ching
e Y tudng
Phuong phép phéan chiing dé chiing minh bat dang thic thuong ding
khi diéu kien bai toan thi phiic tap, con bat déng thic can ching minh
thi don gidan. Khi do6 ta dao diéu kién va két luan ctia bai toan cho nhau.
Mubn chitng minh bat ding thic A > B bang phuong phap phan
chitng, ta gid st A < B. Bang lap luan ta suy ra diéu mau thuan. Do d6
diéu gia stt 1a sai. Vay nén bat ding thic A > B dung.

e Vi du minh hoa

Vi du 1.3 (IMO 2001 - [1]). Cho a,b,c la cic s6 thuc duong. Chiing minh

rang

a b c
+ + > 1. 1.3
Va2 +8be Vb2 +8ca 2+ 8ab (1.3)

Nhan xét 1.3. Dé mat dau can thiic § vé trai clia bat dang thic ta dat
an phu cho ting sé hang.

Giai
Dat
o a
Va2 £ 8be
b

Y= T Sa
C
V2 + 8ab

Vi a, b, ¢ 1a cac s6 thuc duong nén z,y, z cling 1a cac s6 thuc duong.
Mat khac ta co

a a
Va2 +8bc Va2
b b
VB2 +8ca Vb2
c c
= = 1.

Do d6 z,y, z € (0;1).



