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LO1 cam on

Trong qua trinh hoc tap va nghién citu tai Truong Dai hoc Khoa hoc-
Dai hoc Thai Nguyén. Toi dude nhan dé tai va nghién citu dudi sy huéng
dan ciia PGS.TS Lé Thi Thanh Nhan, luan van "Vé cac dong nhat thic
ctia Euler va Rogers-Ramanujan trong 1i thuyét phan hoach cac s tu
nhien" da dudc hoan thanh. C6 dude két qua nay, 1a do su day bao,
huéng dan hét siic tan tinh va nghiém khic ctia Co. Toi xin bay to long
biét on chan thanh va sau sic t6i Co va gia dinh!

To6i ciing xin gt 161 cdm on chan thanh dén Ban giam hiéu, Phong
Dao tao sau dai hoc va Khoa Toan- Tin ctia Truong Dai hoc Khoa hoc-
Dai hoc Thai Nguyén da tao moi diéu kien thuan loi gitp do toi trong
qua trinh hoc tap tai Truong va trong thoi gian nghién cttu hoan thanh
luan van nay. Sy giap dé nhiét tinh va thai do than thién ctiia cac thay co
gido, cac can bo thuoc Phong Dao tao, Khoa Toan- Tin da dé lai trong
long mdi ching t6i nhitng an tuong hét stc tot dep.

To6i xin cadm on UBND huyén Xin Man, Phong Gido duc va Dao tao
huyén Xin Man ndi téi dang cong tac da tao moi diéu kién thuan loi deé
toi hoan thanh khoa hoc nay.

Toi xin cam on gia dinh, ban be, dong nghiép va cac thanh vién trong
16p cao hoc Toan K6A (khéa 2012-2014) da quan tam, tao diéu kién, co
vil va dong vien dé toi ¢6 thé hoan thanh nhiém vu ctia minh.

Toi xin tran trong cam on!



Lo1 no1 dau

Mot phdan hoach clia s6 nguyen duong n 14 mot cach viét n thanh
tong clia cac sé nguyén duong. Hai cach viét n thanh tong céc s6 nguyén
duong chi sai khéac thi tu cac s6 hang dudc coi 1a hai biéu dién ciia ciing
mot phép phan hoach, chang han 10 =14+4+5val1l0 =4+ 1+51a 2
cach biéu dién clia cting mot phan hoach ciia 10. Vi thé, trong luan vin
nay ching ta quy udc viét méi phép phan hoach ctia n dudi dang mot
day (p1,p2,...,pr) cac s6 nguyén duong gidm dan (ho#ic tang dan) sao
chon =p; + ...+ pp. Cac sd p1,...,pr dudc goi 1a cac thanh phan hay
cac s0 hang clia phép phan hoach.

Vao Thé ki 18, Leonhard Euler 13 nguoi dau tién giéi thieu va nghién
ctitu Ii thuyét phan hoach cac s6 tu nhién. Ki hieu P(n) 1a s6 phép phan
hoach cta n, ta goi P(n) 1a ham phan hoach. Sau khi Euler dua ra mot
cong thitc truy hoi dé tinh P(n), hang tram nha toan hoc khac da co
gang tim cac thuat toan dé tinh P(n), nhung cho dén nay né van dang
13 mot thach thic 16n ctia Toan hoc. Tt cac dong nhat thiic noi tiéng veé
P(n) phat hién bdéi Ramanujan nam 1921, ngudi ta tiép tuc quan tam
dén tinh chat dong nhat thiic cia P(n). Nam 1960, M. Newman da gia
thuyét rang véi moi cip so tu nhién m, r ton tai vo han s6 nguyén duong
n sao cho P(n) = r(mod m). Ké qué t6t nhat tra 16i cho bo phan clia
giad thuyét nay thuoc vé Ken Ono trong bai bdo trén tap chi Ann. Math.
niam 2000 va Ahlgren-Boylan trong bai bao trén Invent. Math nam 2003.

Luan van nay quan tam dén mot s6 dong nhat thic quan trong ve
phan hoach c6 diéu kién, titc 1a nhitng phan hoach sao cho cac sé hang ciia
n6 thoéa man mot diéu kién ndo d6. Muc dich ctia luan van 1 trinh bay
chi tiét chitng minh mot sé dong nhéat thiic ctia Euler, Rogers-Ramanujan

va cac md rong clia ching lién quan dén cac phan hoach c6 diéu kien.
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Déng nhit thic cua Euler. Sé phan hoach ciia n thanh cdc so
hang phan biét chinh la s6 phan hoach cia n thanh nhing so hang lé,

Pong nhat thiic cia Rogers-Ramanujan. S6 phdn hoach cia n
thanh nhitng s6 hang khdc nhau it nhat 2 don vi bang s6 phan hoach cia
n thanh nhing so6 hang dong du vdi 1 hodc vdi 4 theo modun 5.

Luan van chit yéu dua theo 3 tai lieu sau day:

1. S. Ahlgren and M. Boylan, Arithmetic properties of the partition
function, Invent. Math. 153 (2003), no. 3, 487-502.

2. H. L. Alder, Partition identities - from Euler to the present, The
American Mathematical Monthly, 76 (1969), 733-746.

3. G. E. Andrews, The theory of partitions, Cambridge University
Press, 1998.

Luan vin gom 2 chuong. Chuong 1 danh dé trinh bay cac khai niem
va tinh chat co ban vé phan hoach cac s6 tu nhién, tam giac Pascal va
phan hoach c6 diéu kien. Chuong 2 trinh bay céc két qua chinh ciia luan
van, bao gom dong nhat thic ctia Euler va cadc md rong; dong nhat thiic
cua Rogers- Ramanujan va cac md rong.

Phuong phap chinh dugc st dung dé ching minh cac két qua la
phuong phap do thi, phuong phap diing ham sinh va st dung khéo 1éo

song anh gita cac tap hgp.



Chuong 1

Khai niém phép phan hoach cac sb6
tu nhién

Phép phan hoach s6 ti nhién dugce nghién citu dau tién béi Leonhard
Euler (15/04/1707 - 18/09/1783), mot nha toan hoc thien tai ngudi Thuy
St ctia Thé ki 18. Khai niém phép phan hoach s6 ty nhién di xuat hién
trong nhicu linh vuc khac nhau ctia Toan hoc, Vat 1i. Mot trong nhitng
két qua bi an va noi tiéng trong li thuyét phan hoach sé tu nhién la
cac dong nhat thic Roger-Ramanujan, da duge st dung va gan két vdi
nhtng chuyén nganh To6 hgp, Li thuyét s6, Da thic déi xiing, Nhom doi
xiing, Li thuyét biéu dién nhém, Thong ké Vat 1, Li thuyét xac xuét,
Giai tich phrc, ...

Trong sudt chuong nay, luon gid thiét n 13 mot sd6 nguyéen duong. Muc
dich ctia Chuong 13 gi6i thieu mot sé khai niém va tinh chat co sé trong
If thuyét phan hoach cac sd tu nhién, ham phan hoach, phép phan hoach

c6 dieu kién.
1.1 Phép phan hoach cac sbé tu nhién

1.1.1 Dinh nghia. Mot phép phan hoach clia sd nguyén duong n 13 mot

biéu dién n thanh tong ciia cac sé nguyén duong.

Mot phan hoach c6 thé biéu dién thanh nhi¢u dang. Chang han,
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6 =5+1va 6 =145 la hai dang biéu dién clia ciing mot phan hoach s6
6 thanh hai thanh phan 5 va 1. Nhu vay, hai dang biéu dién ctia n thanh
tong cac s6 nguyéen duong dude xem 1a clia cling mot phép phan hoach
néu ching chi khac nhau vé tht tu cac s6 hang. Cu thé, hai dang biéu
dienn=a1+...+a,van=>b;+ ...+ b,, trong dé ay,...,a,,bq,...,bs
la cac s6 nguyén duong ducc coi 1a clia ciing mot phan hoach néu r = s
va ton tai mot phép hoan vi o ctia tap {1,2,...,7} sao cho a; = b, (i)

v6i moi i =1,...,r. Cu thé ta xét vi du sau
1.1.2 Vi du. C6 11 phép phan hoach s6 6 sau day:

6 = 6 (phan hoach thanh mot thanh phan)

6=4+2=5+1=3+3 (phan hoach thanh hai thanh phan)
6=4+14+1=3+4+2+1=2+2+2 (phan hoach thanh ba thanh phan)
6=34+1+1+1=2+2+1+1 (phan hoach thanh bon thanh phan)
6=2+1+1+1+1 (phan hoach thanh nam thanh phan)
6=1+1+1+1+1+1 (phan hoach thanh sau thanh phan).

Ta thay, mdi phan hoach s6 n ¢6 nhiéu dang biéu dién khac nhau (cac
bieu dién phu thuoc vao tht tu ciia cdc hang tit cia phan hoach). Vi
thé, cho thuan tién ching ta quy uéc chon biéu dién chuan 1a dang biéu
dién n = p; + ... + pi sao cho cac thanh phan p; xép theo thi tu tit 16n
dén bé: p; > py > ... > p;. Chang han trong 6 biéu dién 6 =1+ 2 + 3,
6=3+1+2,6=14+34+2,6=34+24+1,6=24+143,6=2+4+3+1cua
ciing mot phép phan hoach s6 6, ching ta chon dang biéu dién chuan

6=3+2+1vibo (3,2,1) sip theo thit tu tir I6n dén bé.

1.1.3 Cha y. Méi phan hoach s6 n c¢6 duy nhat mot dang biéu dién
chuan, tiic 14 biéu dién n thanh tong cac sé nguyen duong xép theo thit

tu tit 16n dén bé. Vi thé, ta co6 thé coi mot phan hoach s6 n 14 mot bo
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(p1,...,pr) cac s6 nguyen duong thdéa man p; > py > ... > p; va tong

ctia chung dang bang n. V6i ki hieu nhu vay, thay cho cach viét 11 phan

hoach sau day ctia s6 6

6=6, 6=4+2 6=5+1,6=3+3, 6=4+1+1,
6=3+2+1 6=2+2+2 6=3+1+1+1,
6=2+2+1+1,6=2+1+1+14+1, 6=1+1+1+1+1+1

ta co thé viét lai cac phan hoach nay nhu sau

(6),(4,2),(5,1),(3,3), (4,1, 1),
(37 27 1)7 (27 27 2)7 (37 17 17 1)7 (27 27 17 1)7
(2,1,1,1,1),(1,1,1,1,1,1)

1.1.4 Dinh nghia. S6 phan hoach ctia n duge ki hieu la P(n). Ham
P(n) dugc goi 1a ham phan hoach. Cho thuan lgi, ta quy uwée P(0) = 1.

Ta xét mot s6 vi du sau

1.1.5 Vidu. Ta c6 P(1) = 1, P(2) = 2, P(3) = 3, P(4) = 5, P(5) = 7,
P(8) = 22.

RG rang P(1) =1 vi (1) 1a phan hoach duy nhat ctia 1.

Ta c6 P(2) =2 vi 2 ¢6 hai phan hoach la (2),(1,1).

Ta c6 P(3) =3 vi 3 ¢6 3 phan hoach 1a (3),(2,1),(1,1,1).

Tac6 P(4) = 5vi4 c6 5 phan hoach 1a (4), (3,1), (2,2), (2,1,1), (1,1, 1, 1).
Ta c¢6 P(5) = 7 vi ¢6 ding 7 phan hoach s6 5 sau day

(5),(4,1),(3,2),(3,1,1),(2,2,1),(2,1,1,1),(1,1,1,1,1)



Ta c6 P(8) = 22 vi 8 ¢6 22 phan hoach sau day

(8),(7,1),(6,2),(5,3),(4,4),(6,1,1),(5,2,1), (4,3,1),
(4,2,2,(3,3,2),(5,1,1,1),(4,2,1,1),(2,2,2,2), (3,2, 2, 1),
(3,3,1,1),(4,1,1,1,1),(3,2,1,1,1),(2,2,1,1,1,1),(3,1,1,1, 1,1, 1),
(2,2,2,1,1),(2,1,1,1,1,1,1),(1,1,1,1,1,1,1,1)

Két qua tiép theo 13 mot danh gia ctia ham phan hoach.
1.1.6 Ménh dé. Vdi médi s6 nguyén duong n ta cé
P(2n) > Pn)+ Pln—1)+...+ P(2) + P(1).

Chiing minh. V6i moi r € {n,n—1,...,2 1}, ki hiéu B, la tap cac phép
phan hoach s6 . Khi d6 s6 phan tit ctia B, 1a P(r). Gia st (p1,...,p) €
B, 1a mot phép phan hoach s6 7. Khi d6r > p; > ... > pp, > 1. Vi
2n—r>n>rnén22n—r >p; > ... >pp, > 1.Dodé 2n—r,p1,...,px)
12 mot phép phan hoach s6 2n. Vi thé, véi mdi r € {n,n —1,...,2,1},
c6 dung P(r) phép phan hoach s6 n sao cho thanh phan thi nhat 13
2n — r va cac thanh phan con lai khong vugt qué r. Ro rang, néu r,r’ €
{n,n—1,...,2,1} v6i r # r’ thi hai phép phan hoach (2n—7r,p1,...,px)
va (2n—1",p1, ..., pr) cia s6 2n la khac nhau, v6i moi (py,...,pr) € B,
Vi thé P(2n) 16n hon ho#ic bang sé phan tt cua |J_, B,, tic la

P(2n) > P(n)+ P(n— 1) + ...+ P(2) + P(1).

1.2 Tam giac Pascal

Trong tiét nay, chiing ta cting tim hiéu cach tinh s6 phan hoach P(n)
ctia n theo mot bicu do hinh tam giac, goi 1a tam gidc Pascal. Trong

suot luan van nay ta dung ki hiéu sau.



