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Mé dau

Gia stt M 1a modun hitu han sinh trén vanh Noether A. Quy tich Cohen-Macaulay cua

M ki hiéu 1a CM(M), n6é dugdc xac dinh bdi cong thic
CM(M) = {p € Spec(A) | M, 1a A,—m6dun Cohen-Macaulay }.

Ta dé thdy quy tich Cohen-Macaulay ctia mdt mddun Cohen-Macaulay 1a Spec(A), va
cia mot mddun Cohen-Macaulay suy rong M trén vanh dia phuong (A, m) chida tip
Spec(A) \ {m}. Vi thé trong nhiing trudng hop nay, CM(M) 1a tap con md clia Spec(A)
ddi v6i topd Zariski. Tinh chit topo ctia quy tich Cohen-Macaulay ctia cdc modun 12 mot
cong cu quan trong. T. Kawasaki [9, Dinh ly 8.3] da chi ra rang khi vanh A la catenary
(xem Pinh nghia 1.2.5), thi tinh m& cia CM(B) (cla bat ki A—dai s6 hitu han B) 1a mot
gia thiét quan trong dé€ nghién ctu tinh hitu han ctia cac phiic Cousin €4 (M) (xem Dinh
nghia 2.2.2) ctia A—modun hitu han sinh dang chiéu M (nghia 13 dimM = dimA /p véi
moi phan tii p cuc ti€u ctia Supp(M)).

Quy tich Cohen-Macaulay ctia modun dugc nghién citu bdi nhiéu tic gia, chang han
A. Grothendick [7] da khang dinh ring CM(M) 1a mdt tip con md ctia Spec(A) khi A
la mot vanh hoan hao (excellent ring). Trong [13], C. Rotthaus-L. Sega da nghién ctu
cac quy tich Cohen-Macaulay cia cic modun phan bac trén mot vanh Noether phan bac
thuan nhit A = @);cyA; khi xét nhu 1a cdc Ag—modun. Trong [8], R. Hartshorne da chi
ra CM(A) 1a tap md khi A c6 phic dbi ngau. Tiép dén, M.T. Dibaei [3, Hé qua 2.3] da
chi ra ring CM(A) 1a tdp md khi A 1a vanh dia phucng vdi tht ca cdc thé hinh thic ctia

n6 1a Cohen-Macaulay va théa man diéu kién Serre (S3).
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Mit khac, R. Sharp-P. Schenzel trong [18, Vi du 4.4] da chi ra ring M 12 modun
Cohen-Macaulay néu va chi néu phic Cousin 6 (M) 1a mot day khép. Vi vay CM(M) =
Spec(A) \ Ui>_1 Supp, (H (64 (M))), trong d6 d6 H'(64(M)) 1a ky hiéu ciia mddun dbi
dong diéu thy i ctia phic Cousin € (M). Tu d6 suy ra ring CM(M) 1a tdp mé khi ma
phic Cousin €4 (M) c¢6 cac mddun dbi dong diéu hitu han sinh trén A. Cic tic gia trong
[4] da chi ra ring néu cdc médun H' (€4 (M)) hitu han sinh trén A thi M c6 linh héa
ti déu ddi dong diéu dia phuong (tic 13, ton tai phan ti x € A\ UpeMin, (m)P sao cho
xH! (M) = 0 v6i moi i < dims (M) va moi idéan cuc dai m ctia A). Gan day, nim 2011,
M.T. Dibaei-R. Jafari [5] tiép tuc nghién ctiu vé tinh mé ctia quy tich Cohen-Macaulay
clia cdc moddun hitu han sinh M trén vanh dia phuong Noether (A, m). Trong mdi quan
hé nay, ho ciing nghién cttu vé mdt s6 vanh c6 céc thé hinh thic (trén mot sb cac idéan
nguyén tb dic biét) 1a Cohen-Macaulay.

Muc dich ctia luan vin nay 12 trinh bay chi tiét lai nhitng nghién cttu ctia M. T. Dibaei-
R. Jafari nim 2011 nhu vita néu trén. N6i cach khéc, uan vin trinh bay chi tiét lai cac
ching minh cua bai bao [5] M.T. Dibaei and R. Jafari, Cohen-Macaulay Loci of Modules,
Commutative Algebra, 39 (2011), 3681-3697. Bén canh d6 dé viéc trinh bay c6 hé thong
va rd rang hon, luan vin ciing bd sung mdt s6 kién thic tif nhitng bai bdo khac, chang
han cua T. Kawasaki [9], C. Zhou [19],....

Luén vin dudc chia lam 4 chuong. Chuong 1 trinh bay cac kién thic co s dé chiing
minh cédc két qua chinh ctia ludn vin. Chuong 2 md ta vé tip cdc idéan nguyén t gan
két Atty (H!, (M)) ctia mddun dbi dong didu dia phuong thd i cia M trén mot vanh dia
phuong (A, m) dudi diéu kién phiic Cousin ¢’ (M) cia M 1a hitu han (Pinh Iy 2.3.3 va
Hé qué 2.3.6). Chuong 3 trinh bay vé quy tich Cohen-Macaulay ctia M. B& dé 3.2.3 chi
ra rang dé€ nghién ctiu tinh mé cia CM (M) trong trudng hop A/(0 ;4 M) 12 catenary thi
chi can xét véi gia thiét M 1a dang chiéu. Hon nita, mot dic trung méi clia cac vanh

Cohen-Macaulay suy rong lién quan dén linh héa tit déu dbi dong diéu dia phuong ciing
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dugc dua ra (Hé qua 3.3.9). Vi quy tich khong Cohen-Macaulay ctia M déng néu va chi
néu tap cac phan ti tdi tiéu ctia nd 1a hitu han, nén dudi mot s6 gia thiét trung gian ching
ta ching minh dugc rang Min(non-CM(M)) 1a tép con ctia tap Uj<gimp Atta (H (M) U
non-CM(A) (Pinh ly 3.3.10). Nhu mot hé qua ta suy ra riang quy tich Cohen-Macaulay
clia bAt ky modun hitu han sinh nao trén vanh Noether dia phuong (A, m) 1a mot tap
con m& clia Spec(A) néu A 1a catenary va CM(A) 1a mot tap hitu han (Hé qua 3.3.11).
Chuong 4 chiing minh rang M c6 linh héa t& déu dbi dong diéu dia phuong néu va chi
néu M ding chiéu va cdc thé hinh thic trén cdc phin ti tbi tiu cia Supp, (M) 1a Cohen-
Macaulay. Két qua 1a ta c6 Hé qua 4.1.3 néi vé cic diéu kién tuong duong v6i mot vanh
1a catenary phd dung va moi thé hinh thiic 12 Cohen-Macaulay.

Luan vin dudc hoan thanh duéi su huéng din khoa hoc ctia Tién si NGUYEN VAN
HOANG - Giang vién Trudng Pai hoc su pham - Pai hoc Thai Nguyén. Nhén dip nay toi
xin bay to 1ong biét on sau sac téi thay, ngudi da huéng din toi cach doc tai liéu, nghién
ctiu khoa hoc diing dan, tinh than lam viéc nghiém tic va da danh nhiéu thdi gian, cong
stic hoan thanh luan vin nay. Toi ciing xin bay té 1ong biét on siu sac ti cac thay co gido
cta: Vién Toan hoc va Dai hoc Thai Nguyén nhiing ngudi da tan tinh giang day va khich
1€, dong vién t6i vudt qua nhiing kho khan trong hoc tap. Toi xin cam on ban lanh dao
Truong Pai hoc Su pham - Pai hoc Thai Nguyén, Khoa Sau dai hoc, S6 GD-DT Thai
Nguyén, Ban Gidm hiéu va T6 Toan Tin - Trudng THPT Lé Hong Phong (Phé Yén-Thai
Nguyén) da tao moi diéu kién thuan 1¢i, gitip dd toi trong sudt thai gian hoc tap. Cudi
cung toi xin cdm on ban beé, ngudi than da gitp d6, dong vién, tng ho t6i dé tdi ¢ thé

hoan thanh t6t khéa hoc ctia minh.

Thdi Nguyén, ngay ..... thdang ..... nam 2014

TAC GIA
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Chuong 1

Kién thitc chuén bi

Chuong nay nham dua ra mot s6 kién thiic chudn bi gitip cho viéc trinh bay c6 hé
théng va nhitng kién thiic d6 thuc can thiét phuc vu cho chiing minh céc két qua  nhiing

chuong sau. Chuong nay ta ludn gia thiét A 1a vanh giao hoan c6 don vi.
1.1 Tap idéan nguyén to lién két va tap gia cia mdédun

Ki hiéu 1.1.1. Cho M 1a mot A—mddun. Linh héa tG cia M, ky hiéu la anny (M) hodc
(0:4 M), d6la tap hop {a € A | aM = 0} (n6 cling la mot idéan cia A). Cho x € M, khi

d6 ta goi linh hoa ti ctia x, ki hiéu 1a anng (x) hay (0 :4 x), d6 la idéan anng (Ax).

Dinh nghia 1.1.2. (Idéan nguyén t6 lién két) Cho M 1a mot A—mddun va p € Spec(A).
Ta néi p 1a idéan nguyén t6 lién két cia M néu ton tai 0 # x € M sao cho p = anny (x). Hon
nita, tap tht ca cic idéan nguyén t6 lién két cia A—modun M dudgc ky hiéu 1a Asss (M)

hodc Ass(M).

Nhan xét 1.1.3. Cho M la A—mddun va p €Spec(A). Khi d6, p €Asss (M) khi va chi khi
ton tai mot modun con N clia M sao cho A/p =2 N. Néu gia thiét thém A 1a vanh Noether
va M 1a A—mo6dun khéc 0. Khi d6 moi phan tif t6i dai ctia tip ¥ = {anny (x) |0 #x € M}

déu nam trong tap Assa(M). Dic biét, ta suy ra ring M # 0 khi va chi khi Ass, (M) # 0.

DPinh nghia 1.1.4. (Gid cia médun) Cho M la R—modun. Ta goi tdp hgp Supp, (M) =

{p € Spec(A) | M,, # 0} 1a tap gia cta M. Ta cling ki hiéu Min, (M) 1a tap tat cd cac phan
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t t6i tiéu clia tap Supp(M).
Ménh dé 1.1.5. Cho A la vanh Noether va

O—-N—M-—-P—0

la mot ddy khdp ngdn cdc A—médun. Khi dé ta co cdc phdt biéu
i) Assa(N) C Assg(M) C Assa(N) U Assy(P).
ii) Supp, (M) = Supps (N) U Suppy (P).
Ménh dé 1.1.6. Cho A la mot vanh Noether va M la A—médun hitu han sinh khdc 0.

Khi dé ton tai ddy cdc médun con ciia M dang 0 = Mo C My C --- C M, = M va ¢6 cdc

p; € Spec(A) sao cho M;/M;—1 = A/p;vdimoii=1,--- n.
Ménh deé 1.1.7. Cho A la vanh Noether va M la A—médun. Khi dé ta cé
i) Ming (M) C Assg (M) C Supp, (M).

ii) Néu M la modun hitu han sinh trén A thi |Assy(M)| < oo.

1.2 Chiéu va dd cao

DPinh nghia 1.2.1. (Chiéu ciia vanh va médun) Cho A 1a mot vanh giao hoan, mot day
gidm thuc su cac idéan nguyén t pp D p; D ---p, clia vanh A dudc goi 1a mot xich
nguyén t6 c6 do dai n. Cén trén ctia do dai tat ca cac xich nguyén td trong A dudc goi 1a
chiéu Krull cia A, hay chiéu ctia vanh A, ky hiéu 12 dimA. Gia si M 13 mot A—modun.
Khi d6, chiéu ctia M, ky hiéu 1a dimM dugc xic dinh bdi dimM = dim(A/ann(M)).
Pinh nghia 1.2.2. (D¢ cao cua idéan) Cho A la mdt vanh giao hodn va p la idéan
nguyén to ctia A. Chiéu dai 16n nhét ctia moi diy gidm thic su cac idéan nguyén t6
p=poDPp1 D--- D p, xult phét tii p, dugc goi 1a dd cao cia p, ky hiéu 1a ht(p). Cho I 1a
mot idéan cia A. B9 cao cua 7, ky hiéu la ht(7), dugce cho bdi ht(7) = inf{ht(p) |p € V(I) }
trong d6 V(I) 1a tap cac idéan nguyén t6 ctia A chifa 1.
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