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LOI CAM ON

Luan van dugc hoan thanh duéi sy huéng dan ctia GS. TSKH Nguyén
Tu Cuong. Toi xin bay t6 1ong kinh trong va biét on sau sic nhat cia minh
dén thay.

To6i xin bay to long bi€t on t6i PGS.TS Lé Thi Thanh Nhan, PGS.TS
Nguyén Qudc Thang cling toan thé cdc thdy co gido & Khoa Todn va Phong
Dao tao sau Dai hoc truong Pai hoc Su pham - Pai hoc Thai Nguyén da
tan tinh giang day va gitdp dd to6i trong sudt thoi gian hoc tap tai truong.
Toi xin chan thanh cam on su giip d& nhiét thanh va chu ddo cua NCS
Tran Nguyén An, ban Hoang Lé Truong phong dai s6 trong qua trinh thuc

hién luan van nay.



LOI NOI bAU
Cho R la vanh dia phuong Noether véi idéan t6i dai m va M 1a R—
modun hitu han sinh v6i dim M = d. Cho x = x4, ..., x4 la hé tham s6
cia M va q = (z1,...,24) la idéan tham s6 ctia M sinh boi z. Vi moi
sO nguyén duong n, ky hiéu

d
A ={(on,...,0q) €2 |0y > 1LVI<i<d,Yy oy =d+n—1}
=1

vaq(a) = (27", ..., 23") v6i Va = (a4, ..., aq) € Agp.

Ta néi rang hé tham s6 z c6 tinh chat phan tich tham s6 néu dang thitc
"M = (] q(a)M ding v6i Vn > 1. Vay khi nao mot hé tham s6

achgn,

cho trude ctia M c6 tinh chét phéan tich tham s6. Van dé nay Heinzer,
Ratliff va Shah da ching minh rdang mot day cdc phan tt R— chinh quy
ludn c¢6 tinh chat phan tich tham s6. Sau d6, Goto va Shimoda da chi ra
rang diéu nguoc lai ciing diing khi moi phan tir ciia diy khong 1a u6c cua
khong trong R. Hon nita, ho con dua ra mot dac trung khac ctia R véi
dim R > 2, trong d6 moi hé tham s6 cuia R c6 tinh chat phan tich tham
s0. Ta néi moédun M la modun Cohen-Macaulay day khi va chi khi ton
tai mot hé tham s6 x nao d6 sao cho x ¢6 tinh chat phan tich tham so.
Bay gio, ta han ché su quan tam cua cau hoi trén cho hé tham so t6t cua
M. Khi d6 mot modun Cohen-Macaulay ddy cé thé duoc dic trung bai
tinh chat phan tich tham s6 cua mot hé tham s6 t6t nhu thé nao. Noi dung
do6 duogc trinh bai trong bai bdo Parametric decomposition of powers of
parameter ideals and sequentially Cohen-Macaulay modules cia tac gia
Nguyén Tu Cudng va Hoang Lé Trudng. Bai bdo s& ra & tap chi " Proc.
Amer. Math. Soc."

Muc dich cua luan van nay la trinh bay lai mot cach hé thong va chi
tiét két qua cua bai bao trén. Luan van duoc chia lam 2 chuong.

Chuong 1 "Kién thiic chudn bi" 1a chuong gidi thiéu mot so kién thitc
co ban ve dai s6 giao hoan nhu hé tham s6, day chinh quy, modun Cohen-
Macaulay, m6dun Cohen-Macaulay day.
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Chuong 2 "Phan tich tham s6 va modun Cohen-Macaulay day" trinh
bay mot s6 bd dé tir d6 di dén dinh Iy chinh cia chwong néi vé dic trung
cia modun Cohen-Macaulay day qua phan tich tham s6 va hé qua cuta nd.
Dinh 1y phat bi€u rang
Dinh 1y 2.1.6. Cho (R, m) la vanh dia phuong Noether. M la R— mdédun
hita han sinh. Khi dé cdc ménh dé sau la tuong duong:

(i) M la modun Cohen-Macaulay day.
(ii) Moi hé tham s6 tét cua M c¢6 tinh chdt phdn tich tham so.
(iii) Ton tai hé tham so6 tot cua M coé tinh chdt phdn tich tham so.

Ngoai ra chuong nay con trinh bay moi quan hé gitta modun Cohen-
Macaulay diy M va biéu thiic ctia ham Hilbert-Samuel thong qua dinh
ly

bPinh 1y 2.2.3. Cho ® : Dy C Dy C ... C Dy = M la loc chiéu ciia M
va ddt ®; = D;/D;_y voimoii=1,... t,D, = Dy. Khi dé cdc ménh dé
sau la twong duong:

(i) M la modun Cohen-Macaulay dady.
(ii) Vi bdt ky idéan tham so'tot q ciia M, ddang thiic

rfareian =3 ("5 )i/
i=0 t

dung voi moi n > 0.
(iii) Ton tai idéan tham so'tot q ciia M sao cho ddng thiic

orfaran =3 (" iiam)

i=0
dung voi moi n > 0.
Phan cuo6i ciing cua chuong sé xay dung vi du nhim lam sdng to cac

két qua chinh da néu & trén.



Chuong 1

KIEN THUC CHUAN BI

Muc dich ctia chuong nay 1a nhic lai mot s kién thic co ban vé dai s6
giao hoan duoc st dung trong luan vin bao gobm dinh nghia, cic ménh dé
va bo dé vé hé tham s6, day chinh quy, modun Cohen-Macaulay, modun

Cohen-Macaulay day.

1.1 Hé tham so

Trong phan nay ta s€ dua ra khai niém va mot s6 tinh chat co ban vé hé
tham s0, day 1a mot khai niém quan trong xuyén suot qua trinh thuc hién

luan van nay.

1.1.1 Pinh nghia. Cho (R, m) 1a vanh dia phuong Noether, M la R—
modun hitu han sinh v6i dim M = d. Tap cac phan th z = (1, 29, . . ., x4),
x; €m Vi =1,...,d thod man [zp(M/xzM) < oo dugc goi la mot hé

tham so cta M.

Gia su (R, m) la vanh dia phuong Noether, M 1la R— modun hitu han
sinh v6i dim M = d. Ménh dé sau day néu 1én mot so tinh chat co ban

cua hé tham s0.



1.1.2 Ménh deé. [I, Ménh dé A4] Cho x1,xs,...,7; € m khi do
dim(M/(xq,...,x))M) > dim M — t.

Dang thitc sdy ra khi va chi khi x1, o, . ..,z la mot phdn ciia hé tham s6
cua M.

1.1.3 Ménh dé. [8, Chii y 15.20] Néu x1, . .., x4 la hé tham s6 ciia M thi
VvOi moi s6 nguyén duong ou, . .., oqta co x7', ... x4y ciing la hé tham s¢
cua M.

Nhan xét.
(1) Cho x € m khi d6 = 1a mot phan tir ctia hé tham s6 ctia M khi va chi
khi = ¢ p v6i moi p € Ass R sao cho dimR/p = d.
(2) Cho x4, ...,xq € m xac dinh boi

Tiv1 €p,Vp € Ass R(M/(xy,...,x;)M),dmR/p=d—1i

v6ii=0,...,d—1.Khid6 {z1,...,2,} 12 hé tham s6 cua M.

Tiép theo ta s& dua ra dinh nghia vé ham Hilbert-Samuel va dinh 1y da
thitc Hilbert, day 1a mot dinh 1y néi tiéng va c6 tng dung nhiéu trong dai
s0 giao hodn. Trong luan van nay ta chi nhéac lai dinh nghia va dinh 1y

dung cho chuong sau ma khong ching minh.

1.1.4 Pinh nghia. Cho M la modun hitu han sinh trén vanh dia phuong
Noether (R, m) v6i dim M = d, q la idéan dinh nghia cia M ( tic la
[(M/qM) < oo). Khi d6 ta dinh nghia mot ham s6 goi 1a ham Hilber-
Samuel

Fynr(n) = 1(M/q""M).



7

1.1.5 Ménh dé. [7, Pinh Iy 13.2] Cho R = D= Rt la vanh phdn béc
Noether. Ry la vanh Artin va M la R- médun phdn bdc hita han sinh. Gid
st rang R = Ro[z1, ..., x| va x; bdc d; khi d6Fy \(n) la mot ham hitu
ty cua n hon nita ton tai da thitc Py yr(n) voi hé so hitu ty bdc d sao cho
voi n du lon thi
Foa(n) = Poar(n).

va ton tai nhiing s6 nguyén eo(q, M)(> 0),e1(q, M), ... ,eq(q, M) sao
cho

Pyar(n) = eo(a, M) (” . d) ter(a, M) (" - 1)+. eala M),

S6 eo(q, M) duoc goi la s6 boi Zaziski-Samuel. Khi q sinh boi mot hé tham
$0 x = {x1,T2,...,7q} ta ky hiéu eg(q, M) = ez, M).

1.2 Day chinh quy va modun Cohen-Macaulay

Trong phan nay ta s€ trinh bay mot s6 khai niém vé day chinh quy, dé la
khai niém co ban dé dinh nghia do sau cia mot modun tir d6 dua dén dinh
nghia ctia vanh va médun Cohen-Macaulay.

1.2.1 Pinh nghia. Cho R la vanh giao hoan va M 1a R— modun. Mot phan
td x € R duoc goi 1a M — chinh quy néu 0 :j; v = 0, tic 1a za # 0 véi
Va € M,a # 0. Mot day cac phan ta x4, . . ., z,, cua R dugc goi la M —day
chinh quy néu (x1,...,x,)M # M va z; 1a M/(xy,...,x;_1)M— chinh
quy véimoiz =1,...,n.

C4c ménh dé sau day néu lén cac tinh chat co ban cua day chinh quy.

1.2.2 Ménh dé. /8, Bo dé 16.4] Cho M la R— modun khi dé cac ménh

dé sau tuong duong:



(i) Day 1, ...,x, la day M — chinh quy.
(ii) Day x1, ..., x; la day M — chinh quy va x;.1,...,x, la ddy
M/(xy,...,x;)M— chinh quy véi moi 1 <i <n — 1.

1.2.3 Ménh dé. [7, Dinh Iy 16.1] Néu x1,...,x, la diy M— chinh quy

thi voi moi s6 nguyén duong oy, . .., ay ta ¢6 {x1*, ..., xo} ciing la day
M — chinh quy.

1.2.4 Ménh deé. /8, Pinh ly 16.9] Néu x1,...,x, la diy M — chinh quy
thi véi moi hodn vi ciia cdc phdn tif x1, . .., T, ta van dugc mot day M —

chinh quy.

1.2.5 Ménh dé. [1, Ménh dé 1.2.12] Néu M la R— moédun hitu han sinh
trén vanh dia phuong Noether va x,...,x; la diy M— chinh quy thi

x1,...,xs la mot phan ciia hé tham so cuia M.

Vi dinh nghia vé day chinh quy néu trén cho phép di dén khai niém do

sau cia mot modun, dé tir d6 di dén khai niem modun Cohen-Macaulay.

1.2.6 Pinh nghia. Cho [ la idéan cta vanh R, M la R— modun hitu han
sinh sao cho M # I M. Khi dé do dai cuc dai cua day M — chinh quy cua
I goi la do sdu cha idéan I d6i v6i R— modun M, ki hiéu depth R(I, M).
Néu (R, m) la vanh dia phuong Noether, ta ¢6 thé ki hiéu do sau cua R—
modun M 1a depth, M hodc ¢6 thé don gian hon 1a depth M.

1.2.7 Ménh dé. [I, Ménh dé 1.2.13] Cho (R,m) la vanh dia phuong
Noether, M la R— moédun hitu han sinh. Ta cé khang dinh sau.
depth M < dim R/p < dim M,Vp € Ass M.

Va tié€p theo ta nhac lai khédi niém modun Cohen- Macaulay.
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1.2.8 Pinh nghia. Modun M duogc goi la médun Cohen-Macaulay néu
M = 0 hoac M # 0 va depth M = dim M. Vanh R goi la vanh Cohen-

Macaulay néu n6é 1a R— modun Cohen-Macaulay.
Ménh dé sau néu 1én cac dac trung co ban ctia moédun Cohen-Macaulay.

1.2.9 Ménh dé. [7, Dinh Iy 17.3] (1) Néu M lad modun Cohen-Macaulay
thi voi Vp € Ass M ta ¢6 dim R/p = dim M.

(2) Néu x1,...,xq € m la day M— chinh quy thi M la médun Cohen-
Macaulay khi va chi khi M /(z1,...,xq)M la médun Cohen-Macaulay.

1.2.10 Ménh dé. [7, Chii y 136] Néu M la modun Cohen-Macaulay thi
moi hé tham s6 cua M la ddy M — chinh quy.

1.2.11 Bé dé. [3, BS dé 2.2] Cho N la modun con cia M thod madn
dim N < dim M va M /N la médun Cohen-Macaulay. Cho z1, ..., z; la
mot phan cia hé tham sé' cua M khi dé (xy, ..., x;)) MON = (21, ..., 2;)N.

Chitng minh. Ta chiing minh bang quy nap theo i.

Vé6i ¢ = 1 ta phai ching minh z1M NN = x;N. Ta luén cé6 ;N C
1M N N ta ching minh x4 M NN C x;N. That vay, lay y € x1M NN
khidoy € xyM vay = xym v6im € M suyray = xrym € N hay
xym + N = 0+ N trong M/N tic z1(m + N) =0suyram+ N =0
hay m € N.Dod6 y = xym € x1 N

Gia st ¢ > 1. Taluon 6 (z1,...,2)N C (z1,..., ;)M NN (1).
Lay a € (x1,...,2;))M NN khidé a = z1a1+- - -+ z,a, trong d6 a; € M
v6imoi j=1,...;ivia € Nnéna; € (N + (x1,...,z;_1)M) : z;. Mat
khéc, vi day x1,...,x; 1a M /N— chinh quy va

(N + (z1,...,xi-1)M) ppxi = N+ (21,...,xi-1) M



