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MG dau

Ngay tit nam 1736, nha toan hoc Euler da gidi quyét thanh cong bai toan
t6 hop vé bay cay cau ¢ thanh phé Kénigsberg, Diic (nay la Kaliningrad,
Nga) nam trén song Pregel. Bai toan dat ra 1a “Co6 thé di theo mot tuyén
duong ma di qua mdi cay cau ding mot lan rdi quay lai diém xuét phét
hay khong?”. Va ké tit d6 trai qua nhiéu thang tram cta lich si, i thuyét
td hop vAn phét trién manh mé va c¢6 nhiéu tng dung trong khoa hoc va
trong cuoc song. Ching ta thuong gap cac bai toan t6 hop trong thuc té
nhu: Lap lich cho mot co quan, Dat cidc tram xe bus téi wu nhat trong
thanh pho, thuat toan tim kiém ctia Google, Yahoo, ... hay cadc phan mém
ting dung ma ching ta vin dang stt dung hang ngay. Chinh vi vay, to hop
luon danh duge sy quan tam rat 16n ti cadc nha toan hoc, cac thay, co gido
va cac ban hoc sinh yéu thich mon toan.

Toan t6 hop 1a dang todn kho thudng xuat hieén trong cac ki thi hoc
sinh gidi cap tinh, thanh phd, cap qudc gia, qubc té. Mic dit toan t6 hop
quan trong nhu vay nhung cac tai lieu vé né con it. Xuat phat tit thuc té
d6, dudi sy dinh huéng va huéng dan nhiét tinh ciia GS.TSKH. Nguyén
Vian Mau, toi da tién hanh nghién cttu vé dé tai “Dang thiic, bat dang thiic
va, cac bai toan cuc tri trong to hop” nhim gép mot phan nhoé bé vao viec
b6 sung tai lieu tham khéo cho gido vien va hoc sinh.

Cau trac luan van gom 3 chuong:

Chuong 1. T6 hop va céc hé thic lien quan

Chuong 2. Bat dang thiic to hgp

Chuong 3. Mot s6 dang toan cyc tri trong tap roi rac va 0 hap.

Luan van nay dugc hoan thanh duédi sy huéng dan nhiét tinh cua GS.
TSKH. Nguyén Van Mau, thay da gitp toi hiéu sau hon vé cac khai niem,
thuat toan lien quan dén de tai ctia minh. Toi xin bay té sy kinh trong va



long biét on sau sac dén thay.

To6i xin chan thanh cAm on quy thay co trong truong DH Khoa hoc- Dai
hoc Thai Nguyeén, cac thay 6 Vien Toan hoc, DHKHTN-DHQG Ha Noi
da tan tinh gidng day va tao dieu kién thuan 1gi cho chiing t6i ¢6 nhiing
kién thiic co s du vimng dé thuc hien dé tai.

Trong quéa trinh bién khong tranh khoéi nhiing sai s6t, toi rit mong nhan
dugc ¥ kién déng gop clia doc gia dé dé tai duge hoan thién hon.

Xin chan thanh cam on.



Chuong 1

T hop va cac hé thic lién quan

1.1. Nguyén ly Dirichlet vA mot sé bai toan ap dung

Nguyén 1y Dirichlet (thuat ngit tiéng Anh: the pigeonhole principle, cling c6
ndi goi 1a the drawer principle) - & dang don gidn nhat - dugc phat biéu dau tien
bdi G.Lejeune Dirichlet (1805-1859), mot nha toan hoc Diic goc Phap, nhu sau:

"Néu nhét n + 1 con thd vao n céai chuong (n € N*) thi luon c6 (it nhat 1a)
hai con thé bi nhét trong cling mot chuong".

Mot cach tong quét, ta c6 nguyen Iy Dirichlet mé rong:

"Néu nhét m con thoé vao n cai chuong (m,n € N*) thi luén ton tai mot

-1
m ] con tho".

chudng chita it nhat 1a 1 + [

O day, ky hiéu [¢] dugc ding dé chi phan nguyén clia sé thuc a tic 1a sb
nguyeén 16n nhat khong vugt qua a.

Dung phung phép phan ching, ta c6 thé dua ra mot cach ching minh kha
ngan gon cho nguyén ly Dirichlet (ngay ca dudi dang md rong); hoc sinh THPT
ciing ¢6 thé lam dude viéc nay; va dieu dé khong hé lam giam di gia tri cia ban
than nguyen ly. Nguyén 1y Dirichlet ¢6 rat nhiéu ung dung (hi¢u qua dén bat
ngd): st dung noé, ta cé the chitng minh duge nhiéu két qua sau sic clia toan hoc.
Chinh vi vay, tai cac cudc thi hoc sinh gidi toan (qubc gia va quoc té), nguyén
Iy Dirichlet thuong xuyen dude khai thac. Dé minh hoa, duéi day, ta xét mot sb

bai toan cu thé.

Bai toan 1.1. Chting minh rang ton tai s6 tuy nhién gom toan s6 1 chia hét

cho 2011.



L&i gidi.
Xét day s6 gom 2012 s6 hang nhu sau: 1, 11, 111, ..., 11..1 R6 rang trong

2012
2012 s6 nay ton tai it nhat hai s6 c6 cting sd du khi chia cho 2011. Suy ra hiéu

cua chung chia het cho 2011. Gia st hai so do la 11..1 va 11..1.
k—so n—so
Hicu clia hai s6 nay 1a 11..1 .10% véi (n > k) Ma ta c6 (2011, 10%) = 1.
n—k( so)

Bai toan dugc chiing minh.
Bai toan 1.2. [V6 dich Cong hoa Czech 1998 Cho X 1a mot tap hgp gom 14
s6 nguyén duong phan biet. Chiing minh réng c6 mot sd6 nguyén duong k < 7 va

c6 hai tap con k-phan tii:
{al; agsy ... ;ak}, {bl; bg; . ;bk}

rol nhau cua X sao cho

(ENE NS U DO (R

al  a ag by b by 1000

Loi gidi.

Xét CT, = 3432 tap con 7-phan ti ciia X. Tong (cac) nghich ddo clia cac phan
tir trong moi tap con nay ro rang la khong vuct qué 1+ l+ R L < 2,6 nén

1 2 7
phai thudc vao mot trong sé 2600 nita khoang:

(O_ 1]( 1' 2} (2599'2600}
1000” 1000J " \'1000" 100017 \1000" 1000]

Theo nguyén 1y Dirichlet, ton tai hai tap con khac nhau cé tong nghich dao cac

phan tit thuoc vao ciing mot nita khodng. Loai bé khaéi hai tap con d6 cac phan
t1t chung (hai tap con 7-phan tit khac nhau thi c6 t6i da sdu phan ti chung), ta
sé thu dugc hai tap con k-phan tit (v6i k& nguyen duong, k < 7), thod yéu cau
clia bai toan: hiéu ctia hai tong nghich dao cac phan ti trong hai tap con nay

sé sai khac nhau it hon 1/1000.

Bai toan 1.3. [VMO-2004] Cho tap A = {1;2;3;...;16}. Hay tim s6 nguyén
duong k nhé nhat sao cho trong méi tap con gom k phan tit clia A déu ton tai

hai s6 phan biét a, b ma a? + b? 1a mot s6 nguyeén t0.
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Loi gidi.

Ta thay, néu a, b ciing chén thi a? + % 14 hop s6. Do d6 tap con X clia A ¢6 hai
phan t phan biét a, b ma a2 + b? 1a mot sé nguyen t6 thi X khong thé chi chita
cic s6 chén. Suy ra k > 9. Ta chiing té k = 9 1a gia tri nho nhat can tim. Dieu
d6 c6 nghia 13 v6i moi tap con X gom 9 phan tit bat ki luon ton tai hai phan
t@ phan biét a, b ma a? + % 1a mot s6 nguyen t6. Dé ching minh khang dinh
trén ta chia tap A thanh cic cap hai phan ti phan biét a, b ma o + v? 1a mot
sO nguyeén t6, ta c6 tat ca 8 cap

(1;4), (2:3), (5:8), (6:11), (7; 10), (9: 16), (12; 13), (14; 15).

Theo nguyén 1i Dirichlet thi trong 9 phan tit clia X ¢6 hai phan tit thuoc ciing

mot cap va ta c6 dieu phai ching minh.

Bai toan 1.4. [Trich dé chon doi tuyén Viet Nam du thi IMO, 1999 Cho
A= {a1;az;a3;---} C N* thod méan diéu kien 1 < ap+1 —a, < 1999 v6i moi p € N*,

Chiing minh rang ton tai cap chi s6 p,q v6i p < ¢ sao cho a,/a,.

Lot giaz.
Dat A(1;5) := a1 +j — 1 v6i moi j nguyén duong ma j < 1999 va bang quy nap,
ta dinh nghia:

1999

Bi =[] AG —1;k), A(i; 4) == Bi + A(i — 1;5)

k=1
v6i moi 7,7 nguyén duong ma i > 2, j < 1999. Tu cach xay dung trén, dé dang
ching minh A(m;j) < A(n;j), A(m;5)/A(n;j) v6i moi bo ba sd nguyén duong
m,n,j ma j < 1999 va m < n. T cach xay dung trén, cling dé thay (v6i moi
i€ N* 1 A(i;1), A(i;2), . .., A(3;1999)) 1& 1999 s6 nguyen duong lién tiép (khong bé
hon a;) do d6, theo gia thiét clia bai toan veé tap hop A, thi ton tai j; € ZnN[1;1999)
de A(i; ;) € A.

Bay gio, Vi j1, jo, ..., 2000 € ZN[1: 1999], nén theo nguyén 1y Dirichlet, c6 hai

s6 nguyén duong m < n < 2000 ma j,, = j, =: j; v6i ching, ta tim dugdc cap chi

sO p < ¢ sao cho

ap = A(m; jm) = A(m; j)|A(n; j) = A(n; jn) = ag  (dpem).



