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L.OI NOI AU

S6 hoc 1a bé mén toan xuat hién sém nhat ctia toan hoc. Véi déi
tuong nghién cttu chi 13 cac s6 nguyén, nhung lai ¢6 rat nhiéu cac gia
thuyét, bai toan van chua c6 16i giai. Trong hanh trinh tim kiém 161 giai
cho nhitng bai toan d6, nhiéu 1y thuyét méi clia toan hoc da ndy sinh,
thiic day toan hoc khong ngiing phat trien. Ngay nay, s6 hoc cé nhiéu
ting dung quan trong trong cudc song, dic biét trong tin hoc vé viéc ma
héa va bdo mat thong tin. Ciing v6i nhitng kién thic ¢ bac pho thong,
thi 1y thuyét vé cac dang Modular gép thém mot cong cu hitu hieu dé
nghién cttu s6 hoc. Dang Modular 1& mdt huéng nghién citu quan trong
ciia s6 hoc, hinh hoc dai s6 va nhiéu nganh khéc ctia toan hoc. Mot s6
tmg dung cta Iy thuyét dang Modular c6 thé tng dung dé nghién citu
cac ham s6 hoc. Ban luan van ndy trinh bay nhitng két qua co ban veé
Iy thuyét cic dang Modular va mot s6 ing dung trong sé6 hoc.

Ngoai phan md dau, phan két luan, luan van gom 2 chuong:

Chuong 1. Ly thuyét cac dang Modular . Chuong nay trinh bay
nhitng dinh nghia, khai niém va két qua co ban vé Iy thuyét cac dang
Modular nhu: Nhém Modular, ham Modular, khéng gian cac dang
Modular. Mot s6 kién thic b trg nhu: Luéi sinh béi ciap sé phic
(w1, ws), chudi Eisenstein va cac bat bién gq, go. Cac dinh 1y 1.5.2 va
1.5.3 cung cac hé qua cua no.

Chuong 2. Mot s6 ting dung trong sé hoc. Chuong nay trinh bay
mot s6 tng dung cia ly thuyét cic dang Modular trong sé6 hoc. Nhu
mo ta chi tiét khai trién cac ham E, Dua vao cong thiic vé s chiéu dé
dua dén mot s6 hé thic gitta cac ham E. Vé6i khai trién Fourier ctia
G}, cing v6i nhitng kién thic trong chuong 1, thiét lap dudc mot so he
thiic lien hé ctia cac ham s6 hoc ((2k), dr(n), 7(n). Tt d6 ta c6 nhiing
phuong phap sing tac mot 16p bai tap s6 hoc.



M dau

Tac gid xin bay t6 long kinh trong v biét on chan thanh dén nguoi
thay, nguoi huéng dan khoa hoc GS. TSKH Ha Huy Khoai vé sy gitp
dé chu dao, chi bdo tan tam ctia thay trong sudt qua trinh hoan thanh
ban luan van.

Trong sudt qua trinh hoc tap, nghién citu va hoan thanh ban luan vin,
tac gid da nhan dugc sy quan tam giap dd clia cac thay, co gido, can bo
nhan vién ctia Phong dao tao sau dai hoc vd quan hé qudc té, trudng
Dai hoc khoa hoc- Dai hoc Thai Nguyeén.

Tac gia xin chan thanh cam on BGH truosng THPT T6 Hiéu - Thuong
Tin, t6 toan trusng THPT To Hieu - Thuong Tin, cac ban hoc vién 16p
cao hoc Toan K6a truong Dai hoc khoa hoc- Dai hoc Thai Nguyén, cuing
cac ban beé dong nghiép da tao nhitng dieu kién thuan 1gi ca vé vat chat
lan tinh than gitp t6i hoan thanh khéa hoc vA ban luan van nay.

Tac gia xin bay t6 long biét on t6i cha me, nhitng ngudsi than trong gia
dinh da tin tudng, giup do, dong vién tac gid trong sudt quéa trinh hoc
tap.

Mic dit da cé gang rat nhiéu nhung ban luan vian van khé tranh khéi
nhitng khiém khuyét. Tac gid mong mudén nhan dudgc nhitng nhan xét,
g6ép ¥ clia cac thay, co gido va cac ban be dong nghiép dé noi dung ban
luan van nay dugc hoan thién hon.

Tac gia xin chan thanh cam on.

Thai Nguyén, ngay 11 thang 5 nam 2014
Tac gia

Pham Viét Hoa



Chuong 1

Ly thuyét cac dang modular

1.1 Luéi sinh béi cap s6 phitc (wi,ws)

Dinh nghia 1.1.1. Gia st wy, ws 14 cac s6 phiic sao cho wy/wy khong
phai 1a s6 thuc. Tap gom tat ca cac to hop tuyén tinh

nwy + mws, trong d6 m, n 1& cac s6 nguyén, dudc goi 1& ludi sinh bdi w;
va wy. Ki hiéu 1a Q (wy, ws).

Dinh nghia 1.1.2. Hai cdp s6 phiic (wi,ws) v (w;,ws), trong d6 wy /ws
vA W) /w, khong phai 1a s thye, dude goi 1a tuong duong nhau néu ching
sinh ra cling mot luéi tic 1a Q (wy, ws) = Q (w/l, w;)

Ménh dé 1.1.3. Hai cip (w1, ws) va (w,ws) tuwong duong nhau khi va

chi khi ton tai ma tran 2 x 2, CCL Z vdi cdc phan ti nguyén théa man

ad — bc = +1,
wo) _ (a b\ [ws
w’l “\e d) \wy )

sao cho
I
{w2 = awy + bw;

! .
Wy = cwy + dw;

Chaing minh. Gid st hai cip (w1, ws) va (wy,w,) tuong duong. Khi d6
Q (w1, ws) = <w/1,w/2> :
Theo dinh nghia, ton tai cac s6 nguyén a,b,c,d,a’, b, c,d thdéa man

I

Wy = awy + bw;
!

Wy = cwy + dw;



1.1 Ludi sinh bdi cip s6 phic (w, ws)

hay la

Tuong tu ta cling c6

Tu doé ta co

(-9

< a b / a
TadatA:<C d),A:(C/

dang

nghia 1a

wy = g+ Jup(l— ) =y, (12)
Wy = 2wy + tw; wi (1 —t) = zw,

Vi wy /wy khong phai 1a s6 thyc, nén (2) x4y ra khi va chi khi
{””:t:é:){: ; ?) —AA,

suy ra det A = +1 (do a,b,c,d,a’, b, ¢, d" 1a cac s6 nguyen).
Ngugc lai, néu ton tai ma tran 2 x 2, (ﬁ 2) v6i phan ti 13 cac s6 nguyén
théa man ad — bc = £+1 , sao cho

I
Wy = aws + bw;
!
Wy = cwy + dwy’

thi 16 rang hai cap (wy,ws) va (w),w,) 1 tuong duong. O
Ménh dé 1.1.4. Gid s« la s6 thuc va cho Q = Q(w,ws). Khi dé chudi
v L
weN,w#0 wt

hoti tu tuyét doi khi va chi khi o > 2.



1.1 Ludi sinh bdi cdp s6 phic (w, ws)

Hinh 1.1

Ching minh. Xét cac hinh binh hanh c6 cac dinh 1a wy £+ we, —wq £ wo.
Goi R va r 1a khoang cach cuc dai, cuc tieu tit O dén bién ctia hinh binh
hanh. Néu w # 0, 1a mot trong 8 t6 hgp tuyén tinh clia w; va wy trén
hinh binh hanh thi

r <l|w| <R.

Trong hinh binh hanh dong tam tiép theo, ta c6 16 t6 hop tuyén tinh
clia w; va wy théa man bat dang thiic

2r < |w| < 2R.
Tuong tu, c6 24 t6 hgp thda man bat ding thiic
3r < |w| <3R.
Xét tong

S(n):Z‘i

lay trén 8(1 +2+ 3 + ... +n) to hop khac 0 gan gbc. Ta cé

hay la




1.1 Ludi sinh bdi cdp s6 phic (w, ws)

2 N 1
Do d6 cac tong riéng S(n) tuy § sé nam gita Sﬁc (—1) va
1 1 .
8—( (a—1), gi6i noi trén bdi 8—C (o — 1), hoi tu néu « > 2. Nhung
re re
mot tong riéng sé nam giita

1 1
8@< (Oé — 1) va 87'_0‘( (Ck — 1) .
Vay chudi da cho hoi tu khi o > 2. Can duéi cho ta thiy chudi phan ky
khi o < 2. []

Bo dé 1.1.5. Vdia > 2, R >0, chudi

S b
s w)
hoi tu tuyét doi va deu trong dia |z| < R.
Ching minh. Ta sé chi ra rang ton tai hang s6 M (phu thuoc R, «) sao
cho néu a > 1 thi ta c6:
1 M

= < —=, (1.3)
[z = w[* 7wl

v6i moi |w| > R, vA v6i moi z théa méan |z| < R. Khi d6 theo ménh dé
1.1.4, ta c6 diéu phai chitng minh.
Bat dang thiic (1.3) tuong duong véi
“ 1
> —.
- M

Z— W

W

Dé xac dinh M, ta xét moi chu ky w véi |w| > R. Chon trong s6 dé phan
tit c6 modun bé nhat, chang han

lw|=R+d,d>0.
Khi d6 néu |z| < R va |w| > R+ d, thi ta c6:
R

<12l - -

o R \* 1
>(1-——) =—.
> (1-75a)

Z— W

w

Do do6
zZ—w

w



1.2 Chuoi Eisenstein va cdc bat bién gs, gs

Vay véi

R —Q
M=(1-—-—"—
( R+d> ’

thi b6 dé dugc chitng minh. O

1.2 Chudi Eisenstein va cac bat bién ¢, g3

Dinh nghia 1.2.1. V6i k nguyén, k > 2, chudi
1
Ge = —
w#0

dugc goi 1a chudi Eisenstein cip k. Cac bat bién g g3 1 cic chudi dugc
xac dinh bdi
go = 60G2, gs = 140G3

Pinh nghia 1.2.2. Biét thic A 1a biéu thitc xac dinh bai
A = g5 —27g3.

Nhan xét: Ta xem cic bat bién go, g3 va biét thic A nhu 13 cAdc ham cla,
W1, W VA Viét:

g2 = g2 (w17w2) » 93 = g3 (w17w2) A=A (w1,w2) .

Cac chudi Eisenstein chi ra rang, cac hdm ¢o, g3 1& cAc ham thuan nhat
bac -4 va -6, nén véi moi A # 0 ta co:

g2 (Awr, Awa) = A g (Wi, w2)

g3 (Awr, Awz) = A 0g3 (wi, w2)

A ()\(4.)1, )\wg) = )\712A (wl, OL)Q) .

N , , 1 w
Vay A la ham thudn nhét bac -12. Lay A = — va dit z = —, ta dudc
w1 w1

92 (1,2) = wi* g (w1, wo),

93 (1,2) = wi’g3 (w1, wa) ,



