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Mé& dau

S6 hoc néi chung va Phuong trinh nghiém nguyén néi riéng 1a nhiing
linh vyc xa xuwa nhat ctia Toan hoc, ching ciing 14 nhitng linh vuc con
ton tai nhiéu nhitng bai toan, gid thuyét chua c6 cau tra 10i. Trong sudt
qué trinh phat trién ctia Toan hoc, Phuong trinh nghiém nguyén luén thu
hit duge nhiéu ngusi quan tam nghién citu va tim hiéu. Chinh viéc di
tim 10i gidi cho cac bai toan hay ching minh cic gid thuyét vé phuong
trinh nghiém nguyeén da lam nay sinh cac li thuyét, phuong phap khéc ctia
toan hoc. Cac bai toan gidi phuong trinh nghiém nguyén khong c6 quy tac
giai tong quat, hoic néu cé ciing chi 1a déi véi nhitng dang don gidn. Méi
phuong trinh véi dang riéng ctia n6é doi héi phai ¢c6 mot cach giai dac trung
phtt hop. Diéu nay cé tac dung rén luyén tu duy todn hoc mém déo, linh
hoat va sang tao cho nguoi lam toan. Chinh vi thé bai toan phuong trinh
nghiém nguyén c6 mit trong cac ki thi hoc sinh giéi Toan qubc gia, qubc
té. Viec he thong mot cach tuong ddi cac phuong phap giai phuong trinh
nghiém nguyén va dua ra cac van dé mé vé phuong trinh nghiém nguyen 1
can thiét doi véi viec gidng day va nghién citu toan hoc, dic biet 1a trong
cong tac on luyén hoc sinh giéi.

V6i 1i do do, trong luan van nay, trude tién ching toi tong hop mot
s6 phuong phap giai phuong trinh nghiém nguyén thong qua cac vi du cu
the;. Phan tiép theo sé danh dé gisi thieu mot s6 gia thuyét vé cac van deé
lien quan dén phuong trinh nghiém nguyén dang dudgc quan tam gan day.

Noi dung luan vin gom 2 chuong.

Chuong 1: Trinh bay mot s6 dang phuong trinh nghiém nguyén co ban
va mot so6 phuong phap gidi phuong trinh nghiém nguyén thong qua cac
vi du cu thé.

Chuong 2: Trinh bay vé s6 liy thita hoan héao, gia thuyét Pillai vé s6
Ity thita hoan hdo va mot s6 van dé liéen quan.



Luan van dugc hoan thanh véi sy huéng dan nhiét tinh ctia GS. TSKH.
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Chuong 1

Phuong trinh nghiém nguyén

1.1 Phuong trinh tuyén tinh

Dinh nghia 1.1.1. Phuong trinh Diophantine tuyén tinh 14 phuong

trinh c6 dang:
ar + by = c, (1)

trong d6 a, b, ¢ 1a cac s6 nguyén, dong thoi cic bién z, y cling chi nhan
cac gia tri nguyen.

Giai phuong trinh (1) 1 di tim cac cip s6 nguyén (z, y) thoa man (1).
Dé giai phuong trinh (1) ta dya vao dinh i sau day:

Dinh 1i 1.1.2. Gid s a, b la cic so nguyén duong, d la wdc chung lén
nhat cia a va b, d = (a, b). Khi dé phuong trinh ax + by = ¢ khong cé
nghiém nguyén néu d khong la wdc cia c. Néu d|c thi phuong trinh cé vo
50 nghiem. Hon nta néu x = o, y = yo la mot nghiém nao dé cia phuong

trinh, thi moi nghiém ciua phuong trinh co dang:

x:x0+<g>n, y:yo—(%)n.

Trong dé n la s6 nguyén.

Ching minh.



Gia st (x,y) 1a mot nghiém ctia phuong trinh. Do d |a , d |b nén d |c. Nhu
vay néu d khong 1a uéc ctia ¢ thi phuong trinh khong c6 nghiém nguyén.

Gia st d|c. Khi do, ton tai cac sd nguyén s, t sao cho:
d = as + bt. (2)

Do d|c nén ton tai e nguyen sao cho de = ¢. Nhan hai vé cua (2) véi e

ta dugc:
c =de = (as+ bt)e = a(se) + b(te).

Nhu vay, ta ¢6 mot ngiém cua phuong trinh cho béi x = xy = se,
Yy = yo = te.

Ta sé chiing minh ton tai vo s6 nghiem. Dat x = 2 + n, y = yy — 2n,
trong d6 n nguyén. Ta thay cip (z,y) xac dinh nhu trén 1a mot nghiém,
vi ax + by = axg + a.gn +byo — b.gn = axo + byy = c.

Ta chiing minh rang moi nghiém ctia phuong trinh phai c6 dang néu
trén.

Gia st (x,y) 14 mot nghiem tuy y, tic la x, y nguyén va théa mén

ax + by = c¢. Khi dé:
(az + by) — (axg + byy) = 0.
Suy ra:
a(x —x9) + by —yo) = 0.
Thc la:
a(x —x9) = blyo — y).
Chia hai vé ctia dang thic cho d, ta dugc:

Gz —w0) = 4y — ). (3)



Do d = (a,b) nén § va % nguyeén to ciing nhau. Tir d6 suy ra yo — 35,
tifc ton tai n nguyeén sao cho 9n = yy —y. Suy ra y = yo — 9n. Thay gi tri

nay cia y vao phuong trinh (3) ta dugc x = o + %n.

Vi du 1.1.3. Giai phuong trinh nghiém nguyén sau: bx + 3y = 19
Loi giai.
Ta ¢6 (5, 3) = 1. Do 1 1a u6c ctia 19 nén phuong trinh da cho ¢é nghiém.
Dé thay zo = 2, yp = 3 1a mot nghiém ctia phuong trinh da cho. Theo dinh

Ii trén, cac nghiém cua phuong trinh ¢6 dang: © = 2 + 3n, y = 3 — 5n, véi

n 13 s6 nguyén.
1.2 Phuong trinh Fermat

1.2.1. Cac bo sb Pitago

Bo ba s6 nguyén duong (z,y, z) théa man 22 + y* = 22 duge goi 1a mot
bo s6 Pitago. Vi du {3,4,5},{6,8,10} 1a bo s6 Pitago.

Ro rang rang, néu (x,y, 2) 1a bo s6 Pitago thi (kx, ky, kz) ciing 1a mot
bo s6 Pitago v6i moi so tir nhién k.

Bo s6 Pitago (z,y,z) goi la nguyén thiy néu (z,y,z) = 1. Vi du
{3,4,5},{5,12,13} 1a cac bo sb Pitago nguyeén thuy, bo s6 {6, 8,10} khong
nguyeén thuy.

B6 dé 1.2.1. Néu (z,y, z) la mot bo s6 Pitago nguyén thiy thi (z,y) =
(w,2) = (y,2) = 1.

Ching minh.



Gia st (z,y, 2) 1a mot bo s6 Pitago nguyén thuy va (z,y) > 1. Khi d6
ton tai 6 nguyen t6 p sao cho p|(z,y). Vip|z vaply nen p |(2? + y?) = 2%
Do p nguyén td ma p }22 nén p|z, mau thuan véi gia thiét (z,y,z) = 1.
Vay (z,y) = 1.

Tuong tu ta cé (z,2) = (y,2) = 1.

B6 dé 1.2.2. Gid st (z,y, 2) la mot b s6 Pitago nguyén thiy. Khi do

x chan, y 1€ hodc x 1€, y chan.

Ching minh.

Gia stt (7, y, z) 1a mot bo s6 Pitago nguyén thity. Do Bé dé 1.2.1, (z,y) =

1, nén x va y khong thé cing chin. Néu x va y cling 1é thi ta c6

2% = y* = 1(mod4),

2% = 2? +9* = 2(mod4).

Diéu nay vo li. Vay x va y khong thé cuing 18.

B6 dé 1.2.3. Gia sir, s, t 1a cac s6 nguyén duong sao cho (r,5) = 1 va

rs = t2. Khi d6 ton tai cac s6 nguyén h va 1 sao cho r = % va s = h2.
Ching minh.

Néu r = 1 hoac s = 1 thi bo dé hién nhién dang. Ta gid st r > 1 va

s > 1. Gia st cach phan tich 1, s, t ra thita s nguyén t6 c6 dang sau:

aq, Q2

T =Dp'DyC Py

_ Qpt1  Op42 (e
S = pn—l—l pn—|—2 "‘pmm

t= qlquﬂQ...q,f’“.



Vi (7, s) = 1 nén cac s6 nguyén t6 xuat hién trong cic phan tich ctia r va
s 1a khéc nhau. Do rs = t? nén p{'p32...ptpo i pets .. .plm = q%ﬂlqgﬂQ...qiﬂ’“
Tt Dinh 1f co ban ctia S6 hoc ta suy ra rang, cac liiy thita nguyén to6

xuat hién & hai vé ctia dang thiic phai nhu nhau. Vay, mdi p; phai bang

Q4

mot ¢; nao do6, dong thoi oy = 2f;. Do d6, méi s6 mi a; deéu chén nén §

1a s6 nguyen. T do6 suy ra r = [?, s = h?, trong d6 1, h 14 cac s6 nguyen:

[ = p?1/2p32/2...pzn/2

_omt1/2 apga/2 QU /2
h_pn+1 pn+2 oM .

Tat ci cac bo sb6 Pitago nguyeén thity dudge mo ta trong dinh 1i sau:

Dinh 1i 1.2.4. Cdc s6 nguyén duong z, y, z lap thanh mot bo so Pitago
nguyén thiy, vdi y chdn néu va chi néu ton tai cdc so nguyén duong nguyén
to cung nhau m, n vdi m>n, m lé, n chdn hodc m chan, n lé sao cho

T =m? —n?
Yy = 2mn
z=m?+n2

Ching minh.

Gia st (z,y, z) 1a bo s6 Pitago nguyén thuy. Tit Bo dé 1.2.2 ta thay x

18, v chén, hodc ngudc lai. Vi ta gid thiét y chdn neén x, z déu 18. Do z + 2

r+z
92

va z — x déu 1a s6 chén, nén cac s6 r = s = %5 deéu la s6 nguyen.

Viaz?+y?=22néeny® =22 —2° = (2 +12)(2 — ). Vay:

&)= () (%) =

Dé y ring (r,s) = 1. That vay, néu (r,s) = d thi do d|r,d|s nén

dl(r+s)=zvad|(r—s)=x.Dicudéconghialad|(z,2) =1 nénd = 1.



Ap dung B8 dé 1.2.3 ta thay ring ton tai cic s6 nguyen m, n sao cho

r =m?, s =n? Viét z,y, z thong qua m, n ta co:

r=1r—5=m?—n?

y = V4rs = V4m?n? = 2mn
z=1r+s5=m?+n’

Ta chiing minh x, y, z nguyén t6 cing nhau. Gia st ngugc lai (z,y, z) =
d > 1. Khi d6 ton tai s nguyén t6 p sao cho p|(z,y,2). Ta thay rang p

2 — n? trong d6 m?,n? khong cing

khong la ude ctia 2 vi x 1é (do z = m
tinh chén 16). Lai do p|z,plz nén p|(z +z) = 2m? va p|(z — z) = 2n®.
Vay p |m , p|n: mau thuan véi (m,n) = 1. Do dé (z,y, z) = 1 tic la (x, y, 2)

14 mot bo s6 Pitago nguyén thiy.

1.2.2. Phuong trinh Fermat

Ta thiy rang phuong trinh  +y = 2 ¢6 vo han nghiém nguyen (z, v, z).
Cac bo so Pitago ciing cho ta vo han nghiém nguyén ctia phuong trinh
2? + 9% = 2%, Van dé dat ra la khi s6 mil cia cac bién ting lén, liéu rang
phuong trinh 2™ + " = 2™ v6i n > 3 ¢6 nghiém nguyén hay khong ? néu

c6 thi s6 nghiém 1a httu han hay vo han?

Dinh 1i 1.2.5.(Dinh 1i Fermat). Phuong trinh " +y" = 2" khong c6
nghiém nguyén .y, z khdc 0 khi n la s6 nguyén duong, n > 3.

Dinh i Fermat dugc chting minh nam 1993 béi A. Wiles, vé6i viéc st
dung nhitng kién thic cao nhat ctia nhiéu nganh toan hoc khéic nhau.
Trong phan nay ching ta sé trinh bay ching minh dinh 1 16n Fermat cho
truong hop n = 4, ma mau chdt ciia ciia chiing minh 13 phuong phap lui

vo han do Fermat dé xuat.



