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MG DAU

Ham s6 1& mot trong nhitng phan co ban va trong tam ctia chuong trinh
toan Trung hoc phé thong. Trong dé thi dai hoc, cao ding va cac ky thi
Olympic luén luon cé cac bai tap vé ham s6. Ly thuyét vé ham s6 lién tuc
va kha vi duge st dung rat rong rai trong cac bai tap cling nhu cac sach

viét vé ham sb.

Muc dich ctia dé tai luan van 1a trinh bay mot s6 dinh 1y quan trong
ciia ham kha vi, lien tuc tit d6 ap dung gidi mot s6 bai tap tong hop
vé ham s6. Luan van trinh bay va giai bai toan tong hgp vé ham sé bac

hai trén bac nhat dong thai dua ra cac bai toan tong hop vé ham s bac ba.
Noi dung ctia luan van dugc trinh bay trong hai chuong:

Chuong 1 trinh bay mot sé khai niém va cac dinh 1y co ban ve gidi han,
su lién tuc ctia hAm mot bién, cic dinh 1y vé ham kha vi.

Chuong 2 gdm 2 phan. Phan 1 trinh bay bai toan tong hop vé ham s6
bac hai trén bac nhat véi 101 gidi chi tiét. Phan 2 trinh bay cac bai toan

tong hop ham bac 3.

Qua day, t6i xin g 161 cAm on sau sic t6i ngudi Thay, ngudi hudng
dan luan van cao hoc ctia minh, TS. Nguyén Minh Khoa - trudng Dai hoc
Dién Luc. Thay da danh nhiéu thsi gian va tam huyét dé huéng dan va
gidi quyét nhitng thic mac cho toi trong sudt qua trinh toi lam ludn van.
Toi cling xin bay t6 15i cdAm on chan thanh t6i cdc Thay Co6 trong hoi dong
cham luan van thac si, cac Thay Co6 giang day 16p Cao hoc Toan K6B, gia
dinh, ban be, dong nghiép da tao nhitng diéu kién thuan lgi nhat dé toi c6
thé hoan thién khéa hoc cting nhu luan van ctia minh.

Thai Nguyén, thang 9 nam 2014.

Hoc vién

Lé Thi Minh Anh



Chuong 1

Ham so6 lién tuc va kha vi

1.1 Gié6i han ctia ham s6 mot bién s6
1.1.1 Cac dinh nghia

Dinh nghia 1.1. S6 A dugc goi 1 gidi han ctia ham s6 y = f(z) khiz — g
néu ham s6 y = f(z) x4c dinh trong mot lan can cta o (c6 thé khong xac
dinh tai zo): Ve > 0,30 =6(e) : 0 < |z — x| < 0 = |f(x) — A| < e.

Vi du 1.1. Ching minh ring lirr%(Qx +3) =5.
Tr—
Ching minh. Ta ¢6 |2z +3) = 5| <e o2z -1 <ee |z —1] <§
Vay Ve > 0,36(¢) :%:vx Jr—1<d6=|(2z+3) 5| <e.
Do d6 theo dinh nghia ta c6 lirri(2:z: +3) = 5.
T

]

Dinh nghia 1.2. Ham y = f(x) x4c dinh trong mdt 1an cén cta zy (c6
thé khong xac dinh tai xg) goi 1& ¢6 gidi han A khi x — x¢ néu déi véi
moi day x,,x, # xo hoi tu dén zy thi day cac gia tri ciia ham tuong tng

f(x1); f(wa); f(23)-5 f(2n)... hoi tu dén A.

. 1
Vi du 1.2. Ching minh rang lim x.sin— = 0.
z—0 X

4 1
Ching minh. Ta nhan thay ham f(x) = x.sin— khong xac dinh tai zy = 0
x

nhung xac dinh tai lan can zq = 0. Lay day x,, bat ki trong khoang (_Tﬂ, %)



sao cho lim x, = 0. Ta c6:
n—oo

1
0 < |f(@n)| = |zn.sin—| < |a].
Tn,

Vi lim z, =0 — lim |z,| =0= lim f(z,) =0.

n—o0 n—oo

1
Vay theo dinh nghia 2 ta cé: lim z.sin— = 0.
x—0 X

Vi du 1.3. Chitng minh rang khong ton tai lin} sin ]
T T —
2
(dn+ )1

Ta ¢6 lim x, = 1; lim %, = 1. Day cac gia tri tuong ting cia ham la
n—oo n—oo

4 ]_
Ching minh. Ta lay haiday z, =1+ —; X, = 1+
nm

f(x,) = sin———— = sinnw = 0,

1+——1
ni

1
f(x,) = sin 5 = sm(g + 2nm) = 1.

14—
i (4n + )7
= lim f(z,)=0; lim f(x,) = 1.
n—oo n—oo

1
rx—1

Vay theo dinh nghia 2, khong ton tai 111% sin
T—
Nhan xét 1.1. Dinh nghia 1 va dinh nghia 2 1a twong duong.

Dinh nghia 1.3. Ham s6 y = f(x,) x4c dinh lan can bén phai xy. S6
A duogc goi 1a gidi han bén phai ciia ham s6 khi © — zy. Ky hieu A =
lim f(z)= f(xg+0)néuVe > 0,30 =0(¢) >0Vr:0 <z — 29 < =

x—(29+0)

[f(z) = Al <e.

Dinh nghia 1.4. Him y = f(x) x4c dinh tai lan can bén tréi zy (c6 thé
khong xac dinh tai x¢). S6 A goi & gidi han trai cia ham f(z) khi 2 — =,
ky hitu A = lim f(z) = f(xo —0) néu Ve > 0, 36 = d(e) > 0: Vx €

%(xo 0

O<xo—x<6:>\f(x) Al <e.



Vi du 1.4. Tim g¢idi han mot phia ctia ham so:

f(x) =2014 + 7~ 1L
1452 —1
Giai. Ta (:c’):1 — 400 khix —1—0.
—x
1
Do dé —— — 0. Vayf(1 — 0) = 2014 khi z — 1+ 0. Ta c6
1+52—1
1
1

—— — —00,dodd 52 =1 —0. Vay f(1+0) = 2015.
— X

1.1.2  Cac tinh chat cta giéi han

Tinh chat 1.1. Néu lim f(z) = A, A la mot s6 hitu han khi dé ham f(x)

T—X0
la b chan trong mot lan cin nao dé V(xg), tic la 3 mot s6 M > 0 sao

cho: |f(z)] < M,V € V(xg),x # xy.

Chaing minh. Diéu kién ctia dinh Iy ddm bao ton tai mot 1an can V(xg) sao
cho 1> |£(x) — A > | (z)| - |4].

= |f(z)] < 1+]|A| vay 1+|A| déng vai tro ciia M. Tinh chat 1 duge ching
minh. O

Tinh chat 1.2. Néu lim f(z) = A, A # 0 la s6 hitu han, khi dé c6 mot

T—X0
, A
lan can V(xy) dé sao cho |f(x)| > %,Vm € Vi(xy),z # x.

Tinh chat 1.3. Néu lim fi(z) = Ay, lim fo(x) = Ay va c6 mot lan can
T—X0 T—To

V(.%'()) : fl(.r) < fg(a:),Vx € V(.I'o),x 7é xo thi A1 < As.

Tinh chit 1.4. Néu lim fi(z) = A, lim fo(z) = A va fi(x) < p(z) <
T—X0

T—XTg

fo(z), Vo € V(xy),x # xy thi li_>m () = A.

Tinh chat 1.5. (Tiéu chuan Cauchy) Can va di dé 3 lim f(x) hitu han

T—X0

la ham y = f(x) zdc dinh 6 mot lan can ciia xo (¢ thé tri ra vg) va Ve > 0
3 lan can V(zo) sao cho: |[(&) — f(@)] <&, ¥a',2” € Vi(zo)ia',a” # o



Tinh chit 1.6. Cho lim f(z) = A, lim g(x) = B; A, B hiu han.Khi

T—Tg T—2g
do: li_)rn [f(x) £ g(x)] = A+ B; h_)m [f(x).g(z)] = A.B va néu B # 0 thi
lim m = é
w0 g(x) B
Vi du 1.5. Ching minh rang lim T _ .
z—0 X

D/H]-x

-1

SN

Ching minh. Ham f(x) = khong xac dinh tai diém zq = 0 nhung
T

T 2

Truong hop 1: 0 < z < BL tu hinh vé ta c6: Sasom < Squataonm < Sasor

xac dinh tai 1an can ctia né chang han V(zg) =2 :0 < |z| <

& %OA.MH < %.OAZ]\\J < %.OA.AT (1.1)

— ) 1
@MH<AM<AT<:)3inx<x<tanx<:>1<Smx< )
- :173T COST
Tru?dngh(jp2:7<x<0,data$:—t:>0<t<§.

: sin(—t sint T
Vi cosz = cos(—t) = cost; "% = (t ) = vado 0 <t < B nén

(1.1) van ding khi _777 <z <0.

SN

= 1. L]

Do lim =1= lim
z—0 CcOSXL z—=0 T



1.2 Su lién tuc ctia hAm mot bién
1.2.1 Cac dinh nghia

Dinh nghia 1.5. Ham f(x) dugc goi 1a lien tuc tai diém z néu né thoa
man hai diéu kién:
i) f(x) xac dinh tai z( va lan can.

ii) xh_{leO = f(xp). Diém x khi d6 goi 1 diém lien tuc cla y = f(x).

Dinh nghia 1.6. Ham f(x) dugc goi 1a lien tuc trai (hodc phai) tai diém
2o néu n6 théa man hai diéu kién sau:
i) f(x) xac dinh tai x5 va lan can trai hodc phai ctia diém x.

ii) f(xg —0) = f(xp) hodc f(xo+0) = f(zo).

Dinh nghia 1.7. Ham f(x) dugc goi 1a lién tuc trén doan [a, b] néu né lién

tuc tai Vo € (a,b) va lién tuc phai tai x = a, lién tuc trai tai x = b.

1.2.2 Céc tinh chat ctia ham lién tuc trén doan

Tinh chat 1.7. Cho f(z) la ham s6 lién tuc trén [a,b] va f(a).f(b) < 0.
Khi dé 3c € (a,b) : f(c) =0.

Ching minh. Khong giam tinh tong quat ta gia thiét f(a) < 0; f(b) > 0.

Dat g =a, 50 =b< f(ap) <0; f(By) > 0.
Dit uy = @Ogﬂo, néu f(ug) = 0 thi ¢ = wug, néu f(uy < 0) thi dat

a1 = ug, 81 = By con néu f(ug > 0) thi dat a; = ap, f1 = ug. Ta lai xét

[041,51] va co f(Oél)f(ﬁl) < 0.

a + B

va qué trinh tiép dién vé6i thuat toan 1ap lai.Nhu

vay ta sé nhan dugce [ay,, B(n)], u, = A ; 6”.

Néu f(u,) = 0 thi ¢ = u, va c chi 14 nghiém ctia phuong trinh
f(x) = 0.
Néu f(u,) < 0 thi ta ddt a, 1 = up, Bur1 = Bn; con néu f(u, > 0) thi dat

Tiép tuc dat u; =

Opy1 = Qp, ﬁn—kl = Up.



Tiép tuc qua trinh nay ra vo han ta nhan dugc 2 day sé a,, B, cing hoi
tu va c6 chung gi6i han 1a c¢. Tu day ta nhan dugc f(c) = 0 va ¢6 diéu phai
chiing minh. ]
Tinh chat 1.8. (Weierstrass 1) Néu ham s6 f(z) lién tuc trén doan [a, b]

thi né sé bi chan trén doan ay.
Tinh chat 1.9. ( Weierstrass 2) Néu ham s6 f(x) lién tuc trén doan [a,b]
thi no dat gid tri lon nhat, gid tri nhé nhat trén doan dy.

Tinh chat 1.10. Néu ham s6 f(z) lién tuc trén doan [a, b] va pu € [m, M|
m =min f(x), M = maxf(x) thi 3¢ € (a,b) : f(§) = p.

1.3 Cac dinh 1y vé ham kha vi
1.3.1 Dinh ly Fecmat

Dinh 1y 1.1. Gid st ham y = f(x) zdc dinh trong khodng (a, b). Néu f(x)
dat cuc tri tai mot diém c € (a,b) va néu tai c ton tai dao ham hitu han

f'(c) the f'(c) = 0.

1.3.2 Dinh ly Rolle

Dinh 1y 1.2. Cho ham s6 y = f(x) xdc dinh lién tuc trén doan [a;b] va
kha vi trong khodng (a;b) gid si f(a) = f(b) khi dé ton tai c € (a;b) sao
cho f'(c) = 0.

Chitng minh. Theo tinh chat ctia ham lién tuc = IM = max f(x),
Khi d6 ¢6 hai kha nang xay ra: hodc ca 2 gia tri M, m dat tai 2 muat a,b
tuc la: f(a) = f(b) =m = M = f(x) = C(const), Vx € (a;b).
= f'(n) =0, Vo € (a;b) = f'(x) = 0,Vx € (a;b) hodic c6 mot gia tri dat
tai ¢ € (a;b) va theo dinh ly Fecmat ta c6 f/(c) = 0.

[l

Vi du 1.6. Cho f(z) = (z — 1)(z — 2)...(x — 2014). Chiing minh rang
phuong trinh f'(x) =0 ¢6 ding 2018 nghiém.

8



Ching manh. Ta c6 fi = fo = ... = fop14.

Ap dung dinh Iy Rolle cho cac doan [1;2];[2;3];...; [2013; 2014]

= Jey € [1;2]; ¢ € [2;3];...; c2013 € [2013;2014] sao cho

f'(c1) =0, f(c) =0, ..., f'(cop13) = 0.

Ta lai ¢6 do f(x) la da thuc bac 2014 = f'(x) la da thiac bac 2013. =
f'(x) = 0 ¢6 dang 2013 nghiem Cy; Cy; Cs; ...; Cogrs. ]

2

Vi du 1.7. Chiing minh rang phuong trinh f(z) = x* — xsinz — cosz = 0.

IT I )
Giai. Vi f <7> > 0,f(0)<0,f <§> > 0 do d6 theo tinh chat cla
ham lien tuc f(x) = 0 ¢6 it nhat 2 nghiém.
Néu f(x) = 0 ¢6 vo s6 nghiém 16n hon hodc bang 3 thi theo dinh 1y Rolle
f>(x) = 0 c6 it nhat 2 nghiem nhung vi f*(z) = 2z — sinx — xcosx + sinx =
x(2 — cosx) = 0 chi ¢6 1 nghiém x = 0. Do d6 f(x) = 0 chi c6 diang hai

nghiém.

1.3.3 Dinh ly Lagrange

Dinh 1y 1.3. Cho ham s6 y = f(x) zdc dinh, lién tuc trén [a, b] va khd vi
trong (a, b), khi dé ton tai it nhdat mot diém c € (a,b) sao cho

fie) = 1O,
Chitng minh. Xét ham bd trg h(z) = f(z) — f(a) — (v — a)—f(bl)) : Z:(a)

vV € [a,b].
Théy rdng ham h(x) théa méan dinh 1y Rolle nén 3¢ € (a,b): h'(c) = 0.

Vi W(z) = f'(z) - W = W(c) = f'(c) — w 0
fle) = W,c € (a,b).

]
Vidu 1.8. Cho 0 < b < a, ching minh: aT—b < ln% < ¢ ; b.

Ching minh. Xét ham s6 f(z) = Inx trén[a,b]: f(x) lien tuc trén doan
b,a], f'(x) = 1,Vx € (b,a). Khi d6 theo dinh ly Lagrange 3¢ € (b, a) sao
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