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LOI MG DAU

Trong céac ky thi chon hoc sinh giéi Qubc gia va Qudc té, cac bai toan vé sd
hoc thuong déng vai tro quan trong. Khi nhic dén s6 hoc hay 1y thuyét so, ta
khong thé khong nhic t6i dinh 1y thing du Trung Hoa. Cac bai toan st dung
dinh 1y nay thuong la nhing bai toan hay va kho.

Dinh Iy Thang du Trung Hoa la tén ngudsi phuong Tay dat cho dinh 1y nay.
Ngusi Trung Qubc goi né 1a Bai todn Han Tin diém binh. Tuc truyén rang khi
Han Tin diém quan s6, ong cho quan linh xép hang 3, hang 5, hang 7 rdi bao
cédo s6 du. T do6, can cit vao lugng quan thi ong tinh dude chinh xac quan s6
dén timg nguoi.

Luan van nay dugc chia lam hai chuong:

e Chuong 1. Kién thidc chuan bi

Trong chuong nay, tac gia trinh bay nhitng két qua da biét trong s6 hoc nhu
quan hé dong du, hé dong du, cac dinh ly: Fermat, Euler, Wilson, ... Nhitng
kién thic nay sé dugce sit dung trong viéc giai cac bai toan trong chuong 2.

e Chuong 2. Dinh ly thang du Trung Hoa

Noi dung chuong nay dudce chia lam hai phan. Phan dau, tac gid néu va
chiing minh dinh 1y thang du Trung Hoa va dinh ly thing du Trung Hoa dang
md rong. Phan thit hai, tac gid trinh bay nhitng tng dung ctia dinh 1y thing du
Trung Hoa vao giai toan.

Luan van duge thuyc hién va hoan thanh tai truong Dai hoc Khoa hoc - Dai
hoc Thai Nguyén duéi sit huéng dan khoa hoc ciia PGS. TS. Nong Quéc Chinh.
Qua day, tac gid xin duge gt 16i cdm on sau sic dén thay gido, nguoi huéng
dan khoa hoc ctia minh, PGS. TS. Nong Qubc Chinh, nguoi da dua ra dé tai va
tan tinh huéng dan trong suét qua trinh nghién ctu clia tac gid. Dong thoi tac
gia cling chan thanh cdm on cic thay co trong truong Dai hoc Khoa hoc, Dai
hoc Thai Nguyeén, da tao moi diéu kién cho tac gid vé tai lieu va thi tuc hanh
chinh dé tac gid hoan thanh ban luan vin nay. Tac gid ciing gui 16i caAm on dén
gia dinh, cac dong nghiép da dong vién gitp dé tac gid trong qua trinh hoc tap
va lam luan van.

Thai Nguyén, ngay 19 thang 08 nam 2014

Tac gia



Chuong 1

Kién thic chuan bi

1.1 Dinh nghia déng du va cac tinh chat

1.1.1 Dinh nghia

Dinh nghia 1.1.1. Cho a, b, m 1a cic s6 nguyén, m khac 0. Néu a — b chia hét

cho m thi a dugc goi 1a dong du véi b modulo m, ky hiéu 13 a = b (mod m).

1.1.2 CAc tinh chat cta dong du

Cho a, b, c,d 1a cac sd nguyén. Khi d6, ta c6 cac tinh chat sau day
Néu a = b (mod m) thi b=a (mod m).

Néu a =0 (mod m) va b= c (mod m) thi a = ¢ (mod m).

Néua =0 (mod m) vac=d (mod m) thia+c=b+d (mod m).
Néu a =0 (mod m) va ¢ =d (mod m) thi ac = bd (mod m).

Néu a = b (mod m) va k 1a s6 nguyen duong thi a® = v* (mod m).
Néu a =b (mod m) va dlm thi a =b (mod d).

Néu a = b (mod m) thi ac = be (mod m) véi moi ¢ khac 0.

Néu ab = ac (mod m) va (a,m) =1 thi b = ¢ (mod m).

a=b (mod m;) (i=1,2,...,n) & a=b (mod [my, ma,....,my]).



1.2 Mot vai dinh 1y can dung

Dinh 1y 1.2.1. Dinh ly Fermat nho
Gid st p nguyén to, a la mot s6 nguyén duong, (a,p) = 1. Khi dé aP~! =1
(mod p).

Chitng minh. Xét day gom p — 1 s6: a, 2a, 3a, ..., (p — 1)a. Ta chitng minh réng
trong day khong ton tai hai s6 dong du véi nhau trong phép chia cho p.

Gia st ka = la (mod p) vé6i k,l € {1,2,...,p — 1} va k khac [. Khi d6
a(k—1):p=k—1:p= k=1 (mau thuin). Vay khi chia p — 1 s6 trong day
trén cho p ta nhan dugc p — 1 s6 du khéac nhau tit 1,2, ...,p — 1. Suy ra

a-2a---(p—1la=1-2---(p—1) (modp) & (p—1)la*~" = (p—1)! (mod p).
Do ((p — 1)!,p) = 1 nén ta c6 diéu phai chiing minh. O

Nhan xét 1.2.2. e Tu dinh ly trén ta ¢6 a? = a (mod p) (v6i p nguyen t6 ).
e Dinh 1y ddo ctia dinh 1y nhé Fermat khong ding. Vi du nhu ta c6 thé kiém
tra dugc rang v6i moi s6 nguyen duong a ma (a,561) = 1 thi

a®® =1 (mod 561).

Nhung 561 = 3 - 11 - 17 khong phai 1a s6 nguyén t6. Nhitng s6 c6 tinh chat dac
biét nhu vay goi 1a s6 gid nguyén t6 véi moi co s6, hodc s6 Carmichael. Ta c6
mot dinh 1y quan trong vé s6 Carmichael nhu sau: “Néu n la so gid nguyén to
vdi moi cd sd, tic laVa € N*, (a,n) =1=a""1 =1 (mod n), thin = p1ps...px
vdi p; la cdc s6 nguyén té sao cho p; — 1|n vdi moi i.

Bang dinh 1y Thing du Trung Hoa, ta da xac dinh dugc dang phan tich co
sd clia cac s6 Carmichael. Tuy nhién cdc s6 nay rat hiém. Hai s6 Carmichael
dau tien 1a 561 va 41041.

Dinh ly 1.2.3. Dinh ly Euler

Néu m la s6 nguyén duong va (a,m) =1, thi
a®™ =1 (mod m),

trong dé ¢(m) la so cdac s6 nguyén duong nhé hon m va nguyén té6 cung nhau

Va1, M.



Dinh ly 1.2.4. Dinh ly Wilson
p la s6 nguyén to khi va chi khi (p — 1)! + 1 chia hét cho p.

Chitng minh.

e Néu (p — 1)! + 1 chia hét cho p thi hién nhién p 1a s6 nguyén t6. Vi khi d6
p sé nguyén t6 ciing nhau véi cac s6 tit 1 dén p — 1. Do d6 né khong c¢6 uéc nao
khac ngoai 1 va chinh né.

e Ngugc lai, néu p 1a s6 nguyén t6 thi ta chiing minh (p — 1)! + 1 chia hét
cho p.

Xét da thitc

g(z) = (z =1)(z = 2)..(x = (p—1))

flx)=g(x) — (="~ —1).

R6 rang phuong trinh g(z) =0 (mod p) ¢6 p — 1 nghiém 1a 1,2,...,p — 1.

Theo dinh ly Fermat nhé, 2?71 —1 =0 (mod p) c¢6 p—1 nghiem la 1,...,p—1.

Suy ra da thic f(x) = 0 (mod p) cing c¢6 p — 1 nghiém. Nhung da thic
f(z) ¢6 bac nho hon p — 1, nén theo dinh 1y Lagrange, cac hé s6 cia f(z) dong
du 0 theo modulo p. Hon nita, (p — 1)! + 1 lai 14 hé s6 tu do trong f(z). Vay
(p— 1)! + 1 chia hét cho p. O

1.3 Heé thing du day du

e Tap hop z1, 22, ..., ¢, dudc goi 1a mot hé thang du day di modulo m néu
v6i mbi 86 nguyén y ton tai duy nhat mot sé z; sao cho y = x; (mod m).

e Tap {1,2,...,m — 1,m} 1a mot he thing du day di modulo m.

e Moi hée thang du day dt modulo m déu c6 dang m phan ti.

e Mot tap gom m phan ti 1a mot hé thang du day da modulo m néu va chi
néu hai phan tit khac nhau bat ky ctia n6 khong dong du véi nhau theo modulo
m.

e Cho s6 nguyén a va m > 0. Tap hgp tat ci cac s6 nguyén z thdéa man
r = a (mod m) dugc goi 1a mot 16p dong du modulo m, ky hieu @ = {a + mt :
t € Z}. C6 m 16p dong du phan biét modulo m thu duge bang cach 1ay lan lugt

a=1,2,..m.



e Mot tap hop {r1,72,...,7} dugc goi 1a mot hé thang du thu gon modulo
m néu (r;,m) =1, r; # r; v6i moi ¢ # j, 1 <4i,j < n va véi moi s6 nguyén x

nguyén t6 cing nhau véi m thi ton tai r; sao cho r; =z (mod m).

Dinh ly 1.3.1. Cho (a,m) =1 va {r1,r2,....,mn} la mot hé thang du thu gon
(day di) modulo m. Khi dé ary,ars, ...,ar, cing la mot hé thang du thu gon
(day di) modulo m.

1.4 Nghich dao modulo m

Dinh nghia 1.4.1. Gi st a, m 1a cac s6 nguyén, m > 1. Nghiém ctia phuong

trinh ax =1 (mod m) dugc goi la nghich déo ctia a modulo m.
Dinh 1y 1.4.2. Nghich ddo ciia a modulo m ton tai < (a,m) = 1.

Hé qua 1.4.3. Néu p nguyén to6 thi méi phan ti cia tap hop {1,2,...,p — 1}
déu c6 nghich ddo duy nhat modulo p.



Chuong 2

Dinh ly Thang du Trung
Hoa va ting dung

Dinh Iy Thang du Trung Hoa la tén ngudi phuong Tay dat cho dinh 1y nay.
Ngudi Trung Qudc goi né 1a Bai todn Han Tin diém binh. Tuc truyén rang khi
Han Tin diém quan sb, ong cho quan linh xép hang 3, hang 5, hang 7 rdi bao
céo s6 du. T do6 ong tinh duge chinh xac quan s6 dén ting nguoi.

Trong chuong nay, ching toi sé trinh bay néi dung ctia dinh ly Thang du

Trung Hoa v& mot s6 tng dung ctia dinh 1y nay.

2.1 Dinh ly thang du Trung Hoa

2.1.1 Mot sd két qua bd tro

Bé dé 2.1.1. Gid si rdng m,n la cdc s6 nguyén khac 0 théa man (m,n) = 1.

Gid st a la mot s6 nguyén tuy . Khi dé mn|a < m|a va nla.

Chitng minh. e Néu mn|a thi a = mnt = m(nt) = n(mt) v6i s6 nguyén ¢ nao
do, va do vay mla va nla.

e Ngugc lai, néu m|a thi ta c6 a = mb vé6i s6 nguyén b nao d6. Do n|mb va
(n,m) = 1 nén chiung ta c6 nlb. Do vay b = nc vé6i s6 nguyén ¢ nao d6. T d6

a = mb = mnc = mn|a. O



Hé qua 2.1.2. Gid s rang m,n la cic s6 nguyén duong théa man (m,n) =1

va a,b € Z. Khi dé a =b (mod mn) < a=b (mod m) vaa=>b (mod n).

Chitng minh. a =b (mod mn) < mn|(a—b) < m|(a—0b) va n|(a—b) (theo Bd

dé[2.1.1) & a=b (mod m) vaa=b (mod n). O

Bo6 de 2.1.3. Gid s rang mq, ms, ...,my,m la cic so nguyén khac 0 thoa man

(m,m;)=1wvdii=1,2,...,t. Khi dé (m,mq---my) =1.

Chitng minh. Ta dung phan ching. Gia st rang (m, my - --my) > 1. Khi d6 ton
tai mot s6 nguyen t6 p théa man p|m va plmy---m. Do p nguyen t6, p|m;
v6i @ nao d6 nén (m, m;) khac 1 (trai véi gia thiét). Vay ta c6 diéu phai ching
minh. O

Bo dé 2.1.4. Gid st rang mq,mo,...,m ld cic s6 nguyén duong théa man
(mi,m;) =1 néui khdc j (Ching ta goi diéu nay la tap cic so nguyén doi mot

nguyén to cung nhau). Dit m = my ---my. Néu a,b € Z thi
a=b (modm)<a=b (modm;) vdi moii=1,2,...,t.

Chiing manh.

e Néu a = b (mod m) thi dé dang suy ra a = b (mod m;) v6i moi i =
1,2, .1,

e Ngugc lai, gid stt a = b (mod m;) v6i moi i = 1,2, ..., ¢, ta sé chiing minh
a =b (mod m) bang cach quy nap theo t.

Néu t = 2 thi d6 chinh 1a Hé qua |2.1.2

Gia st két qua dung vé6i t, va my, ma, ..., my, myy 1 14 cac s6 doi mot nguyen
t6 ciing nhau cho truéec.

Datm=mq---mo---myy1. Do (myy1,m;) =1 v6imoii = 1,2, ...,¢t nén suy
ra rang (mg 1, my ---myg) = 1 (theo Bb dé. Ta viet m = (my -+ my) -myy1.
Khi do

a=0b (mod m)
sa=b (modmy---my) via=0b (mod myy1) (theo He qué|2.1.2)
< a=b (modm;) véimoii<tvaa=0b (modmsi)

S a=b (modm;) véimoii <t+ 1.0



