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MG dau

Dua trén chuong II cta tai lieu tham khao [1], luan van nghién citu bai toan
bién ctia phuong trinh elliptic tuyén tinh cap hai, luan van gom c6 hai chuong:

Chuong I trinh bay 1y thuyét khong gian Sobolev, phat biéu cac dinh Iy
Riesz, dinh ly Lax-Milgram, va dinh 1y Fredholm. Néu dinh nghia cac khong
gian LP(Q), dinh nghia dao ham riéng suy rong va khong gian Wzl)(Q) Phét biéu
dinh 1y nhing va vét ctia ham s6 trén mét cong (n — 1) chieu.

Chuong II nghién citu nghiém suy rong ctia phuong trinh elliptic dang bao
toan bao gom dinh nghia nghiém suy rong, ching minh céc bat déng thic co
ban thit nhat, bat ding thic co ban tha hai, tinh giadi dude ctia bai toan bien
Dirichlet trong khong gian W} (Q); W2(Q) va xét tinh tron nghiém suy rong clia
phuong trinh elliptic tuyén tinh cap hai.



Chuong 1

KHONG GIAN SOBOLEV

1.1 Mot sé kién thitc chuan bi

Dinh i 1.1. (Djnh Iy Riesz) V&i mot phiém ham tuyén tinh bi chan F trong
khong gian Hilbert H luon ton tai mot phan t¢ zdc dinh duy nhat f € H sao cho
F(x) = (z, f) vdi moi x € H va ||F| = ||f|| va dong thoi ta co:

_ F(z) 2
w0 7]

A2 = (f, /) = F(f)

Dinh 1i 1.2. (Dinh lyj Laxz-Milgram) Gid st B la dang song tuyén tinh bic, bj
chan trén khong gian Hilbert, tic la

() 3M >0 |B(z,y)| < Mlzllyl, Vo.yeH
(i3) 3N > 0: B(x, ) > M|z||>, =€ H.

Khi dé, vdi moi phiém ham tuyén tinh bi chan F € H*, ton tai duy nhat mot
phan ti f € H sao cho: B(x, f) = F(x) vdi moi v € H.

Dinh 1i 1.3. (Dinh lyj Fredholm) Gid st H la khong gian Hilbert va T la todn ti
compact tit H vao chinh né, T* la todn ti lien hop cia T. Khi dé, ton tai mot
tap dém dugc A C R khong cé diém g0t han tri ra co thé A\ =0 sao cho

Néu X #0,\ & A phuong trinh

e —Trx=y, M—-T'z=y (1.1)



c6 nghiém xdc dinh duy nhat x € H vdi moi y € H va cdc todn i ngude (A —
)Y (M =T~ la b chan.

Néu X € A, cic khong gian con khong cia anh xa \XI — T, N\ —Y™* ¢6 so chiéu
duong va hitu han, con phuong trinh (1.1) gidi duge néu va chi néu y truc giao
vdi khong gian con khong cia \XI — T* trong truong hop thit nhat va cia A\ — T
trong truong hop con laa.

1.2 Khéng gian W)(Q)

1.2.1 Khoéng gian LP(Q); (1 < p < +00)

Gia st © ¢ R™ 1a mién bi chin.

r=(x1,29,...,2p)

LP(Q) la khong gian Banach co dién gdm cac ham u(z) do dudc trén Q va
l[u(z)|[P kha tich, tic Ta:

/ \u(z)|Pdr < +oo. (1.2)
Q
Chuan ctia LP(Q2) duge dinh nghia béi:

ol = [ lute)lPds (13)
Q

trong do6 |u(z)| 1a gia tri tuyét déi, hodic modun ctia ham u(z)
Khong gian L?(Q2) 1a Hilbert v6i tich vo hudng

(u, ) 1p () :/u(x)v(a:)dx. (1.4)

Q

1.2.2 Dao ham suy rong

Gia st C3°(2) la khong gian cac ham kha vi vo huéng c6 gid suppu compact
trong Q, trong do

supu = {z € Q,u(z) # 0}. (1.5)

Giad st u(z) € LP(Q). Ham s6 w(z) € LP(Q) duge goi 1a dao ham rieng suy

rong theo bién z; clia ham u(xr), Ki hieu la:

ou(x)
&xj

= Dju = w(x). (1.6)



Néu véi moi v(z) € C§°(Q) ta co:

/w(x)v(w)dx: —/u(x)ﬁv(x)dac. (1.7)
&cj
Q Q
Gid st a = (ag,as9,...,a,) € N* 1a da chi s6 véi aj €N la|=a1+a2+.. . +ay,

va D = DYDY ... D,
Gia st u(z) € LP(Q). Ham 86 wq(x) € LP(Q) duge goi 1a dao ham riéng suy
rong, ki hiéu la:

o, _
D% = wy,.

Néu v6i moi v(z) € C5°(Q2) ta cb

/v(x)wa(x)dx = (—1)|a/u(x)a§ij)dx. (1.8)

1.2.3 Khong gian W}/(Q2)

Ta dinh nghia khong gian Wzl)(Q) la tat ca ca tap hop trong LP(2) sao cho
moi dao ham suy rong ctia n6 déu thuoc LP(Q), tic la:

WHQ) = {u(x) € LP(Q); D € LP(Q),Va : o] < 1}. (1.9)

Ta dwa vao W)(Q2) chuan sau:
lallfyy 0y = / > D u(x)[Pdx. (1.10)
0 lal<l

Khong gian W}(Q) 1a khong gian Hilbert v6i tich vo hudng

(1, v) w0 :/ZDO‘ ) dz. (1.11)
|laf<l
1.2.4 Khéng gian C%7(Q)

Khong gian C*(Q) 14 tap hop cac ham kha vi lién tuc dén cap k. Day 1a khong
gian Banach vé6i chuan:

(@)l crgy = sup Y [Du( (1.12)

Q jal<k



v6i 0 < o < 1 ta xét niia chuan

g JUE) —u®)]
[u], o = L S T (1.13)

Khong gian C*7(Q) la tap hop cdc ham u(z) € C¥(Q) sao cho [D*u],q <
+00,V|a| = k. Khong gian C*7(Q) 1a khong gian Banach v6i chuan

(@) gy = 4@ v + D, DUl g (1.14)
|a|<k
1.3 Dinh ly nhing
Dinh 1i 1.4. Khong gian W (Q) dugc nhing compact
(i) vao trong cic khong gian L™/ (=1")(Q) néu Im < n va
(ii) vao trong CK(Q) néu 0 <k <l— 2.
Thic la ta ¢6 mot phép nhing:

l Lrom/=tm) Q) m < n,
Wk (Q) c {ck(ﬁ), o<kl n (1.15)

Diéu nay c6 nghia rang ton tai C(Q) > 0 sao cho v6i moi u(x) € Wi (Q) ta co:

[ullpo < C)[ullw, @), (1.16)

max |ul < e(Q)l|ullwy, )- (1.17)

1.4 Vet cua ham s6 trén mat cong

Gid st Im < n. Khi d6, cac ham s6 u(z) € W (Q) c6 vét trén mat cong (n—1)
chiéu I' chita trong Q va thuoc khong gian L9(T), tic 13 ton tai ¢ > 0 sao cho:

[l oqry < ellullw, ), Yu € Wk (Q), (1.18)

m(n — 1)

trong do6 ¢ = -
n—Im



1.5 Khong gian W, (Q)

Khong gian WQO’Z(Q) gom cac ham u(z) € WIQ(Q) sao cho cac dao ham suy rong
dén cap (I — 1) c6 vét trén 09Q.

Khong gian Hilbert W2O 1(Q) ¢6 vai trd chii yéu trong viec nghién cttu bai toan
Dirichlet déi véi phuong trinh elliptic cap hai. Giai st Q 1a mién bi chan, tich
vo huéng trong khong gian W20 1(Q) dugc dinh nghia bdi cong thic nhu trong
W3 (Q) nhu sau:

(u,v)Wg,l(Q) = /(uv + Ugvg)de. (1.19)
Q

Trong khong gian W20 1(Q) c6 thé dua vao mot tich vo huéng méi nhu sau:

[u, v] = / Uppda. (1.20)

Q

That vay, ta c6 bat ddng thic Poincase sau day: ton tai cq > 0 sao cho véi

moi u(x) € WQO’I(Q) ta co:
2 2
/u dx < CQ/deQZ. (1.21)

Q Q



