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MG DAU

Ly thuyét khong gian phitc hyperbolic gan lien véi gid khodng céch
Kobayashi duge S.Kobayashi xay dung dau tién vao cudi nhitng nam 60 va
la mot trong nhimg hudng nghién cttu quan trong cta giai tich phic. Trong
nhiéu nam gan day 1y thuyét nay da phat trien manh va thu duge nhiéu
két qua dac sic vai cac cong trinh ctia S.Kobayashi, H.Royden, J.Noguchi,
... Nam 1996, S.Venturini [8] da dua ra y tudng vé viéc xay dung mot gia
metric vi phan mdéi trén khong gian cac phan thé véc to J(X) cta céac
duong cong chinh hinh trén mot khong gian phitc X. Dya vao d6 ong da
chi ra mot dang bieu dién tich phan cla gia khoang cach Kobayashi trén
khong gian phic X. Tuy nhién dang bicu dién nay khong trung véi dang
bi¢u dién goc ctia Royden trong truong hop da tap phtic. Nam 1999, Do
Ditc Théi va Pham Viét Dic [7] da dé xuat mot cai tién cach xay dyng clia
S.Kobayashi trén cac khong gian phiic tring véi dang biéu dién ban dau
cia Royden. Hon nita, nam 2007, A. Khalfallah [3] da ching minh duge
mot dic trung vi phan cho tinh hyperbolic ciia khong gian phiic thong qua
metric vi phan Kobayashi-Venturini, dong thoi chi ra duge tinh hyperbolic
tuong duong véi tinh chat Landau ciia mot khong gian phtic tiy .

Muc dich ctia dé tai nay la trinh bay vé metric vi phan Kobayashi-
Venturini ciing mot so ing dung ciia n6 trong viéc bicu dién tich phan ctia
gia khoang cach Kobayashi dong thoi ching minh mot s6 dic trung cho
tinh hyperbolic cua cac khong gian phtec.

Luan van bao gom phan md dau, 2 chuong, két luan va danh muc cac
tal licu tham khao.

Chuong I trinh bay mot s6 kién thiic co ban dé thuan tién cho viéc trinh
bay chuong sau, cu thé la: Gia khoang cach Kobayashi, khong gian phiic
hyperbolic, metric vi phan Royden-Kobayashi F); trén da tap phtic, bat



dang thitc Holder déi véi gia khoang cach Kobayashi.

Chuong II 1a noi dung chinh ctia luan van: Trong chuong nay chiing toi
trinh bay khai niém va mot sd tinh chat clia metric vi phan Kobayashi-
Venturini. Tiép theo 1a hai tng dung ctia metric vi phan nay trong viéc
biéu dién tich phan ctia gia khoang cach Kobayashi trén khong gian phiic
tity ¥ va mot s6 tieu chuan cho tinh hyperbolic ciia khong gian phiic.

Luan van duge thiye hién va hoan thanh tai Truong Dai hoc Su pham -
Dai hoc Thai Nguyen dudi du huéng dan cua PGS. TS. Pham Viét Drc.
Qua day, tac gia xin duge giii 101 cdm on sau sac dén thay gido, nguoi hudng
dan cta minh, PGS. TS. Pham Viét Dic, nguoi da dua ra deé tai va tan
tinh huéng dan trong sudt qua trinh nghién citu clia tac gid. Dong thoi téac
gia cling chan thanh cam on cac thay co trong khoa Toan, bo phan quan
Iy Sau dai hoc - Truong Dai hoc Su pham, Dai hoc Thai Nguyén, da tao
moi diéu kién cho tac gid vé tai licu va thi tuc hanh chinh dé tac gid hoan
thanh ban luan van nay. Tac gia cting gui 101 cam on dén gia dinh va cac
ban trong 16p Cao hoc Toan k20, da dong vién giup do tac gia trong qua
trinh hoc tap va hoan thanh ban luan van nay.

Do thoi gian ngan va khoi lugng kién thiic 16n, chac chan ban luan vin
khong thé tranh khoi nhiing thiéu s6t, tac gia rat mong nhan duge su chi
bao tan tinh ciia cac thay co va ban beé dong nghiép, tac gia xin chan thanh

cam on!

Thai Nguyén, thang 8 nam 2014
Tac gia

Pham Thu Thao



Chuong 1

MOT SO KIEN THUC CHUAN BI

1.1 Gia khoang cach Kobayashi

1.1.1 Dinh nghia

Gia st X la mot khong gian phiic,  va y 1a hai diém tuy ¥ cia
X. Hol(A,X) la tap hgp tat cd cac anh xa chinh hinh tht A = 2 €
C;|z| < 1 vao X, dugc trang bi to po compact md. Xét day cac diem
po = T,p1,....pr = y cia X, day cac diem a1, a9, ..., a; cia A va day cac
anh xa f1, fo, ..., fr trong Hol(A, X) thoa man

fi(0) = pi—1, fila;) =pi, Vi=1, .. k.

Tap hop a = {po, ..., Pk, a1, -, Ak, f1, -, [} thoa man cac dicu kién trén
duoc goi 1a mot day chuyen chinh hinh néi « va y trong X.
Ta dinh nghia

k
dx(2,y) = nf{> ] pa(0,a;), o € Dy},
=1

trong do Qg la tap hop céc day chuyén chinh hinh néi z va y trong X va
pa la khoang cach Bezgman-Poincare trén dia don vi A.

Khi do dx : X x X — R la mot gia khoang cach trén X va goi la gia
khoang cach Kobayashi trén khong gian phiic X.

k
Tong > pa(0, a;) duge goi la tong Kobayashi ctia day chuyén chinh hinh
i=1

a. Néu X khong lién thong ta dinh nghia dx(z,y) = oo véi z,y thudc cac



thanh phan lién thong khac nhau.
1.1.2 Dinh 1y

Néu f: X =Y la cic dnh za chinh hinh gitia hai khong gian phic
thi f lam gidm khodng cach doi vdi gid khodng cach Kobayashi, nghia

la

dX(I,Q) > dy(f(ilj),f(y»,vx,y c X.

Hon nita, dx la gid khodng cdch lén nhat trén X thdéa mdan moi dnh
xa chinh hinh f : A — X la giam khodng cach.

Chiing manh.

Tinh giam khoang cach ciia gia khoang cach Kobayashi la hién nhién,
vi néu o la day chuyen chinh hinh néi hai diém z va y trong X thi f o
cting 14 day chuyéen chinh hinh néi f(z), f(y) trong Y.

Bay gio ta chiing minh tinh 1én nhat ctia gid khoang cach Kobayashi.
Lay hai diém z,y tuy v trong X. Goi

a={f; € Hol(A, X),a; € A,i=1,... k}

la day chuyen chinh hinh néi x va y trong X. Gia sit d' 1a gia khodng cach
trén X co tinh chat gidm khodng cach qua cac anh xa chinh hinh tir A téi
X. Ta chiing minh dx > d'.
Goi p; € X,i=0,..., k la cac diém thoa man f;(0) = p;_1, fi(a;) = p;.
Khi do6 ta co

k k k
d'(z,y) < ;d'(pz'—hpz’) - ;d,(fi(o)afi(ai)) < ;PA(Oaai)-

Theo dinh nghia gia khoang cach Kobayashi ta co

d/($,y) < dX<$7y)

Vay dinh 1y duge chiing minh.



1.1.3 Vi du

a) da = pa v6i A la dia don vi trong C.
b) d(cm — 0

1.1.4 Dinh 1y

Déi véi bat ky cac khong gian phic X,Y ta cé

dXXY((xv y)v (x/7 y/)) - max{dX(xv x/)7 dY(y7 y/)}7

voi v, 2’ € X vay,y €Y.
1.1.5 Dinh Iy

Gia st X la khong gian phic. Khi do gid khodang cach Kobayashi
dx : X x X — R la ham lién tuc.

1.2 Khong gian phiic hyperbolic

1.2.1 Dinh nghia

Khong gian phiic X duge goi la khong gian hyperbolic (theo nghia
Kobayashi) néu gia khoang cidch Kobayashi dx la khoang cach trén X
tic la

dx(p,q) =0&p=q VpqgeX.

1.2.2 Mot s6 tinh chit ctia khong gian phiic hyperbolic

i) Gia s X,Y la cac khong gian phic, thi X x Y la khong gian
hyperbolic néu va chi néu cd X va'Y déu la khong gian hyperbolic.

i1) Gid st X la khong gian con phic ciia khong gian phicY . Néu'Y
la hyperbolic thi X ciung la hyperbolic. Hay noi cich khac, khong gian

con cua mot khong gian hyperbolic la hyperbolic.



iti) +) Dia Ay va da dia AT la hyperbolic.
+) Moi mién bi chan trong C™ la hyperbolic.
+) C™ khong la hyperbolic, vi dem = 0.

1.2.3 Dinh ly (Barth)

Gid st X la khong gian phic lien thong. Néu X la hyperbolic thi dx

sinh ra to po tu nhién cua X.
1.2.4 B6 dé Eastwood

Gia st : X — Y la anh xa chinh hinh gitia cac khong gian phaic.
Gid su'Y la hyperbolic va vdi moi diem y € Y ¢6 lan can U cia y sao
cho 7= Y(U) la hyperbolic.

Khi do X la hyperbolic.

1.2.5 Ménh dé

Gia st X la khong gian phiic va © : X' — X la danh za phi chinh
hinh cia X. Khi do
i) Neup,ge X vayp,qd € X' véi m(p') = p va n(q) = q, tha

dx(p,q) = igl,f{de ', d)},

trong dé infimum dugc lay vdi moi ¢ € X' théa man 7(q") = q;
it) X' la hyperbolic khi va chi khi X la hyperbolic.

1.3 Metric vi phan Royden - Kobayashi trén da tap
phtc

1.3.1 Dinh nghia



Cho M 1a mot da tap phiic m chieu va TM la phan thé tiép xic clia
M. Mot dnh xa F : TM — R* duge goi 1a metric vi phan trén M néu no
thoa méan cac dieu kién sau:

i) F(0;) =0, trong do 0, la véc to khong ctia T, M;

i) Véi moi €, € ToM vava € C thi Fat,) = |a| F(E).

Hon nita, néu F lién tuc va F(&) # 0,V € T, M thi F duge goi la
metric Finsler trén TM.

Xét anh xa Fyy : TM — R duge xac dinh nhu sau: véi bat ki &, € T, M,
dat

Fur(&s) = inf{-:3f € Hol(Ar, M); £(0) = 2. £u(2lo) = &2}

Khi d6 ta co6: Anh xa Fy : TM — RT xac dinh nhu trén 14 mot metric

vi phan.
1.3.2 Dinh nghia

Metric vi phan Fj; duge goi la metric vi phan Royden-Kobayashi trén
da tap phtc M.

1.3.3 Cac tinh chat cta Fy,
1.3.3.1 Dinh ly

Cho M,N la hai da tap phitc va f : M — N la mot anh xa chinh
hinh. Khi doé ta co f*Fy < Fyy, tic la vdi moi &, € T, M

Fn(fe(&e)) < Far(&z)-
Dac biet, néu f la song chinh hinh thi f*Fy = Fyy.

1.3.3.2 Ménh dé

Cho My, My la cic da tap phite. Khi dé vdi bat ki &, + ny € Ty My +
TyMs ta co



