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MG dau

Bai toan bicu dién mot sd nguyéen n dusi dang tong ciia k sd nguyén
binh phuong 14 mot trong nhitng van dé rat 1y thu trong 1y thuyét so.
Céac nha s6 hoc nhu Fermat, Lagrange, ... déu quan tam tdi viec giai
quyét clia bai toan nay va déu gap kho khan, roi lai am tham vdi cac
kho khan d6 ctia minh.

Nam 1632, Albert Girard 14 nguoi dau tién dua ra nhan xét rang: Moi
s6 nguyén to 1é bat ki ma dong du vdi 1 theo modul 4 déu dugc biéu
dién dudi dang tong ctia hai s6 chinh phuong. Fermat 1a ngusi dua
ra ching minh dau tién. Bai toan nay Fermat da thong bao diéu nay
trong mot 1a thu gii cho Marin Mersenne vao ngay 25 thang 4 ndm
1640.

Lagrange da gidi quyét dugde bai toan mdi sdé nguyen khong am bat ky
luén biéu dién thanh tong cac binh phuong ctia 4 s6 nguyén. Nghia
14 Vn > 0, ton tai cic s6 nguyén x1, T2, T3, T4 Sao cho:

2 2 2 2
n=$1+£€2+3}3+3§4

Tong quat hon, bai toan sau day do Waring dé xuat da dudc coi la
mot trong nhitng bai toan noi tiéng nhat ctia 1y thuyét sé. Bai toan ¢
noi dung nhu sau: Véi méi s6 nguyen k > 2, ton tai s6 nguyén duong
h théa man mdi s nguyén khong am bat ky déu cé thé bieu dién
thanh tong ctia ding h hang t1 13 lily thita bac k ctia cac s6 nguyen.
S6 nguyén k£ nho nhat théa man diéu kien tren duge ki higu la g(k).

Nam 1909, nha Toan hoc Ditc da chitng minh bai toin Waring déi
v6i moi lay thua bac k. Dac biét nam 1943, nha Toan hoc Nga la
Yu.V.Linnick da dé lai chic thu, trong d6 c6 dua ra cach chiing minh
bai toAn Waring ma chi can sit dung dén kién thiic co ban cua ly
thuyét so.
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Trong khuon kho ctia luan van nay chi xét truong hop khi & = 2.
Nghia la chi xét bai toan bieu dién s6 tu nhién n cho trude dusi dang
tong céc binh phuong ciia cac s6 nguyén khong am.

Muc tiéu ctia luan van 1a trinh bay nhitng két qud nghién ctu cla
viéc biéu dién mot sé tu nhién n thanh tong ctia mot sé chin binh
phuong clia cidc s6 nguyén va mot s6 vi du tng dung trong toan so
cap.

Luan van gom 2 chuong:

Chuong 1: Bai toan biéu dién sé nguyén thanh tong cac binh phuong.
Chuong 2: Biéu dién s6 tu nhién thanh tong ctia mot sé chin cac binh
phuong.

Dé hoan thanh luan vin, tac gia xin bay té long cdm on sau sic téi
PGS.TS. Nong Qubc Chinh, ngusi Thay huéng dan da dong vién va
gitip do toi trong qué tinh viét va hoan thanh luan vin. Toi cling xin
bay té long biét on ciia minh t6i cac Thay Co trong truong Dai hoc
Khoa hoc - Dai hoc Thai Nguyén da tan tinh giap dé toi trong qua
trinh hoc dé t6i hoan thanh khéa hoc.

Thar Nguyén, ngay 01 thang 6 nam 2015
DPoan Quang Vu
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Chuong 1

Bai toan bieu dién sb nguyén
thanh tong caic binh phuong

1.1 VAan dé biéu dién mot sd nguyén thanh tong
cac luy thua

Bai toan bieu dién moét s6 nguyen thanh tong ctia k& hang ti 1a cac
liy thita bac m ciia k s6 nguyeén nao dé 14 mot trong nhitng van de
duge nhac dén nhiéu nhat cla ly thuyét sob.

Lagrang da gidi quyét dude bai toan mdi s6 nguyén khong am bat ky
ludn biéu dién thanh tong cac binh phuong ctia 4 s6 nguyén. Nghia
1a Vn > 0, ton tai cic s6 nguyén xi, T, T3, T4 Sa0 cho:

2 2 2 2
n=5€1+£€2—|—3§3+$4

Tuong tir, Wieferich da chiing minh dugc rang méi s6 nguyén déu
bieu dién duge thanh tong cac lap phuong ctia 9 sé nguyén. Nghia 1a
v6i moi s6 nguyen khong am ludn ton tai cac sé6 nguyén x1, s, ..., Tg
sao cho:

n:a:‘;’+:v§+x§+xi+x§+ajg+x§+x§+x3

Tong quéat hon, bai todn sau day do Waring dé xuat da dudc coi la
mot trong nhitng bai toan noi tiéng nhat ctia 1y thuyét s6. Bai toan co
noi dung nhu sau: Véi mdi s6 nguyén k > 2, ton tai s6 nguyén duong
h théa man mdi s nguyén khong am bat ky déu cé thé bicu dién
thanh tong ctia ding h hang t1 13 lily thita bac k clia cac s6 nguyen.
S6 nguyén k nho nhat théa man dieu kien tren duge ki hieu 1a g(k).
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Nhan xét, do 7 khong thé viét thanh téng cac binh phuong clia 3 s6
nguyéen, va theo dinh 1y Lagrang ta c6: g(2) = 4. Tuong ty, do s6 23
khong thé biéu dién thanh tong cac lap phuong ciia 8 sé nguyén, nén
theo dinh ly Wieferich ta c6 g(3) = 9.

Nam 1909, nha Toan hoc Ditc da ching minh bai toan Waring ddi
v6i moi lidy thia bac k. Dac biét nam 1943, nha Toan hoc Nga la
Yu.V.Linnick da dé lai chic thu, trong d6 c6 dua ra cach chiing minh
bai toan Waring ma chi can sit dung dén kién thiic co ban cua ly
thuyét so.

Trong khuon khd ctia luan van nay chi xét trusng hop khi & = 2.
Nghia la chi xét bai toan bicu dién s6 tu nhién n cho trude dusi dang
tong cac binh phuong clia cac s6 nguyen khong am.

V6i mdi s6 nguyén duong s, va s6 nguyén khong am n, ta ki hiéu
R4(n) 1a cac bo sap thit tu s s6 nguyen 1, x9, ..., T thda man :

2 2 2
n=x+r5+..+x

Céc s6 nguyén x; c¢6 thé duong, am hoic bang 0.

V6i moi s > 1, d& nhan thay
RS(O) =1

Vi chi ¢6 duy nhat mot dang bicu dién 0 = 0% + ... + 0%

Biéu dién s6 nguyen n dudi dang tong ctia s sé nguyén binh phuong
14 bai toan quan trong trong 1y thuyét so6, nhung 10i gidi ctia né khi s
chin luon liéen quan téi tong ciia cac ude cla n.

Ki hiéu, d va ¢ la cac s6 nguyén duong va >-,, va 35,45 bicu thi
tong dugc tinh trén cac udc duong clia n.

Ta viét s6 nguyén duong n dudi dang n = 2%m, v6i a > va m 14 s6
lé.

Ta sé chitng minh cac cong thitc sau:



8 i\, d néun 1é
24 Zd\n d néu n chén

4(4a—|—1 )m 1)/2) Z (_1)(5*1)/2d2
m=dé

{ 162dnd3 néu n 1é
1

(16/7)(86hLl —15) 32\, @° néu n chin

(16a+1+(_1)(m—1)/2) 3 (_1)(5—1)/2d4
m=dd

1.2 Mot sé két qua ctia bai toan

Dinh 1y 1.1. Vdi moi s6 nguyén duong s va n ta co:

Z (n — (s +1)u®) Rs(n —u®) =0 (1.1)
[ul<yv/n

Chitng minh. Néu
n:x%—k...—i—xg—kxgﬂ

thi 22, < n va do d6
[zs1] < Vn
V6i j =1,..., Rg11(n), c6

s+1

- 2
n= E ,%
=1

Biéu thi Ry, 1(n) 1a tong ctia s + 1 s6 binh phuong. Véi i = 1,...,s,
ta xac dinh anh xa 7T; trén tap cac bo sap thi tuw gom (s + 1) thanh



phan nhu sau:

ﬂ = (xl, ey Ui 1, T4, Ljy1, ...,$5,$5+1) = (33‘1, cees Lj—1,Lg4+1, Tj41, ...,xs,azi,)

va €O
R,

Ryt1(n) +1(n)
2 2
D Ty = ) v
j=1 j=1
Tong trén dugc tinh trén tat ca cac bieu dién cia n, tit d6 suy ra:

Rey1 (n) s+1

nRsi1(n) = Z foj

j=1 =1

_ 2
= Lij
i=1 j=1
Rs—i-l(n)
_ 2
=(s+1) E Tii1
j=1

V6i méi s6 nguyen n théa man |u| < /n c6 Ry(n—u?) cach biéu dién

_ s+1 2 2t o - x s~ ST
n=>y .1 x;; Vi £s11; = u. Dieu d6 cling suy ra rang:

Ryi1(n) = Z Ry(n —u?)

jul< v
nen
nRs1(n) =n Z Ry(n —u?)
ul<v/n
va

Z (n — (s + 1)u®)Ry(n — u?)
lul[<v/n



Dinh 1y dugc ching minh.
Dinh 1y 1.2. Gid sit ® la mot ham so zdc dinh doi vdi tat cd cdc so
nguyén khong am n sao cho

®(0)=1

Va4

Z (n— (s + Du*)®(n —u?) =0
lu[<v/n
Voin > 1. Thé thi

vt mot n > 0.

Chitng minh. Tu dinh 1y 1.1 ta suy ra v6i mdi s6 nguyén duong s
va n, ta co:

nRs(n) = Z (n — (s + Du?)Rs(n — u?)
1<]u|<y/n

= Z ((s + Du? — n)Ry(n — u?)

1<|u|<vn

va

Rm)=2 3 (% _ 1) Rin—u?)  (1.2)
1<]u|<y/n

Vidu 1.1 Tinh Ry(n) vdin < 8
Vé6i s = 2 ta co

Ro(1) =2 (T — 1) Rs(1 —1%) =4

- 1) Rs(2 —1%) =4



