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Regularization for the Problem of Finding common Fixed Point of a
Finite Family of Nonexpansive Nonself-Mappings in Banach Spaces
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Abstract. In the paper. we studv some regularization methods to solve the
problem of finding a common fixed point of a finite lawily ol nonexpansive nonself-
mappings 7. 2= 1.2, N inan wniformly convex and uniformiy smooth Banach
space.
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1 Introduction
Let £ be a Banach space \We consider the following problem
Finding an clemwent . € 5 =7 F(1), (1)

where 7, (', — L ave the nonexpansive nousclf-mappings from a closed convex sunny
nonexpansive retract ¢ of an uniformly convex and unitoriuly simooth Banach space L7 into
F(r=1.2...N)

To solve the problen of linding an clement o e F(T) where F(T7) is the set of lixed
points of nonexpansive nonself-mapping 77 fron a closed convex sunny nonexpansive retac
C ol a Banach space £ into £ S, Matsushita and W Takaliashi [} considered viteration

method that is given by

do Tivrn). 0> 0. (1.2

4

gy =, b (L —a,i(

where rorg ¢ Cand Q- s o sumny nonexpansive retraction from £ onto ¢
[ the special case, T is a nonexpansive self-mapping on CLthen (1.2) equivadent to

et =t == a)T(ey). w gy Coon 20, (1.3)

which was studicd by N Sioji and W Takahashi 1120 Note that. the iteration method (13,
i~ a extention of Wittmann's result (1] 10 Banach space

In addition. the problem of finding a fixed point of a nonexpansive mapping 7 1. -k
1~ cquivalent to the problen of finding azero of m accrenve aperaror 4 =/

One of the methods to solve the problem 0 € Aved with A is waximal monotone i Hilben
space H s proximal point algorithim Tlis algorithn s proposed by Rockalellar (9. stanting,

from sy initial guess g € AL this algorithun generates a sequence {ry, }ogiven by

.t,,A|=.]"\‘\.z: ~oeyn). (l,—l)

where S8 = (/0 21 ¥ > 0 0s the resolvent of A on the space H. Rockaferar ),
proved the weak conversenee of lis algovithm (141 provided that the reanlarization sequence
1o, ) remains bounded away from o and the crror scquence {¢, ] satisfies the cond:on
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"X ¢, | < ~x However. Guler's example 7 shows that in infinite dimensional Hilbert
~pace. proximal point algorithim (1.4) has only weak convergence. An example recently of
the anthors Bauschke. Matouskova and Reich 51 also show that the proximal algonithm only
converges weaklv but not in norm.

Rvazantsevi 100 extended the proximal point algorithm (1.4) for the case that 4 is g
m—aceretive mapping in o properly Banach space £ and proved the weak convergence the
sequence of iterations of (1.4) to a solution of the equation 0 € A1 which is assumed o
be unigue. Then. to obtain the strong convergence for algorithm (1.4). Ryvazantseva (11]
cobined the proximal algorithin with the regularvization. named vegularization proximal
algorithni. in the form

(',,(.4(.1 1)+ a”,z',,,,l) — -] =2, rg € L. (1.3)

Uuder some conditions on o, and a,. the strong convergence of {a,} of (1.3) ix guaranteed
only when the dual mapping ; is weak sequential continuous and strong continuous. and the
sequence {ry, ) is hounded.
Attouch and Alvares [4] considered an extension of the proximal point algorithm (1.4) in
the form
CpAlupy ) gy =y = (u — oy ) upe wy € H. (1.6

which i~ called an iertial proximal point algorithm. where {¢, } and {~,} are two sequences
of positive numbers. With this algorithi we also only obtained weak convergence of the
sequence {ry} to a solution of problem Aty 3 0 in Hilbert space when the sequences {e,}
and {~, ) are chosen suitable. Note that this algorithin was proposed by Alvarez in [3] i the
context of convex minimization.

The purpose of this paper is to construct an operator version ol the Tikhonov regnlar-
ization method and give a regularization inertial proximal point algorithm to obtain ~trong

canvergence of fterative seqguiences to a solution of the problem (1.1).

2  Preliminaries

Let £ be a real Banach space with norm L] and let £ be its dual. The valne of f € /7
ar & Lowill be denoted by (o fy. When {2, } is a sequence in EL then w, —— 0 hesp
dyo ey, == ) will denote strong (resp. weak, weak®) convergence of the sequence {r,)
Toa.

A Banach space £ i~ said to be uniformly convex if for any = € (0, 2] the ineqgualities
lro< 1oy < L Jle =y = e unply there exists a ¢ = 412, > 0 such that

I;ylgl_()‘_

The function
Aptzl=il{1- 2 e+ gl el =yl =1 b=yl = ¢} 12.1)
1~ called the maduins of convexity of the space £. The function 4.(=) defined on the interval

0.2 5 continiens inereasing and g (07 = 0. The ~pice £ is aniformly convex if and only if

v S0 )
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The function

pe(r)=supl2 (e =l - r —ul) =1 ol =1 |yl =7} (2 2)

is called the modulus of smoothness of the <pace £, The function pg{7) detined on the
interval [0, + > ) is convex. continuous. increasing and pgi0) = 0. A Banach space £ is saic
10 be uniformly simooth, if

lim - = ) (2.3
T—0 T

[tis well known that every uniformly convex and nniformly ~inooth Banach space is reflexive
A mapping J from £ onto E° satisving 1he condirion

Sy =A{fe k(e fo=el7 and |1 = ]I} (2

is called the novmalized duality mapping of £, In v smoorh Banacl space e =
2 Yprad|l||12, and il E is a Hilbert space. then ./ = 1. where [ is the identity mapping
I is well known that if 227 is strielv convex or £ i~ smooth. then /s single valued. Sup-
pose that s single valued. then s said to be weakly sequentially contimions if for cach
{rn} C E wiath «,, — w0 ) > Je). We devote the single valued normalized duality
mapping by .

An ooperator A DAY CF 20 s called acorenve i for all ooy € DAY there oxists
gl = y) € d{e - y) such that

(o gl =gy =0 Yu e born e € ) (20

Anoperator o4 [0 -~ 25 3s called mi—aceretive i 3t is an aceretive operator and the yanee
RAA+T) = Folor all A > 0. whae [ denote the identity of A0 10 Vs a - acaenive
operator in Banach space £ with £ has o weakly sequentially contiinons daallity viappine
Aothen it is a deniclosed operator, 1o i the sequence {w, b O D0 sanshies o, = 0 and
Aty D ya - [ then AGr) = f 2]

N mapping T (" — F s called nonexpansive mapping on a closed convex subser (7 ol

«3ianach space BNl

T = Tyll <=yl vroue O (20
I (" — [ is a nonexpansive mapping then /- T i~ aceretive operator. I the casse
the subset € coincides £ then [ - 7 is m-aceretive operator [6G).

A mapping Q of € into Cis said to be a vetraction if 2 = Q. [ a mapping Q of (" into
itself is a retraction. then Q: = = for everv = € Q. where REQ) is vanae of Q0 Ler 1) he a
<ubset of £ and let Q be a mapping of ¢ into D0 Then @ s sadd to be suny i cach point
on the vav {Qu + ({o - Qr): >0} 1 mapped by ¢ back anto Qe i other words,

OWQu ~ 1 = Qu 1) = Qu

forall t > 0 and € C .\ subset D of C s ~aid to be o sumn nonexpansive retract of €71l
there exists a sunny nonexpansive retraction of ¢ onto D.

A closed convex subset C ol £ s said to he a nonexpansive retract of £ there exises
nonexpatsive retraction from £ onto Cand i said 1o be a sunny nonexpansive venact ol 17
i there exists a suny nonexpansive retraction trom £ onto ¢
Proposition 2.1. [l] Lt C b a woncmply dosed conis subscl of o spooth Bavacl f,
MG Q(, - S s e osnny nonc rpanscee retrection o and u/l/‘t_/ /\/'

o Qe I Qo h srek e C i2

I

IN
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3 Main results
We need the {ollowing lemmmas in the proof of our results.

Lemma 3.1. 1.3 Let {(L”}.{bn}.{o',,} be the scquenices of positice nunhors satisfyong i

conditinns

NN b= By gy, by, = 0.
Thern T, -~ dy, = 0.
Lemima 3.2. - Let O be a closed conver ~ubsct of a strictly conver Banach spuce B and
It 1 C ~— E be « nonerpansive mapping from C inlo E. Supposc that C s a sunng

nowe rpanseee aoiract of B0l FyTH = 00 dhen F(Y = Qo1 where Qs a su

nonespansace rotraction from E onto C
Lemma 3.3, U Lot £ be an wniformly convcr and wniformly smooth Banach ~puce. If

A =1 T wdioa noncrpanscee mapping 1+ DT B then for all oy © Iy the
dennain l/f 1.

. - Ar .h[\)
Ar- Agjlr—y) 2 LR S 3.1
I g ilr =yl “b( iR (4.1
where o0 < Ry << B oond 1 < L < 1.7 as Frgrd constant.

Theorem 3.4, Suppose thal Foas a uniformly coneer and uniformly smooth Bawach ~pui

o admeds @ weakly ~cguentially continanas normalizad dualit

yomappig j lrons Iodo b
Lot Oy he a losed convar ~unny noncrponsice ot of B oand et T, ¢, —— F. 7=
.20 N he tone rpansice mappings wieth S = :\ =0

1 For each oy >0 the cqualion

N

S () 4 A =0 32

=1
fos wngue solution oy where A, =1 -Q- 1T (- 1 =1 N and Qe I -C
sa osunny coccspaisec rcbrachion form BEoento C 0 =1 AW
It. dition. oy - = 0 thena, > Qst. whaie Qo F S a0 Sy s
retraction from £ onto S and 8 i~ origin of space £

Movcoreswe have the following «stinate
Clan — anoy
l'_l*’v < l;l". ‘S i\

tiher R L -1
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Proof i) First itis clear that 7.0+ is a nonexpansive mapping on E and Ft10 = F(LQ, 1 7 =
= 1.2 V. By Lennua
= F(Qc T, ). i = 1.2.. .\ Tls the problem (1.1) is equivalent to
the problem of finding a copnnon zero of opctatuls A0 7= 1.2....N ) Since the operaror
\;,\ p A ds Lipschitz contimnons and acervetive on £, it is m—accietive [6]. Thercfore the

cquation (3 2) has unique solution x,.

L2 N lence, Qe T,00¢- are also nonexpunsive noapysines for :
320 we have [

1) For cach o~ € 5. we have

A

Z R Y T T (VA A P Sl - Ty =0, 13 h

=1
3y the seerctiveness of 3770 AL we obtain
(g gl = a7 4. (3.0)
The obtained inequatlite vields the estimates

{lie = l|Z < (g, S E % =T 13O

Henceo [l = 2]l dess the sequence {a, ) s Bounded. Tvers bounded set m o veflexive
Banach space is relativelv weaklyv compact. This means that there exists sonie subsequence
L}  {rn} and ancelement 7 e Fosuelithat oy — T as b —- o

Woe will show T € S0 Indeed. Jor each ¢+ ¢ {1200 N v @ 5 and o> 0 satish

Rz anax{sap ||l et} we have

c A L)) L ) I .
()/,-( i ) < 7 Ll b gty =07 2 Z‘h“ T
Loy - . L. L9 0
= Tl rn S S | IS
7 [Cafl-dlt ! R " ~

By the continuity of the function 8,.-(.) and the unitormly convexity ol Banach space £ we
abtain 4 ey,) ~ 0. 1 == w. Henee 3,07 = 0 trom the demiclosedness of 4, Since
e {120 N s the arbitrary clement. so T E S

[ mequaliny (3.6 veplacing oy, by g, aud o7 by Tousiug the weak continuity of j we obtain

- > Frone inequality (3705 we et
T T 00 T &N 137

Now, we show that the inequality (3.7) has unique ~olution. Suppose that 7 ¢ S s also
1~ solution. Then
R A I S G N C RN S SN ) i3~

[ megualitios (371 and (3.5) replacing +° by T and T.orespectively, we obtain

~
%
i

ncombination oives [y gy
to T = ()0, hecinse (Jof sat

) Ty )=y
e meguall b))
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I prove the inequality 13.31. In equation 132", replacing n by n + 1. we

N
Z’_“II”_I) — ey da— =0, 13.91
i=1
" . . - A
From equation= 3.9 and 3 21 and by the accretiveness of the operator Y00 | 4, we get
(=1 — (l,l.L',,<j(l‘”‘] =g ) <0 31

Thereiore.

Henee.

where [y = 2001 .
Nexr. we give a recularization inertial proximal point algorithm in the form

N
f':;(Z Adu, ) — \,,u,lq) Uy = Uy + gty = ) oug wy € F (3.11)

=)
to solve the problem (1.1).

Theorem 3.5. Supposc that £ s a uniformly conver and wneformly ~wooth Bonach spoc
fich adnuts a weakly scquentially continuons normabized duality mapping j from £ fo £°

Lot C, he a Josed conver sunny nonerpansiee retract of E and let T, ', — F.
L2 N b noncapansiec mappings with S = 0N FUL) = 00 If the sequences Loyt {o,)
and {~,} satisfy

1) 0« Eri
Q t Gy
e > Qlaay -0 5 — 0. T‘”_(,u” = -~
ag, -

i) S0, st L Uy —0
t i sequonce {ust defined by equation 1311} converyos strongly to QH. where Qs
X Sosa s cny noncepansiec pctiachion from Eoonto S
Proof. Firsto we show that the equation (3.11) has unique ~ohition un,—y. Indecd. since the

whator 3 s Lipschitz continuous and aceretive on £, 0t is m—aceretive [6]. Therchae
T 0SS

= unique solution w, —y.
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Now. we rewrite the equations (3.2) and (3.11) in their equivalent forms

N

dnz.—l,(l',,)+l‘n = Sur,. (3.1
=1
N

(1'1 Z -’11(111:—]) + Up-1 = Jpluy, — -‘/J(Urz - “u~l)]‘ (3.3
=1

1
where 4, = — and d,, = ¢, 4,

s (‘I!{lll

From equations (3.13) and (3.12) and by virtue of the property of Z"\. (L we have

lruey = ol < Sllun = ol + A0 ulluy =t |-
Thercfore,
e il < Nuwoy -l + vy
; |-y — a (3.14)
< .,):””“” - -‘A:‘-\ b lun - Up—y | e -”—!RO-
all
or cquivalent to
; Cpa i
||“n+l - 1‘1‘1—*—1" < (1 7”1!) |“n = ) F= T {)u =" (3.1
14 enay,
3] oy,
where o, = d, l[wy = va || + It IRy,
0,

Unider the assumption we have

T 1 N 1 [v et Ay
_ . | ‘
™ —a, Vllwn = wg ||+ — +ay 3 Iy
1 Cn Cry an
L 1 foag, o - ayl
| ) :
< —a, vl = waalf+H [ — = o |- 5 Ry — 0.
) 41} g
N ~~ X
Farthermore, by 3"~ ja, = +x henee D07 by = -\
By Lemauma 310 ||uy, || » (). Sinee a, CQsy as n TN CQsy s n x
Summary

Hiéu chinh bai toian tim diém bat dong chung ctia mot ho hiru han
cac anh xa khong gian trong khong gian Banach

Abstract  Trong bai bdo ndy. ching 161 nghién ciru mot <o phuong phap hicu
chinh ¢ho bai todn tim diém bat dong chung cua mot ho hiu han cac danh \a
khong gidn /5. 7 = 1.2.. .\ wong khong gian Banach 161 déu vi tron déu.
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