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Regularization for the Problem of Finding common Fixed Point of a 
Finite Family of Nonexpansive Nonself-\iappings in Banach Spaces 
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A b s t r a c t . In the paper, we study some regularization methods to solve the 
problem of finding a common fixed fioint of a finite family of nonexpansive nonself-
iiiiippings •/,. I = L 2 A' in an uniformly convex and uniformly smooth Banach 
space. 

Key words : .Aect'otivo operators, uniformly smooth and uniformly eoiive-x Ba­
nach siiaee. sunny iionoxjimisivi' retraetion. weak se(|uential eontinuous maiipiiig. 
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1 Introduction 

Let E be a Banaeli spneo WC eoiisieler the following problem 

Finding an element . e S = r\\-^^F( T,). (1.1) 

wlieie 7', C, > E are the iii)iiox|)aiLsiyi' nouself-inappings from a elcised eciiivi'X siiiiiiy 
nonexpansive ii'liiiel C, of an tmiformly convex ami uniformly smooth Banach s])aec' E into 
/•; ( ; = 1.2 V). 

To solve Ihe problein ol finding iui eleinent . £ T(T). whore F(T) is the sel of fixeil 
points of noiioxpiuisivo iiou.sclf-maiiping '/' from a elo.socl convex siniiiv nonexpaiisivo retiaei 
C of a Baniich space' /•.' inlo /•.' S. iMatsushita and W. 'fakalinslii \S\ eonsielered -i iteiiilioii 
method that is given by 

,,,,.1 = a„x + (\ - a^\Qi T{x„). n > 0. (1,2) 

where .r..;'n C C and (Jc is a sunny nonexpansive retraction fnnii E onto C 
111 the s|)ee'ial ease. 2' is a nonexpansive self-mapiiiiig on C. I hen (1.2) ecpiivaloiit tci 

.,,,^1 =a„ . ; ' + (l - a „ ) r ( . r „ ) , ... x n e C . ;; > 0. (l.:il 

which was studied by N Sio.ji anil W. "Lakahiishi [12;, Note that, the iteiolioii niothoel (1 :',) 
is a oxtoiition of Wittmami's result [14] to Banach space. 

In addition, the problem of finding a fixeel point ot a nonexpansive inapiiing 'T E - /•, 
Is eepiivalent to the prohlem of fiiieling a zero of ;7;-accretive- operator .1 ^ / T. 

One of the inothoils to solve the problem 0 € .A[x) with .4 is maximal moiioloiie in Hilbert 
sp.ieo H is proximal point algorithm. This algorithm i.s propo.sed by Rockafellar [9]. stalling 
from any initial guess .I'l, G H. this algorithm gimerati's a seciueiiei' {.;',;} given by 

, ,„^, = . ; , ' , ' ( . r „^ f„ ) . (1.4) 

where ,/•'' = (/ J ;'.l) "' V;' > 0 is the resolvent of .A on the space H. Rockafellar [9] 
provod the weak eeiiivorgeiice of his algorithm (I.4i provided that the regularization sociuencc 
{f,,} remains boinulecl away from / i io and the error secpience {<„} satisfies the eonditiou 
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^. ' l-i , ' ' II < ^ However. Guler's example 7 shows that in infinite dimensional Hilbert 
s])aee. proximal point algorithm (1.4) has only weak convergence. .\ii example recently of 
the authors Bauschke. Matouskovii and Reich .5! also slicra- that the proximal algorithm only 
converges weakly but not in norm. 

Ryazantseva 10 extended the proximal point algorithm (1.4) for the case that .4 is a 
n;-accretive mapping in <, properly Banach space E and proved the weak convergence the 
sequence of iterations of (1.4) to a solution of the equation 0 e .4(,i i which is assumed to 
be unique. Then, to obtain the strong convergence for algorithm (1,4). RyaziUit.seva [11] 
combined the proximal algorithm with the regularization. naineii rogiilarization inoximal 
algoritlim. in the form 

c„(.4(.i„_i)-|-n„.r„^i) - .r„_l = .;'„. .I'o 6 i ' , (1,5) 

Lniler some conditions on e,, and a„. the strong eouvergeiiee of {.i',i} of (1.5) is guaranteed 
only when the' dual mapping j is weak sec)uential continuous and strong continuous, and the 
seeitience {in} 's boundeil. 

.\ttoueh and .'Vhari'z [4] considered an extension of the pro.ximal point algorithm (1.4) in 
the form 

c„-4( (;„ + ]) + !;„ + ! ~ «„ = - „ ( [ ; „ - i;„._i). (;o- U]&H. (1,0) 

which is calloei an inertial ])i'oximal point algorithm, where {c,,} and {•;'„} are two seqiieiiees 
of ])e)sitive numbers. With this algorithm vve also only obtained weak convergence of (he 
sixiuenre {x„} to a solution of problem .4(.;l 3 0 in Hilbert space vvlieii the secitiences {(„} 
and {"'„} are chosen suitable. .Note that this algorithm was proposed by .Alvarez in ]3] in the 
eoiitexl of convex minimization. 

The iiiir|)iise of this pa])er is to construct an operator veusioii of the Tikhoiiov regular­
ization method and give a regularization inertial proximal point algorithm to obtain strong 
eeinveigeiiee of iterative si'e|iioiicos to a solution of the problem (L l ) . 

2 Preliminaries 

Let E be a real Banach spneo with norm ]].]| and let / : ' be its dual. The value of / 6 /'.' 
at ,;• e E will be denoted by {.;'./). \\'hen {.;'„} is a si'<|uence in E. then :;•„ —> .;• (lesp 
.r„ -^ X. .;•„ ^ .1') will denote strong (res]), weak, wouk") eoiivergi'iice of the seepieiiee (,;'„} 
t o ,;•, 

.\ Banach space E is siiiil to be uniforinlv eonvox if for any r S (0,2] the inequalities 
ll-t'll < L 11,1/ -s 1. ]|.j' - yll > e imply tlieie exists ee S = 3\-:i > 0 such that 

\\^3-y\\ 
'2 

The function 

< 1 - e). 

'Vdf) = nif{l- 2 ^\\x + y\\ \\x\\ = \\y\\ = I. \\x - y\\ = e} i2.1| 

is called the modulus of i oiivexilv of the spju c E. The function ei/sfr) defined on tlie interval 
[0. 2 is eoiitiniicius. increasing and <)£(()) = 0. The spac e E is uniformly convex if and only if 
'i; I:"' > II. Vf t | l ) . 2 | . 

14: 
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1 he function 

P £ ( T ) = . s u p { 2 - ' ( | ] . r + . < y l l - - | k - t / | | ) - l \\x\\ = \. ]].(;][ = r } . (2 2) 

is called the m o d u l u s of smoothi iess of the -pace' E. T h e fuiietion p g l r ) defined on the 

interval [0. tyc) is convex, cont inuous , iiieiea.siiig and / ;£ l0) = 0. .-\ B a n a c h space E is .said 

10 be uniformly s m o o t h , if 

lim = 0. (2.,i) 
T—n T 

It is well known t h a t every uniformly convex and uniformly sinoolli Banael i space is reflexive 

.\ m a p p i n g ./ from E on to E' satislviiig the condi t ion 

./(.;') = { / € / • ; • ( . ' . / , = ]|x||2 and 11/]] = ]].;:]]} [2-U 

is called the normal ized dual i ty mapp ing of E. In any s m o o t h Banach space ./(.rl ~-

2 'gracl]),;-]]'^, and if E is a Hilbert s[)aee'. t hen ./ = / . where / is the idc-ntity mapping . 

11 is well known tha t if /-." is striely eonvox or E is sniootl i . t hen / is single vahieil, Sii|>-

|,CISC' that -/ is single valueel. then ,7 is said to b e weaklv seepieiitiiilly cont imunis it tor each 

{.;•„} C E with ,/,1 ^ ,, . ./(.;•„) ''• .Hx). We cleiiote the single valued normalized diialitv 

mapping bv .;. 

An ope ra to r ,-1 : D(A] C E > '>'- is called .iccretivo if for all ., ..;/ € D(.-\] there exists 

_/(.;• - y) € ./(.;' - ,'/) such (hat 

{n , ..y(.r - , ( / ) ) > 0. Vu e . L , ; i . (' e ,i(,i/) ( 2 5 i 

.\ii o])erator .4 : /•,' • 2'^' is called ; ; ; - acc re t i ve if it is an accret ive ope ra to r anil the iaiige 

n(X.A A- I) = /'.' for all A > 0. vvlieie I deno te the ident i ty ol E. If .1 is a in- . i i c ienve 

opera lor in Baniu'h sjiaee E with /-.' hiis „ weakly seeiueiitiallv contiiii ious dual l i ty mapping 

./. then il is a ( 'einiclosed oper; i tor , i c . if the secpieiiee {.r„} C / J ( . l ) satislies ,i „ ^ i ami 

.-U,;'„)3.V„ — / , t h e n .4(,r) = / [2], 

.A m a p p i n g T : C —> E. is eall(<d nonexpaiisivo m a p p i n g on a closed eenivex suhsel (' of 

„ Banach space E if 
|]7',r - Ty\\ < i\x - y\\. vx.y fc C (2( , i 

If 7' C —> /'.' is a notiexiiansive mapp ing then / - T is ,ieeretive operii tor. In the cnsse 

the subset C coincides E then 7 - 7' is ;;; - acc re t ive ope ra to r [G], 

.\ m a p p i n g Q of C' into C is said to be a re t rac t ion if Q- = Q. If a mapiiiiig Q of (' iiitii 

itself is a r e t r ac t ion , t h e n Q: = : for every ; £ fCQc where- R(Cj) is laiige of Q, Le-t D bo a 

suhsel of E and lot Q be a mai ip ing of (' into D. T h e n Q is said to bo sunny if eac h poinl 

on the ray {Qx f t(x - Qx) : / > 0} is m a p p e d b.v Q back oiilo Qx. in otliei worels, 

Q(Qx^l[x-Q.i-)) = Qx 

for all t > 0 and x € C .\ suhsel D of C is s.iiil to he a stiniiv nonexpans ive reti.ic t of C 11 

there exists a s u n n y nonex])aiisive re t rac t ion of C on to D. 

.\ eloseel convex subset C of E is said to he a nonexpans ive re t rac t of E. if there exists a 

iioiiexpaiisive r e t r ae t ion from E on to C and is said to be a sunny noiiexpansive roline I of E. 

if there exists a s u n n y notiexiiansive re t rac t ion from E oii ic C 

P r o p o s i t i o n 2 . 1 . [Ij Lit C In n noiiinipty c/os,,; eo;(;'<.;' -iilisi I oj " sinooth Banach E .1 

mapping Qc : E -- • C fs „ sunny nom rpiin-in fdfucttoii ;/ ;;;;(/ otily if 

{X Qc-i'-'i^ (>i.' '• < 0 . "7.;'fc F. '7i 6 ( ' ( 2 , 7 , 

14-
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3 Main results 

We need the following lemmas in the proof of our results. 

L e m m a 3 .1 . 13 Let {on}. {&„}. {CT,,} be the sn]uinits of pm::.:' niiinhtrs -ntidqinif tin 
I ondition-. 

i) "n- l < (1 - bn)an ~ cT,: • K < 1 •' 

" "^1^=0^" = '^- liui'-rsCT,, 6„ = 0. 

Thi fl l i n i , , _ s , ; On = 0 . 

Lemma 3.2. Let C be a closed coticcx ^ali^il of a stf-ii-tly coiiccx Banach ^piiii E and 
Id T -, C ' E be a nonexpansirc mapping from C into E. Siipposi that C is a sunny 
nonexpnifsici retract of E. If F\T) = 0. then F('l') = L'Cj, I) iclicf-i Q(' 's a -«'"'.'/ 
Iilllll .1 pnnsii-i ft tfiiition from E onto C. 

Lc'iiniia 3.3. l! Lt I E be an unifonnly convex and utiifornily smooth Banach span. If 
.4 = 7 - 7 ' with a nom rpniisin mapping T - D('T) — E. then for all x.y e Ih I'i. thi 
doiniiin of T. 

.Ax- Ay.j(x-y))>L''R'dEC''-^'\^-^''^y (3.1) 

»'/i(;'i \\x\\ < R. \\y\\ < R and 1 < I < 1.7 is Fiyid lonstnnt. 

Tlieoreiii 3.4. Suppo^i that F is a unifoi-nily conn r and unifoifiily smooth Banach s/,c,,c 
u-hidi admit'- a weakly ^i qui ntially contmnoif- normalizid duality mapping j jioiii E to E' 
Ld C, hi a do-nl fonvix -iinny noticxpiinsire ritriid of E and let '/', (', —> E. i = 
1.2 A' III I onixpansiri mappings with S — 1;_j7'(7',) = I) 

i) For each an > 0 thi iqiintion 

.\ 
^.A,(xn)A-a„x„=0 13 2) 
1 = 1 

/)c;s uniipit solution x„. wherf .4, = 7 - Oc T (Ji • i = 1.2. ...V and Qc F - C, 
;- a 'Unny I'lmi xnun-ici ;'i trac ttoii form E onto C,. i = 1. 2 .V; 

ii) //. ;;; addition. i\„ — 0 then x^ —> Qs^- where ()^ E S ,,s a suiinq nom ipiin-m 
rctf-action from E onto ,s' and 9 is origin of •.pace E. 

.Mini in I '. u) have the following (stininle 

l l . r „ - i - X n ] [ < l ° " ; ; " ' - ' ' / ? , „ ,3 31 

ii'/ii;'( 7?o = 2 Q,.e\\. 

I I 
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Proof, i) Firs t , it is clear tha t r,(^^,' is a nonexpans ive m a p p i n g on £ ' a n d 7'( 7 ') = 7(7' , Q, 1 ; = 

1.2.. . .\ Ileiiee. i;^,'r,(',^f' a re also noni 'xpaiisive iii,ip])iiigs for all ( = 1.2 V, By Lemma 

3,2. vve have' 7 ( 7 ; ) = FiQcJ.Qe ,)• ; = 1.2., , .A ' . T h u s the p rob lem (1.1) is eciuivalent to 

the ]irol)lein ol finding a common zeio of o i ie ia to is .4,. ; = 1.2 V. Since the ope ra to r 

) ^ , I .4, is Lipschi tz eoiitiiiiious and accret ive on E. it is m - a e e i e t i v e [6], Therefore the 

equat ion (.'! 2) has un ique solut ion 2:„. 

ii) F'or each .;•" £ .S'. wo have 

.\ 
^ . ' l , ( . r „ ) . , ; ( , ; • „ - .r'), + ajx,,. j(Xn -- .r')) = 0 , (3 1) 
2 = 1 

V ^ . V 
By the aeeiol ivoiioss of '}2', i -'L, vve ob ta in 

{x„.j(x„ - ,;••)) < 0 . (3,5) 

The ob ta ined inecpiatlity yields the estiiiuite's 

lU'n -•Cf < (x-,./(,;'„ - "")) < llx'li X ], , ;•„-,r" |] i3 ( , i 

Hence. ]|.r,|]] < 2]].r*||, i.i-.. the secpieiiee {.;'„} is b o u n d e d . Every benmilecl set tn ,, reflexive 

Biiuach spiiee is relal ivelv weakly eoiiipael, 4'liis iiieaiis that the re exisls some siibseciiieiiee 

{.r,n } C ( . ;„} and an elenient x E /'.' such tha t x,,^ ^ J as A- s. 

We will show J e .S'. Indeed, for each ; e {1 .2 A"}. ;•• e ,S' aiicl /? > 0 salislv 

R > max {sup ]].;'„]], 11'I'' 11} vve have 

. /1].4,(.; '„)]]\ 7, , e -̂  \ ^ , , 
^EI" '"] <;^\ 'U''„) ,J( . ' '„ -X | \ < , ^ . . U , , , „ ) , , / ( , , ' „ ,;•)' 

^ ' ' A'=i 

7,1, in. ,,, 
< ^^Ik,,]].]].-',, - .;'-|i < j^2 cf — , 0. ;; - • -x. 

By the cont inui ty of t h e function ' ) / ( . ) and t h e uniformly eemvexily of Banach sp;ice E. vve 

obtain . l , ( , r„) — 0. ;; — • x . Hence .4,(7) = 0 from t h e elemieloseehie-ss of ,1 , Siiiee 

;• 6 {1. 2 A'} is t h e a r b i t r a r y e lement , so T S .s 

In iiieiinality (;!.(>) replacing .;'„ by x^ and .;•" by x. using the weak eoiitiiuiitv of,; vve obta in 

.r„j > X F rom iiiequalilv (3 5) vve got 

\x..i(T - .i-'Yi < 0. V.r € ,s (3 7) 

Now. we show t h a t the itiocitiality (3.7) has un ique solut ion. Sii]5pose tluit J[ fc .V is also 

its solution, flieii 

(Tl ~ y . . / ( T i -.C)) < 0 . 7.1- e ,S' (3'S 

In iiie'i|iialilies (:i 7) and (IL.s) replacing .;•' bv Ti and T. ies]ieeliv'ely. we ob ta in 

[x , ( / . . / ' (T -7 i ) ) < 0. 

{,;; Ti.jlx T | I. < 0. 

flieir eombina t ion gives \\x - 7 | |]'- < 0. thus x = Xi = ij^H and the seepieiieo {.;•„ } eoiivi'i '.;os 

weakly to X = <}dl. heeaiise (J..8 satislies the inequalifv i3,71 

I Is 



fruang Minh Tu.v2n r,) /.);e Tap chi KHO.A HOC st CONG NGHL 90(02): 111- 1 18 

Finalh'. we will prove the inequahty (3.3 i. In equation i3.2 . replacing n by ti I- 1. vve 
obtain 

.V 

^ . 4 , ( x „ _ i ) - a n _ i . r „ _ i = 0 . (3.9) 
!"=1 

From equations i3.9i and 3 2i and by the accretiveness of the operator ^ ; ^ , .4,. vve get 

(el„^].r„_i - anXn.j{x„ + i - x„)) < 0. (3 10) 

Therefore. 

an|]Xn_i - X,,]]^ < (On+i - rv„)(-.l'„_i. j ' (x„_i - .<•„)> 

< 'Q„+i -Q„|.]]Xn_i|].]|x„^I - X „ ] | 

<2!,(2s6'll.lan^i -Q„l.l].r„^i - x „ | | . 

Hence. 

I | x , . ^ l - X n ] [ < ' " " " ' "" ' /?o. V;, > 0 . 
o„ 

where /?,, = 2:i(/s'^| . D 

Next, we give a regularization inertial proximal point algorithm in the form 

i'n( ^ --l,(u„-l) - •ln",i-l 1 + "n- l = "n + -,c(",i - " n - l ) , "0, Ul € £ (3.11) 
^ 1 = 1 ^ 

to solve the problem (1.1). 

T h e o r e m 3.5. .s'i,/,/,osi that E is a uniformly convix and uniformly -inootli Banach spun 
which admits a icniklq siquentially continuous normaliznl duality mapping j from E to E' 
Let C, be a dosed convex sunny nonexpansive retract of E and hi T, : C, —> E. i = 
1.2 A IH nom xpaiisivc ifiappmgs with .3 = nj_j7'|7',) = 0. If thf seqitcnci s {;•„}. {ei,,| 
and {•)„) satisfy 

i) 0 < Co < c„: 

ll) ,,,, > O.Qn • 0. . 0. ; ^ „ ^ o " " = ^ ^ • 

in) ' „ > 0 . „(i,7'][»„ - !j„_i: — . 0. 

thin the sequence {;;„} defined by equation i3, l l) convfrip- -trongly fo (^sH. irhi n Qs 
F — .̂  - a s '• ny nomxpansivr rdtaition from E onto .S, 

Pi-oof. First, vve show that the equation (3,11) has unique sclutieui Un_i, Indeed, since the 
ope i.itor ^ ^ . .1 is Lipschitz continuous and accretive on E. it is m-aie ie t ivc [G|. Tlieref'oie 
the e(|uatioti (3.11) has unique solution u„^i. 

146 
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.Now. we ri'write the equations (3.2) and (3.11) in their equivalent forms 

A' 

d„^ .4 , (x„) - f x„ = ,^x„. (3,12) 
1=1 

.\ 

d „ ^ . 4 , ( u „ _ i ) + u„^-i = .)„(u„ -*- -„(un - ; ;„-i)) . (3.131 

where 3,, = and d„ = Cn-'i,,. 
1 + (•„«„ 

From ei]iia(ioiis (3.13) and (3.12) and by virtue' of the property of Y.]' i -1' Â'e have 

I|M„*I - .',,11 < 3„\\un - x „ | ] + I, .,3\u„ - ;i„_i]|. 

'Therefore. 

Il"„-1 -'n-lll < 1]«„-1 - Xnll + Ilx„^l - X„]| 

< ''̂ „11"„ - .;'„ll + -iirinhn ~ un-ill + ' " "^ ' " " " ' f f o . ' ' - ' "^ 

or ei|iiiviileiit lo 

l l i 'n+l - x „ + i ] ] < (1 - / ) „ ) ] ] u „ - . r „ | | J - r r „ , b„ = -—" " (3,1,-,) 
1 4 e,,ci„ 

, lci„^l ci„] 
w h e r e a„ = ii,n„\\u„ - w„- i ] ] H Ra. 

I 'nelor t h e a s s t m i p t i o n vve h a v e 

/ = - , . „ '-v„|]'u„ - ; / „_ i | l -)- - -I- Q„ " " ' , , " ' / ? i i 
"n L',1 \ C „ / Cl-

< - 0 „ S n | l " „ - " „ - l l l + - - 0 „ - ^ - ^ ^7?0 0, 
Co \co / n-

Furthennore, by X],̂ .=iiO;i = +-"'t hence X]^=o''n ~ " ^ 
By Lemma 3,1, ]]»„ ,;„]| > 0, Since ., „ > Qsy as ;; —> :v. i;„ > Qsy as ;, x n 

Summary 

Hieu chinh bai toan tim diem bat dong chung ciia mot ho hiru ban 
cac anh xa khong gian trong khong gian Banach 

.•Vhslract Trong bai biio nav. chiing toi nghien ciru mot so phuong phap hieu 
chinh cho bai totin tim diem b;ii dpng chung cua mot ho huu ban cac anh \;i 
khonc cian /',. ; = 1.2 .A' tronc khona aian Banach loi deu va tron deu. 

I P 
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