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LOI NOI PAU

Thap Ha Ngi 1a mot tir tiéng Viét duoc biét dén nhiéu trén thé gidi, bai vi nd gan
lién voi Tro choi (hodc Bai todn) Thap Ha Noi. Bai toan nay duoc gidi thiéu va phd
bién rong rai ¢ Paris tir naim 1883 boi nha toan hoc Edouard Lucas. Mic du trong
khoang 10 nam (tir nam 1883 dén 1891), trong c4c b&o va sach, E. Lucas di chi ra
su thu vi V& quan trong cua bai toan nay ciing nhu mébi quan hé ctia né véi cac linh
vuc khac (Day truy hoi, 1i thuyét dd thi, hé dém co sd 2, tro choi thao vong Trung
Hoa,...), bai toan Thap Ha No1 van thuong duoc coi 1a mdt tro choi toan hoc nhiéu
hon 1a mdt bai toan c¢6 ndi dung todn hoc.

Véi su bung nd cta cong nghé thong tin, bai toan Thap Ha Noi dugc quan tam tro
lai nhu 1a mot bai toan tht vi cia Toan-Tin hoc vao nhirng nam 1970. Bai toan
Thap Ha Noi dugce dua vao hau hét cac gido trinh tin hoc nhu mot vi du dién hinh
vé thuét giai d€ qui, lap trinh can ban va dg phuc tap tinh toan.

Tro choi Thap Ha Noi khong chi thil vi & chd né mang tén Ha Noi, tha d6 cua Viét
Nam. Bai toan Thap Ha Noi hap din cac nha nghién ctru Toan hoc va Tin hoc bai
no lién quan dén nhiéu van dé ctia Toan-Tin hoc nhu gidi thuat dé qui, hé dém va
ma Gray, tam giac Pascal, tham Sierpinski va Fractal, ddy Stern, 1y thuyét d6 thi va
chu trinh Hamilton, 6tdmat hiru han, do phtic tap tinh toan,... Bai toan Thap Ha Noi
goi ¥ cho nhiéu nghién ctru méi trong nhiéu linh vuc khac nhau. Hién nay bai toan
nay dang duoc nghién ctru va phat trién boi rat nhiéu nha toan hoc va khoa hoc

may tinh, cac chuyén gia gido duc va y hoc.

Mot trong nhimg bai toan tong quat truc tiép va quan trong nhat ciia bai toan Thap
Ha Noi 1a bai toan Thdp Ha Ngi véi nhiéu coc. Dé nghién ctru bai todn nay, cac nha

toan hoc da dua ra cac thuat toan, chimg minh cac cong thirc truy hoi va ap dung
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nhiéu phuong phap, trong d6 c6 cong thirc qui hoach dong, dé ching minh hodc
danh gia thuat toan toi wu.

Luén van Mt sé cong thire truy hoi trong bai todn Thdp Ha Néi tong qudt cb muc
dich trinh bay tong quan vé bai toan Thap Ha Noi voi nhiéu coc (bai toan Thap Ha
Noi tong quat). Luan vin ciing trinh bay chimg minh mot sé cong thic truy hoi tinh
s6 1an chuyén ti wu trong trd choi Thap Ha Noi tong quat. Dic biét, luan vin quan
tam to1 cong thic qui hoach dong giai bai todn Thap Ha Noi.

Luan van gém Phan mé dau, hai Chuong va Tai liéu tham khao.

Chwong 1 Bai todn Thdp Ha NGi tong quat

Chuong 1 gi6i thiéu tong quan vé bai toan thap Thap Ha Noi tong quat.

Chwong 2 Mét 56 cong thire truy hoi trong tro choi Thap Ha Néi tong qudat

Chuong 2 trinh bay cach tinh s6 1an chuyén t6i wu thong qua viéc chimg minh mot

s6 cong thuc truy hoi.

Luan vin dugc hoan thanh dudi sy huéng dan tin tinh cua PGS. TS. Ta Duy
Phuong, Vién Toan hoc. Em xin dugc bay to long biét on chan thanh va siu sic
nhat ddi véi Thay.

Em xin cam on cac Thﬁy Co cua Pai hoc Thai Nguyén va Vién Toan hoc da tan

tinh giang day em trong sudt qua trinh hoc cao hoc.

T61 xin cam on khoa Toan-Tin, truong Pai hoc Khoa hoc-Pai hoc Thai Nguyén,
truong Trung hoc phd thong Hon Gai dd quan tdm giup dd, tao diéu kién thuan loi

cho t6i thuc hién ké hoach hoc tap cua minh.

Xin dugc cam on nguoi than, déng nghi¢p, ban be da cd vil dong vién toi1 trong
subt qué trinh hoc cao hoc va lam luén van.
Théai Nguyén, 10.4.2015
Vi Thu Trang
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CHUONG 1
BAI TOAN THAP HA NOI TONG QUAT

1.1 Lich sir bai toan thap Ha Noi
1.1.1 Truyén thuyét
Eduard Lucas, tac gia ctia tro choi Thap Ha Noi, da viét nhu sau: Dudi vom cia toa
thap tho thin Brahma (than sang tao) trong thanh Bernares (An d¢), tai vi tri dugc
coi la trung tam thé gio1, khi bat dau sang tao vl try, than Brahma da dat 64 chiéc
dia bang vang rong c6 khoét 18 & gitta trén mot trong ba chiéc coc kim cuong. Céc
dia ndy c6 duong kinh nhé dan tir dudi 1én trén va tao thanh mot hinh nén. Cac nha
tu hanh trong toa thap lién tuc sudt ngay dém, khong mét moi, chuyén 64 dia tir coc
dau tién sang coc thir ba cua toa thap. Khi di chuyén cac dia phai tuan theo hai qui
tac:
1) Mbi 1an chi dugc chuyén mét dia trén cing ctia mot coc nao do.
2) Pia trén cung dugc chuyén tir mot coc sang mot trong hai coc khac. Pia 16n
khong duoc dit 1én trén dia nhé vi nd ¢o6 tinh dé v&.
Cong viéc hoan thanh thi toa thap s& d6, va liic d6 ciing 1a thoi diém két thuc cua vii
try voi mot tiéng nd khung khiép!
Khéng 1 truyén thuyét nay ding toi ddu nhung Lucas di chi ra, c4c nha tu hanh
can 18.446.744.073.709.551.615 lan di chuyén méi co thé hoan thanh cong viéc.
Néu ho 1am ca ngay 1an dém, mdi 1an chuyén dia mét 1 gidy thi phai mat t&i 580 ty

nam méi c6 thé hoan thanh cong viéc nay!
1.1.2 Lich sw

Tro choi Thap Ha Néi duoc Eduard Lucas (1842-1891) phd bién ¢ Paris ndm 1883

dudi 4n danh (under the nickname) 1a gido su N. Claus. Tro choi nay da dugc cac
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nha toén-tin hoc quan tAm nghién ctru, va trd thanh vi du vé thuét giai giai dé quy
kinh dién trong day hoc va trong tin hoc (solving problem, 1ap trinh co ban, giai
thuat d¢ qui, d6 phuec tap tinh toan,..). Ngoai ra bai toan Thap Ha No6i con dugc ung
dung ca trong nghién ctru tim 1y va phuong phap giang day vé cach giai quyét van
dé (problem solving). Thap Luan Pén 1a mot bién thé khac, dung trong chan doan
va diéu tri than kinh tdm 1y ddi v6i cac chirc ning thyc hanh. C6 1& day 1a diéu ma
ngay chinh tac gia cling kho c6 thé hinh dung ra mirc pho bién dén vay cua trd choi,

ca trong nghién ctru thyc tién 1an trong giai tri.

Trén bia cua hop dung tro choi san xudt nim 1883 va trong cudn sach
L’Arithméique Amusante (S6 hoc vui), xuat ban tai Paris nim 1895 (sau khi Ong
mat), chinh Edouard Lucas da viét ([21], trang 179): “...la Tour d’Hanoi, véritable
casse-téte annamite...” (Thap Ha NoOi, mdt tro choi tri tu¢ cua ngudi Annam),
nhung tai sao Ong lai goi tro choi nay 1a 0 choi Thap Ha Néi va tai sao lai 1a trd

choi tri tué cua nguoi Annam thi chua c6 cau tra 1o1 that ro rang.
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Mot gia thuyét nira 13 Cot co Ha Noi da goi y —
cho E. Lucas dat tén tro choi ctia minh 1a tro :
choi Thap Ha Noi: “The Flag Tower of Hanoi
may have served as the inspiration for the
name”. Cot co Ha Noi co day gom ba khdi

vudng xdy chong 1én nhau. Cot co Ha Noi xay

nam 1805-1812, hon 70 nam trudc khi trd choi

Cot ¢ Ha Noi thé ki 19

thap Ha Noi dugc phd bién.

Nam 1882 Phép tin cong danh chiém thanh Ha Noi 1an thr hai. Dé tai Ha Noi va
Dong Duong la thoi sy va tran ngdp trén cac bdo & Paris vao nhitng ndam 1882-
1883 (xem [12], trang 6). Phai ching diéu nay di goi y E. Lucas dit tén cho tro

choi cua minh 1a tro choi Thap Ha Ngi?

Trén to bia cuia hop dung tro choi Thap Ha Noi1 dugc ban lan dau tai Paris nim
1883 ¢o hinh thap 10 tang, cdy tre, nguoi Annam va dong chir: La Tour d’Hanof,
Veritable casse-téte Annamite Jeu, rapporté du Tonkin par le professeur N. Claus
(de Siam) du college Mandarin Li-Sou-Stian - Thap Ha Noi, Tro choi tri tué cia
ngudi Annam, dugc mang vé tir Bac Ki boi gido su N. Claus (& Siam), trudng
trung hoc Li-Sou-Stian. (N. Claus de Siam la dao tir cua E. Lucas d’Amiens,
Amiens 1a qué cua E. Lucas. Li-Sou-Sian la dao tir ctia Sant Louis, trudng trung

hoc & Paris, noi Ong day hoc vao nhiing nim dé).

Phan dich nghia ctia to huéng dan tht nhét gidi thiéu tro choi Thap Ha Noi duoc
tom tat nhu sau:

Tro choi nay 1an dau duoc tim thdy trong cudn sach c6 minh hoa tiéng Quan thoai
FER-FER-TAM-TAM, s& duoc xuat ban trong twong lai gan, boi chinh pha bao ho.

Thap Ha Noi ¢6 cac dia, nhé dan, co sb luong thay d6i, ma ching toi 1am bing gd,
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c¢6 16 & gitra. O Nhat Ban, Trung Qudc, va & DPong Kinh (Tonkin-Bic Ki), ching

duoc lam bang su.

Tro choi ¢ muc dich 1a d& bé tung dia, va dat vao coc bén canh, theo cac quy tac
nhét dinh. Vui va bé ich, d& hoc va d& choi trong thanh phé, ngoai nong thon, trén
chuyén du lich, n6 dugc tao ra dé mang dén kién thuc khoa hoc, giéng moi tro choi

ky thl va méi la cua gido su N. CLAUS (cua SIAM).

Tro choi Thap Ha Noi vira dugce phé) bién tai Paris nim 1883 d4 duoc don nhan
rong rai vi sy don gian va hap din cua no. E. Lucas da to ra rat khon khéo khi Ong
cho san xuit tro choi Thap Ha Noi voi 8 dia, sb dia vira du dé tro choi khong qua
don gian (dé chuyén hét 8 dia tir coc ngudn sang coc dich, khong nham 1n, can
255 budc), ciing nhu khéng qua phuc tap (nhu trong truong hop 64 dia, phai mat 5
ti nam).

Ngay nay, trén mang Internet c6 rat nhiéu chuong trinh viét trén nhiéu ngén ngir
khac nhau va rat nhiéu phan mém hién thi huéng dan tro choi Thap Ha Noi (voi ba
coc hodc nhiéu hon, tro choi Thap Ha Noi cai bién,...). Tai Vi¢t Nam da co rat
nhiéu 14p trinh vién, nhing sinh vién dai hoc dua ra cic phién ban tmg dung cia tro
choi, gitip nd tré thanh mat tro choi dién t hép dan va rat sinh dong. Mot ) hang

dién thoai nudc ngoai da dua tro choi thap Ha Noi vao dién thoai di dong.

Co thé tim mua trd choi Thap Ha No6i [am béng gd hodc st tai cac cira hang Viét
Nam hodc nudc ngoai dé giai tri.

1.2 Bai toan Thap Ha Ngi tong quat

1.2.1 Bai toan Thap Ha Ni c6 dién

Bai toan Thap Ha Noi ¢6 ndi dung nhu sau: ¢é ba coc A, B, C va n dia ¢6 ban kinh

tang dan (moi dia c6 mot 10 ¢ gitra dé dat vao coc), ban dau cac dia nam trén coc A

tao thanh mot toa thap (dia to nhit ndm dudi cing, dia nho hon nim bén trén va cir
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thé dia nho nhit ndm trén cing). Mdi 1an di chuyén 1a mét 1an dich chuyén dia trén
cung tor mot coc bat ky sang mot coc khac sao cho khong c6 dia nao dugc dat trén
dia nhoé hon né. Bai toan 1a dich chuyén toa thap co6 n dia trén coc A sang coc C

(theo trat tu dia ban dau) voi s6 1an di chuyén 14 téi thiéu.

Ta thuc hién chuyén dia s6 1 tir coc A sang coc C; chuyén dia sb 2 sang coc B;
chuyén dia s 1 tir coc C sang coc B. Khi dy dia s6 1 nam trén dia s6 2. Vay ta hién
da c6 hai dia ndm trén coc B, coc C hién thoi tréng. Chuyén dia sb 3 tr coc A sang
coc C. Lap lai ba bude trén dé giai bai toan cho hai dia: chuyén dia sé 1 va dia s6 2
cho nam 1én trén dia sb 3 trén coc C.

Tiép tuc lam nhu vy cho bén, nim,...dia. Mdi 1an dung xong thap tir dia tht | dén
dia thir nhat (trén coc B hoidc coc C, mot trong hai coc d6 trong), ta chuyén dia thir
I +1 tir coc A sang Coc tréng (coc C hoac coc B), roi lai di chuyén thap da dung tur
coc B (hodc coc C) 1én dia thir | +1 dé duoc thap véi | +1 dia.

Nhu vay, khi da xay dung xong thap thir | thi ta ciling dé dang xay dung duoc thap
thir | +1, sau khi chuyén dia thtr | +1 sang coc trong.

Phuong phép trén dugc goi 13 thudt gidi dé qui: Dé tién hanh giai bai toan véi n+1
dia, ta 4p dung lai thuat giai bai toan vé1i n dia. Toan bd qua trinh 1a mot s6 hiru
han céac budc, vi vay dén mot lac nao do thuét gidi s€ dugc ap dung cho n=1.
Budc nay chi don gian 14 chuyén mot dia duy nhat tir coc A sang coc C.

Ki hiéu L(n) 14 s6 1an chuyén dia t6i uu trong bai toan thap Ha Noi v6i n dia va ba
coc. Khi ay, dé chuyén n dia tir coc A sang coc C, trudc tién ta phai chuyén n—1
dia trén cung (cac dia nho) tir coc A sang coc B, sau do chuyén dia thr n tr coc A
sang coc C. Cubi cung, lai chuyén n—1 dia tir coc B sang coc C. Ta co:

L1=,L2=3LMN=L(n-1)+L@D+L(N-1)=2L(n-1)+1.

Theo quinap,tacd L(n+1)=2L n +1=2. 2" -1 +1=2"" -1,

S6 hoa bai Trung tdm Hoc liéu — Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn/



-10 -

Vay cong thirc L(n) =2" —1 dugc ching minh véi moi n. Cong thic trén cho thay,
thuat todn d¢ qui giai bai toan Thap Ha Noi 1a thuat todn cé thoi gian mii.

1.2.2 Bai toan Thap Ha Nji tong quat
Mot md rong ty nhién ctia bai toan
Thap Ha Noi c6 dién 1a Bai toan Thap
Ha Néi véi bon (hodc nhiéu) coc.

Chinh tac gia cua bai toan Thap Ha

No1, E. Lucas cling 1a nguoi dau tién S—
—————

xét bai toan voi nhidu coc vao nim
1889 (xem [12], trang 211). Bai toan Thap Ha Ngi véi bon coc

THE CANTERBURY
PUZZLES

AND OTHER CURIOUS PROBLEMS

Nam 1902-1903 Henry Ernest
Dudeney di viét hai bai bao vé bai
toan Thap Ha Noi voi bén coc. Trong

hai trang dau tién cuia cudn sach noi

tiéng The Canterbury Puzzles and -
HENRY ERNEST DUDENEY

Other Curious Problems xuét ban tai

London nam 1907 va tai New York

e
nam 1908 (xem [9] va bia cuon sach
trong hinh bén), Ong da viét vé bai |
ILLUSTRATED BY PAUL HARDY,
, . . . , . e , . e THE AUTHOR AND OTHERS
todn nay tro choi thap Ha N§1 voi bon
coc (dudi dang cac quan co) va so dia NEW YORK

E. P. DUTTON AND COMPANY
1908

la 8, 10 hoac 21 va goi la The Reve's

puzzle-cau d6 cua Reve).
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