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CAC KY HIEU

Trong cuén luan van nay ta st dung cac ky hiéu sau:

Tap cac sb thuc duge ky hiéu 1a R.

Tap cac sb thuc khong am duge ky hiéu 1a R”.

Tap cac sb hitu ti duoc ky hiéu 12 Q.

Tap cac sb nguyén dugc ky hiéu1a Z={...,-2,-1,0,1,2,...}.
Tap cac sd ty nhién duogc ky hidu 1a N={1,2,3,..}.

Tap cac sé nguyén duong dugc ky hiéu 12 Z* hoic N
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LOI NOI DAU

Do tinh doc d4o cua ham phan nguyén, thi dy, hdm phan nguyén vira
don gian (12 ham hang timg khiic) lai vira phiic tap (gidn doan tai cac diém
nguyén nén kho 4p dung cac cong cu cia giai tich), nhiéu bai toan hay vé
phan nguyén da duogc sir dung lam dé thi hoc sinh gioi cac cip, trong do6 c6 rat
nhiéu cac dé thi hoc sinh gidi qudc gia va Olympic quédc té. Mit khac, ham
phan nguyén c6 nhiing tng dung quan trong khong chi trong toan hoc phd
thdng, ma con trong nhiéu van dé cua toan tmg dung va cong nghé thong tin
(1am tron sd, tinh gan dang,...). Phan nguyén ciing thé hién su két ndi giira

tinh lién tuc va tinh roi rac, gitra toan giai tich va todn roi rac nén khé tha vi.

Li thuyét va bai tap vé phan nguyén rai rac da co trong céc sach va céac
tap chi, thim chi da 1a nhirg chuyén dé trong mot sé sach vé sé hoc (xem [3],
[5], [8]). Tuy nhién, hinh nhu chua c6 mot cudn sach ndo viét du phong phu
va téng hop vé phan nguyén. D6 chinh 1a 1i do dé tac gia chon dé tai nay lam
luan van cao hoc.

Luan van Ham phdn nguyén va ing dung ¢6 muc dich trinh bay cac
kién thtrc co ban cua ham phan nguyén va tng dung cua né trong giai toan so
cap, cu thé 1a trong sb hoc, dai s va giai tich (toan chia hét, giai phuong
trinh, tinh chét cua ddy, tinh giéi han, tinh tong cua ddy, chudi,...chira phan
nguyén). Pong thoi luan van ciing trinh bay méi quan hé mat thiét cua phan
nguyén véi cac dang toan khac (ddy truy hdi, nhj thirc Newton, hé dém,...).
Dic biét luan vin tdp hop mot khdi lwong 16n cac bai toan thi v dich qudc
gia va qudc t& minh hoa cho Ii thuyét vé phan nguyén.

Luan vin gom ba chuong.

Chuong 1 trinh bay c4c dinh nghia va tinh chat co ban ciia ham phan

nguyén va do thi cia ham phan nguyén.
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Chuong 2 trinh bay mét sé dang toan chira phan nguyén trong s6 hoc
va dai sd (toan chia hét; tinh toan va chiang minh cac hé thirc chira phan
nguyén; giai phuong trinh va hé phuong trinh chira phan nguyén;...).

Chuong 3 trinh bay mot s6 dang toan chira phan nguyén trong giai tich
(cac tinh chat nhu tinh bi chin, tinh tuin hoan cua dy sd; tim sb hang va tinh
gidi han cua day sb, tinh tong hitu han cta day sb, tinh tong cta chudi chua
phan nguyén, ...).

Nhiéu vi du va bai toan tap hop trong luan vin da dugc dwa vao ban thao
cubn sach cua tac gia luan van viét chung v6i Thay hudng dan va Thac si
Nguyén Thi Binh Minh. Vi han ché sb trang luan vin, trong mdi chuong,
ching tdi ¢d gang trinh bay cac van dé 1i thuyét 1am co s& dé phan loai va
tong két cac phuong phap giai timg dang toan chira phan nguyén. Cac vi du
minh hoa phwong phap duoc lwa chon mang tinh chat dién hinh, sé luong 16n
bai tap thé hién sy phong phi mudn hinh vé cua tng dung ham phan nguyén
trong giai todn va d duoc giai chi tiét trong [2] nén khéng trinh bay lai trong
luan van nay.

Luan van dugc hoan thanh dudi sy huong dan khoa hoc cua PGS TS Ta
Duy Phuong. Xin dugc t6 10ng cam on chan thanh nhat t6i Thay.

Tac gia xin chan cam on Truong Pai hoc Khoa hoc Thai Nguyén, noi tac
gia d& hoan thanh chuong trinh cao hoc nganh toan.

Va cudi cing, xin cam on gia dinh, ban bé va dong nghiép da cam thong,

tng ho va gilp d& trong sudt thoi gian tac gia hoc cao hoc va viét luan vin.

Ha Noi, ngay 15 thang 9 nam 2010

Tac gia

Nguyén Thi Hong Hanh
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Chuwong 1
CAC KIEN THUC CO BAN VE PHAN NGUYEN

§1 KHAI NIEM VE PHAN NGUYEN

Pinh nghia 1.1 Cho mét sb thuc x € R. S6 nguy#n 16n nhit khong vuot qua
x duoc goi 1a phan nguyén (integer part, integral part) hay san (floor) cua x.
Ta thuong ki hiéu phan nguyén caa x 1a [X] Nhiéu tai liéu goi phan nguyén
cuia x 13 san va ki hiéu phan nguyén cua x 1a | x|, vi san c6 lién quan mat
thiét voi khai niém tran [ x] ciia X. Hai khai ni¢m tran va san thuong dugce
sir dung trong tin hoc. Trong luan van ndy ta s& dung ca hai ki hiéu phan
nguyén (san) la [x] va | x].

Pinh nghia 1.2 Cho mét sb thuc x € R. S6 nguyén bé nhat khong nho hon x
duoc goi 1 tran cua x va ki hiéu 1a [ x].

Dinh nghia 1.1 va Dinh nghia 1.2 twvong duong véi:

Z<X<Z+1 {O£x—2<1;
=
ze’.

va

Z2-1<x<1z; 0<z-—-x<1
[x]=z< o
ze’. ze’.

Hon nita, [ X|=| x| néu xeZ va [x]=| x|+1 véimoi xgZ.
Pinh nghia 1.3 Phan dw (phan thdp phan, phan Ié, gid tri phdn - fractional
part, fractional value) cua mét sé thuc X, ki hiéu 1a {x} dugc dinh nghia baoi

cong thirc {x} = x—[x].
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Tu Pinh nghia 1.3 ta suy ra ngay, 0<{x} <1 v6i moi xeR va {z} =0 khi va
chi khi z 1a s6 nguyén.

Ta biét ring, v6i mdi x € R thi ton tai s nguyén zeZ sao cho z< x<z+1.
Pinh nghia 1.4 Gia tri nho nhat giita hai s6 x—z va z+1—x duoc goi 1a
khodng cdch tir x dén s6 nguyén gan né nhat va duoc ki hiéu 1a ]x[ .

Taco |x[=|x—2|<0,5 véi moi Xx.

Pinh nghia 1.5 S6 nguyén gan mét sé thuwe x nhdt duoc ki hiéu 1a (X) va
(x) dugc goi la s6 /am tron cia X.

Khéi niém 1am tron s duoc s dung rong rdi trong may tinh.

Pé x4c dinh, néu c6 hai s6 nguyén clng gan x nhat (nghia 1a khi
x=2+0,5=(z+1)-0,5 thi z va z+1 cling c6 khoang cach t¢i X béng 0,5
(x—z=2+1-x=0,5) thi ta qui udc chon sé 1én, tirc 1a néu z<x<z+0,5,

thi (x)=z,connéu z+0,5<x<z+1thi (x)=z+1.

§2 CAC TiNH CHAT CO BAN CUA PHAN NGUYEN

Tir cac Pinh nghia 1.1 - Pinh nghia 1.5 ta di dén cac tinh chit tuy don gian
nhung rat co ban va hay str dung sau ddy cua phan nguy@n. C4c tinh chat nay
d& dugc chimg minh chi tiét trong [2], vi vay dudi ddy ching t6i chi liét ké

ma khong ching minh.
Tinh chat 2.1 Véi moi x e R ta co
a) [X]<x<[x]+1hay x-1<[x]<x;

b) [x]|-1<x<[x] hay x<[x]|<x+1.

Dau bang xay ra khi va chi khi x 12 s§ nguyén.
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Tinh chat2.2 x=[x]+{x}; 0<{x} <1; x={x} < 0<x<1.

Hé qua 2.1 [x+2z]=z thi zeZ va 0<x<1.

Tinh chat 2.3 [x+z]=[x]+z; {x+2z}={x} véimoi z€Z.

Dao lai, {x} ={y} thi y=x+1z v6i zeZ nao do.

Tinh chat 2.4 Néu x e Z thi [x]=x va {x} =0.

Nguoc lai néu [x]=x hodc {x} =0 thi xeZ.

Néu x e Q la sb hitu ti nhung khdng phai 1a s6 nguyén thi {x} ciing 1a mét sb
hitu ti thudc khoang (0;1).

Néu xeR 13 s vo ti thi {X} cling 14 mot sb vo ti thudc khoang (0;1).

Tinh chéit 2.5 Phan du, san va trin c6 tinh chit luj dang (idempotent), tirc 1a

khi hai lan ap dung phép toan thi két qua khong doi:
{{xt} = ()3 [[] =[] va [[xT] =T x] vei moi xe.
Hon nita, {[x]} =[{x} |={[x]} =0 véi moi xeR.
Nhung [ {x} |=0 va[[x]]|=[]x]]=x véi moi xe Z;
1311, [[X]]=[x) = x]-2=[T X]] -1 vsi moi xe 2,
Tinh chit 2.6 Céac qui tic d6i chd (hoan vi), két hop cua phép toan cong va

phép toan nhan; qui tic két hop gitta phép toan nhan va phép toan cong van

dung cho phan nguyén va phan du.
Tinh chét 2.7 Phép 1am tron s6 (x) thong thuong nhu dd néu trong Dinh

nghia 1.5 chinh 1 phép lay phan nguyén cua x+0,5, tic 1a (X) :[X+0,5].
Tinh chat 2.8 Néu [x]=[y] thi [x-y|<1 hay -1<x-y<1.

Tinh chat 2.9 Néu x> y thi [x]>[y]. Ddo lai, néu [x]>[y] thi x>y.
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Tinh chit 2.10
a) C4 hai s6 x va y la hai s nguyén khi va chi khi {x} +{y}=0.
b) Trong hai s6 x va y c6 mot sb nguyén va mot sé khong phai 1a s6 nguyén
thi 0<{x}+{y}<1.
c) Hai s6 x va y khong nguyén cé tong x+y la mot sé nguyén khi va chi
khi {x}+{y}=1.
Tinh chat 2.11a V&imoi x,yeR taco
{x+yb<{x}+{y} <{x+y}+1; [x]+[y]<[x+ y]<[x]+[y]+1.
Nhan xét 2.1 Tinh chit 2.11a c6 thé duoc phat biéu dudi dang sau.

£ X|+ khi 0<{x!+ <1
Tinh chat 2.11b [x+y]= [x]+[v] _ {x}+{yj
[x]+[y]+1 khi 1<{x}+{y}<2.
Tinh chét nay ciing dugc viét dudi dang sau day.
[x+y]  khi 0<{x}+{y}<%

Tinh chat 2.11¢ [X]+[y]{[x+y]—1 i 1< x4y} <2

Hé qua 2.2 [ZX] > 2[X] Vo1 moi Xxe R.

Hé qua 2.3 [-x]=—[x] va {-x} ={x} =0 néu xe Z;
[x]+[-x]=-1va {-x} =1-{x} néu x e Z.

Hé qua 2.4 [x} :—[—X] voimoi XeR.

Tinh chit 2.12a Véimoi x va y 1a c4c sb thuc ta co
[2x]+[2y] 2 [x]+[y]+[x+y]=2([x]+[y])

va [2{x}]+[2{y} ]2 [{x}+{v}].

Nhan xét 2.2 Tinh chit 2.12a c6 thé duoc viét dudi dang sau.

Tinh chét 2.12b a) Néu max {{x},{y}} <% thi
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[2{x}]+[2{y}]=0=[{x}+{¥}]

va [2x]+[2y]=[x]+[y]+[x+Yy]=2[x]+2[y].
b) Néu min{{x},{y}}<%£max{{x},{y}}s{x}+{y} <1thi

[2{x} ]+ [2{y}]=1=[{x} +{y}]+1

va [2x]+[2y]=[x]+[y]+[x+y]+1=2[x]+2[y]+1.
¢) Néu min{{x},{y}}<%£max{{x},{y}}<1s{x}+{y} thi
(200 ]+ [2{y}]=1=[{x}+{¥}]

va [2x]+[2y]=[x]+[y]+[x+ y]=2[x]+2[y]+1.
) Néw 2 < min{{x},{y}} thi [20x)]+[2{y}]=2=[{x}+ {y}]+1
va [2x]+[2y]=[x]+[y]+[x+ y]+1=2[x]+2[y]+2.

Tinh chat 2.13 V&i moi xe R ta ludn co

{{x}+ﬂ:[2 }] va [x+ } [2x]-[x].

Hé qua 2.5 V&i moi sd nguyén duong ta ludn co [g} + {nTH} =n.

Tinh chat 2.14a Vi moi x,y € R ta ludn c6
[ix}={y}]<0va[x]-[y]=[x-y].
Nhan xét 2.5 Tinh chat 2.14a c6 thé phét biéu dudi dang sau day.

[x]=[y]  khi {y}<{x};

Tinh chat2.14b [x—y]= {

[x)-[y]-1 kni {x}<{y}
Tinh chat 2.14c [x]-[y]= {[[: ;/]]+1 ::.I i:}l{{;i
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