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i
Danh muc cac ki hiéu, cac ch@ viét tat
e AM - Arithmetic Mean.

e GM - Geometric Mean.

HM - Harmonic Mean.

IMO - International Mathematical Olympiad.

JBMO - Junior Balkan Mathematical Olympiad.
e MO - National Mathematical Olympiad.

PM - Power Mean.

e RMS - Root Mean Square.

e TST - Selection Test for International Mathematical Olympiad.

e a=a+b+ec.
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Mdé& dau

Bat ding thic 1a mot van dé co dién xong cling day thach thic
trong thé gisi hien dai, ta thuong thay su géop mat ciia bat dang thic
& diém kho trong cac dé thi tét nghiép Trung hoc phoé thong, dé thi dai
hoc, cao dang hay trong dé thi hoc sinh gidi cac cap, dé thi olympic
toan khu vuc va quéc té. Bat dang thic git mot vi tri ddc biet béi no
hitu ich trong tat ca cac linh vuc ctia Toan hoc. Su khé khan ctia cac
bai toan vé bat diang thitc chinh 13 dicu thd vi cuén hit nhitng ngusi
yéu Toan.

Muc tiéu ciia luan van nay 1a hé théng lai mot sé bat dang thic co
sd c¢6 nhiéu tng dung trong qua trinh giai cac bai toan vé bat dang
thitc: bat dang thitc Cauchy, bat dang thic gitta cac gia tri trung binh,
...va tng dung ctia ching. Hi vong luan vin cé thée lam tai licu tham
khao cho hoc sinh va gido vién trong céc chuyén dé boi dudng vé bat
ddng thiic.

Luan van gom phan md dau, hai chuong, két luan va danh muc tai
liéu tham khao.

Chuong mot hé thong cac dang ciia bat dang thitc Cauchy, dang
thuc, dang phtic, dang dao ctia bat ding thic Cauchy vé6i tong hitu
han; bat dang thiic Cauchy véi tong vo han; bat ding thic Cauchy -
Schwarz véi tich trong thiuc va phiic; bat ding thitc Bunyakovsky véi
tich phan, sau do6 la cac ki thuat van dung.

Chuong hai trinh bay veé bat dang thic giita cac gia tri trung binh,
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trung binh binh phuong - trung binh cong - trung binh nhan - trung
binh diéu hoa, duéi dang cac hé qua clia bat dang thitc trung binh liy
thita, va bat dang thitc Holder, bat ding thic Carleman 13 céc ting
dung quan trong ciia bat dang thitc AM - GM. Cudi chuong 14 mot
s6 bai tap minh hoa.

Tac gia xin bay t6 long biét on chan thanh v sau sac t6i TS.
Nguyén Van Minh vé sy huéng dan tan tinh ciia thay trong suét qua
trinh 1am luan van. Tac gid ciing xin chan thanh cdm on cac Thay
Co, Ban giam hiéu, khoa Toan - Tin truong Dai hoc Khoa hoc, Dai
hoc Thai Nguyén, ban be, dong nghiép va gia dinh da luon dong vién,
khich l¢, tao moi diéu kién trong sudt qua trinh hoc tap va nghién ctu
dé luan van va khoéa hoc duge hoan thanh.

Mic du da rat ¢d gang, xong két qua dat dugde trong luan van con
rat khiém tén va khong tranh khoi nhitng sai sét. Vi vay, tac gid mong
nhan dugc nhiéu y kién, gép ¥ quy bau ctia quy Thay Co, cac anh chi

va cac dong nghiép dé luan vin ducce hoan thien hon.

Thai Nguyén, 18 thang 09 nam 2010.
Nguai thyce hién

Nguyén Thi Huyén Trang
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Chuong 1

Bat dang thic Cauchy

Augustin - Louis Cauchy (1789 - 1857) cong b6 bat dang thiic noi
tiéng ctia 6ng nam 1821 & phan chi thich vé i thuyét cac bat dang
thiic ma lap thanh phan cudi cuén sich Cours d’Analyse Algébrique
ctia ong. Cauchy da khong st dung bat dang thic clia éng trong noi
dung chinh ma chi c6 trong mot s6 bai tap c6 tinh minh hoa. Bat
dang thitc Cauchy duge ap dung rong rai sém nhat vio nam 1829, khi
Cauchy da st dung bat dang thiic ciia 6ng trong mot nghién citu ve
phuong phap Newton cho sy tinh toan tim nghiém cua cac phuong
trinh dai s6 va sieu viet. Nam 1859, hoc tro ctia Cauchy 1a Victor
Yacovlevich Bunyakovsky nhan xét réang khi chting ta lay gi6i han,
chiing ta c6 thé thu duge dang tich phan ctia bat ding thiic nay. Két
qua tong quat trong truong hop khong gian tich trong dudc chiing
minh bdi Hermann Amandus Schwarz vao nam 1885. Ngay nay, moi
thang c6 hang tram - ¢6 1& hang nghin - sy cong bdé méi vé khoa hoc,
trong dé bat ding thiic Cauchy duge 4p dung theo cach nay hay cach
khéac.
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1.1 Céac dang ctia bat dang thiic Cauchy
1.1.1 Bét dang thic Cauchy

Dinh 1i 1.1. V4i hai bé n so (a1, as, ..., ay), (b1, b, ..., by,), ta luon cé

bat diang thic sau
(ayby+agby+- - -+anb,)* < (ai+a5+---+a)(b]+bs+---+b2). (1.1)

Diu ddang thiic xdy ra khi va chi khi (ay,as, ..., a,), (b, by, ..., by)
la hai bo ti le, tic la ton tai soé thuc k dé a; = kb;, Vi =1, n.

Bat dang thiic (1.1) thuong dude goi 1a bat dang thitc Cauchy hay
Cauchy - Schwarz (doi khi con goi 1a bat dang thitc Bunyakovsky,
Cauchy - Bunyakovsky hay Cauchy - Bunyakovsky - Schwarz).

Chiing minh (Xem [1], [2], [3]).

Cac hé qua sau day sé ciing c6 thém cac cac ting dung khic nhau

clia bat dang thitc quan trong nay.

Hé qua 1.1. Vdi 2 day so thuc ay,as,...,a, va by, ba, ... by, b >

0, Vi=1,n , ta cé

2 2 2 2

ai a a; _ (a1 +ag+---+ay)

-t =4+ == . 1.2
by b9 b, by +ba+---+ 0y (12)

Bat dang thic trén thuong duge goi 1a bat dang thiic Schwarz.

Chitng minh. Ap dung bat ding thic Cauchy cho hai bo sb (f/%)
va /b;, b; >0, Vi = 1,n, ta thu dugc bat dang thitc (1.2).

Hé qua 1.2. Vdi 2 day so thuc aq,as, ..., a, va by, by, ... b, ta cé
Val + 0+ a0 > (ar e+ an)? (b4 by)2
(1.3)

Chitng minh (Xem [2]).
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)
Hé qua 1.3. Vdi moi day so thuc ay,as,...,a, , ta c6
(a1 +ay+ - +a,)? <nla? +a3+--+ad2). (1.4)

Chatng minh. Ap dung bat ddng thic Cauchy cho hai bo n s6
(ai,as,...,a,) va (1,1,...,1) ta thu dugc bat dang thic (1.4).

Ta thu dugc hé qua sau day bang cach chia ca hai vé bat dang thiic
(1.4) cho n?.

Hé qua 1.4. Vdi moi day so thuc ay,as, ..., a, , ta 6

2 2 24 ... 2
(a1+a2+ +an) < aj +a; + +an. (1.5)

n n

Heé qua 1.5. Vdi 2 day so thuc khong am ay, as, . .., a, va by, ba, ..., by,

ta co

\/(al +as+ -+ an)(bl + b2 + - bn) = \/a1b1+\/a2b2+- s eV anbn.
(1.6)

Chitng minh. St dung bat dang thic Cauchy véi hai bo n s6 (1/a;)
va (v/b;), a; = 0,b; > 0, ta duge diéu can chitng minh.

Hé qua 1.6. Voi 2 diy so thuc aq,as,...,a, va by, by, ... by, a; >
0,b; # 0, ta co

an, 1

<a1+ +- +a“>2 (1.7)
b%/a1+a2+-~-+an by by b,/ .

Chitng minh. Ap dung bat ding thitc Cauchy cho hai bo n s6 ( ba>
va \/a;, a; > 0,b; # 0, Vi = 1, n, ta thu duge bat dang thitc (1.7).

Hé qua 1.7. V&i 2 day so thuc duong ai,as,...,a, va by, by, ... by,

ta co

<a1 a9 an)> (a1 +as + -+ +ay)?

~ arby + agby + - - + ayby,

1.
by by bn, (18)
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