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MG dau

Vanh s6 nguyén Z 1a mot vanh chinh ma 41 va —1 1a cic phan tit kha
nghich duy nhat. Ta da biét moi s6 nguyén khac 0 va khac 1 déu phan
tich dugc mot cach duy nhat thanh mot tich cac phan ti bat kha quy
trong Z. Mot s6 nguyén duong bat kha quy dudc goi 14 mot sd6 nguyen
t6. Vi vay moi s6 tu nhién 16n hon 1 déu phan tich dugc mot cach duy
nhat thanh tich cac thita s6 nguyén t6. Van deé s6 nguyén t6 1a mot trong
nhiing van dé trong tam cta ly thuyét s6. Mot cau hoi duong nhién duge
dat ra 1a "c6 bao nhiéu s6 nguyén t6 trong tap hgp s6 tu nhien?". Néu
chi ¢6 mot s6 hitu han cic s nguyen t6 thi van dé sé nguyén t6 sé trd
nén rat don gian, va cac van dé khéc trong sé hoc ciing tré thanh don
gidn. Song, ngay tit thoi Euclid nguoi ta da biét rang tap cac so6 nguyén
t6 1& vo han. Tt d6 mot loat cac cau hoi duge dat ra. Bai toan ve mat
do céc s6 nguyen t6 trong day so tu nhién, bai toan tim mot biéu thic
14y gia tri 1 cac s6 nguyén t6 v6i moi gia tri tu nhién clia bién, bai toan
tim s6 nguyén to thi n,.... Mot van dé 16n cta 1y thuyét sé6 nguyen to
13 nghién cttu ham 7 (z), biéu thi sé cac s6 nguyén t6 khong vugt qua z,
v6i o 14 mot s6 thyc duong.

Nguoi ta khong hi vong xac dinh duge dé dang 7(z) theo x. Dau tien
A. M. Legendre da chitng minh dugc rang xh_}r{)lo m(z) = 0, nghia 1a hau
khip cac s6 tir nhién 1a hop s6. Tiép theo, ngudi txa tim mot ham s6 so

cap f(z) tuong duong véi w(x). P. L. Chebyshev da ching minh dugc
m(z)

rang néu giéi han lim ton tai thi gigi han d6 chi c6 thé bang 1, tuy

z—o0 1 [Inx
nhién 6ng khong chitng minh dugc sy ton tai giéi han trén. Sau dé ong
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da dinh nghia hai ham 9(z), ¥(z) va ching minh dinh Iy "7 (x) ~ %
néu va chi néu ¥ (z) ~ x"Nam 1896, dinh 1y s6 nguyen t6 da dugc ching
minh béi Hadamard va Dela Vallee Poussin bang céch st dung phuong
phap giai tich phitc. Nam 1949, Selberg da chiing minh duge dinh 1y s6
nguyéen t6 bang phuong phap so cap, khong st dung gidi tich phiic. Véi
muc dich nghién ctu sy phan bd cac s6 nguyén t6 trong tap cac so tu
nhién chiung toi da chon dé tai nay.

Noi dung ctia luan van gom 2 chuong:

Chuong 1: S6 nguyén té. Trinh bay dinh nghia s6 nguyén t6, nhiing
tinh chat co ban clia s6 nguyeén té6 va mot so6 dinh 1y quan trong ctia sd
hoc.

Chuaong 2: Sy phdn bo cdc s6 nguyén t6. Néu khai niem ham m(x),
trinh bay udc gid don gidn nhat ctia ham 7(x) va ching minh dinh 1y s6
nguyéen to.

Trong qua trinh thuyc hién luan van cia minh em da nhan dugc su
huéng dan, gitp do tan tinh ciia PGS. TS. Nong Quéc Chinh, nhan dugc
nhitng ¥ kién quy bau ctia cac thay co khoa Toan - tin cling tap thé cac
ban hoc vién 16p cao hoc K2 truong Dai hoc Khoa Hoc. Em xin bay to6
long cAm on sau sic t6i thay gido Nong Quoc Chinh, em xin chan thanh
cam on cac thay co va cac ban. Em xin chan thanh cam on truong THPT
Lé Hong Phong va gia dinh da gitup dd, dong vien em hoan thanh kho4
hoc. Dén nay luan vin da dugc hoan thanh. Tuy nhién v6i khodng thoi
gian khong nhiéu, va nang luc ciia ban than c¢6 han nén luan vin khong
tranh khoi nhiing thiéu s6t. Em rat mong nhan duge nhitng y kién dong

g6p clia cac thay co ciing toan thé ban doc.
Thar Nguyén, ngay 20 thang 08 nam 2010.

Nguyén Thi Yén.

S6 héa boi Trung tam Hoc liéu - Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



Chuong 1

S6 nguyén t6

1.1 Dinh nghia va cac tinh chat

Dinh nghia 1.1. S6 nguyén p dudc goi la s6 nguyén to néup > 1 va p
chi c6 udc la 1 va chinh né. S6 nguyén p > 1 khong la s6 nguyén to th
la hop so.

Tap cac s6 nguyen td thuong duge ki hieu 1a P.

Tinh chat 1.1. Udc tu nhién khdc 1 nhé nhat cia mot so6 tu nhién la
mot s6 nguyén to.
Ching minh.

Cho s6 a € N, cho d 13 u6c nhé nhat cia a, d # 1. Néu d khong
nguyen t6 thi d = dy.dy, trong d6 1 < dy,dy < d. Suy ra d; 1a wdc thuc
su ctia d. Vi vay d; 1a udc clia a, d; < d. Diéu nay mau thuan véi syt nhé
nhat cla d. O

Tinh chat 1.2. Cho p nguyén t6, a € N, a # 0. Khi doé:
(a,p) =p < pla.

(a,p)=1<pta.

Tinh chat 1.3. Néu tich ciia nhiéu sé chia hét cho s6 nguyén to p thi

c6 it nhat mot thita so chia hét cho p.

Tinh chat 1.4. 2 la s6 nguyén té nhé nhat va la s6 nguyén té chin duy
nhat.
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Tinh chat 1.5. Néu n la hop s6 thi n cé it nhat mot udc nguyén to
khong vugt qud /n.

Chiing minh.

Gia st n 1a hgp s6, n = a.b, trong d6 a,b€ Z,1 < a <b < n. Taco
hoic a < y/n hodic b < v/n. Gia st a < y/n, vi a ¢6 uc nguyeén t6, gia
sit d6 1a p, nén p cang la uée cia n, p < /n.

Vay n c6 uéc nguyén to6 khong vugt qua /n. O

Hé qua 1.1. Néu so tu nhién a > 1 khong cé udec nguyén to nao trong

nita khodng (1,\/aj thi a la s6 nguyén to.

1.2 Mot sé dinh 1y quan trong ctia s6 hoc

Dinh 1i 1.1. Moi 56 nguyén duong a > 1 déu phan tich dugc thanh tich
cdc thia s6 nguyén to, su phan tich dé la duy nhat néu khong ké dén thi
tu cdc thia so.

Ching minh.

* Tinh phan tich duoc: Gid st a 1 s6 nguyén bat ki thod man a > 1,
thé thi @ phai c6 mot u6c nguyeén to, chang han 1a p;. Vay ta cé a = p;.a,
trong d6 1 < aq < a.

Néu a; = 1 thi ta c6 a = p; va d6 1a sy phan tich a thanh thira s6
nguyen to.

Néu a; > 1 thi a; phai c6 mot uGc nguyen to py, va ta cé a; = ps.as,
do d6 a = p1.pa.as, v6i 1 < ay < a;. Néu ap = 1 thi a = pi.ps 13 dang
phan tich ciia a thanh thita s6 nguyén t6, con néu as > 1 thi ta lap lai
Iy luan ¢ trén dude s6 nguyén to ps,.... Qua trinh nay phai két thic sau
mot s6 hitu han lan vi ta c6 a > a; > ay > ...., nén ton tai n € N thoa
man a, = 1, va ta dugc a = p1.ps.....pn-

Trong su phan tich trén thi c6 thé xay ra truong hop trong tich cé
nhiéu thita s6 nguyeén t6 lap lai, goi p1, pa, ....., pr 12 cac thita s6 nguyén

t6 doi mot khac nhau cia a, v6i cac boi tuong tng 1a o, oo, .....au,
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X ) — N _ Qg (0% Qg R EN ~ P
(3 Y VAR Y v . e Y v g
(a; > 0,4 =1,...,k), thi ta dugc a = p{".p5*....p,*, goi la dang phan tich
tieu chuan cia a.

* Tinh duy nhdt: Ta gid st a c6 hai dang phan tich tiéu chuan:

a=py.py’..pt = qll.qu....qlﬁl.

Khi d6: p;| ¢ .q5>....q)\Yi = 1,.....;k. Vi cac ¢;(j = 1,...,1) la doi
mot khac nhau nén moi p; tring véi mot ¢; nao dé va tuong tu moi g;
tring v6i mot p; nao d6. Vi vay k = [ va néu trong hai dang phan tich
tiéu chuan trén déu sip xép céac thita so6 nguyen t6 theo thit tu ting dan
thi p; = ¢, Vi.

Néu ; > 3; thi ta chia ci hai phan tich tren cho p/*, ta dugc:

p?l.pg?..piai_ﬁi....pg’“ = p/fl .p§2....pfi‘11 pzﬂfllpgk

Khi d6 vé trai ctia dang thic trén chia hét cho p; nhung vé phai thi
khong chia hét cho p;. Diéu nay 1a mau thuan.

Tuong ti, néu 3; > «; ta dé dang suy ra mau thuan.

Vi vay «; = 3;, Vi. H
Dinh 1i 1.2. (Dinh ly thi nhit ctia Euclid)
Néu p nguyén to, plab thi p|la hodc p|b.
Ching manh.

Gia st p la s6 nguyén t6 va plab. Néu p {1 a thi (a,p) = 1, do d6
dr,y : xa + yp = 1 hay xab + ypb = b. Ma plab va p|pb nén suy ra
plb. O

Hé qua 1.2. Néu plabe....I thi pla hodc plb ............ hodc pll.

Dinh Ii 1.3. (Dinh 1y th hai ctia Euclid)

So cac so nguyén to la vo han.

Chiing minh.
* Cach 1 (Ching minh cta Euclid): Gia st 2,3,5, .....,p 1a day
cac sO nguyen t6 khong vuot qua p. Diat ¢ = 2.3.5....p+1, khi d6 ¢ khong
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chia hét cho s6 nao ctia day 2, 3,5, ....,p. Tt d6 suy ra g nguyén t6 hodc
g phan tich duge thanh tich cac thita s6 nguyén t6, trong dé khong c6
thita s6 nao 1& 2,3,5,...,p nén phai c6 mot uéc nguyén té6 nam trong
khoang(p, q) hay ¢ chia hét cho mot s6 nguyén t6 nam trong khodng
(p,q). Tu d6 suy ra luon ton tai s6 nguyén t6 16n hon p. Dinh 1y dugc
chiing minh.

* Cach 2: Xét s6 Q, =n!+1,n > 1. Khi d6 Q,, ¢6 it nhat mot ude
nguyeén t6, ki hiéu la ¢,. Néu ¢, < n thi g,|n! va do d6 ¢,|(Q,, —n!) = 1.
Mau thuan. Vay ¢, > n, ttic 1a v6i moi s6 nguyén duong n thi déu ton
tai s6 nguyén t6 16n hon n nén tap cac sé nguyén t6 1a vo han. Dinh ly
duge chiing minh.

* Cach 3 (Chitng minh ctia Goldbach):

S6 F,, = 2%" +1 dudc goi 1a s6 Fermat thi n. Cho trude hai s6 Fermat
F, va F, (k> 0), gid st m|F,, m|F, ;.

Dit z = 27, ta co:
Fop—2 (22" 41)-2
F, 2741

P |

N
22— 1

T +1

A e +...—1

Vi vay F,|(Fnvr — 2). Mat khac m|F,, nén m|(F,x — 2). Tt d6 suy ra
m|2. Do F,, 1a s6 16 nen m = 1. Nhu vay ta chiing minh duge hai s6
Fermat bat ky khong c6 udc chung 16n hon 1.

Tt d6 suy ra rang moéi mot trong cac so Fy, Fy, ..., I, déu chia hét cho
mot s6 nguyén t6 1é p ma p khong 1a u6c clia bat ky s6 nao khic trong
day trén. Vay c6 it nhat n sd nguyén té6 khong vuct qua F,. Do day s6

Fermat 1a v6 han nén c¢6 vo6 han so nguyén to. ]

Dinh 1i 1.4. Ton tai nhitng day so6 lien tuc la cdc hop s6 ma do dai cia

né lon hon mot so n bat ky cho trude.
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Ching manh.

Cho trude s6 n bat ky. Theo dinh 1y Euclid 6 trén ta thay luon ton
tai s6 nguyén t6 p > n. Xét day 2, 3,5, ..., p cac s6 nguyén to6 khong vugt
qua p. Dat ¢ =2.35...pthi ¢+ 2, +3,¢+4,.....,q¢ + p 1a cac hop 6.
R6 rang do 1a p-1 s6 hop s6 lien nhau thod man p — 1 > n. O

Dinh 1i 1.5. Khong ton tai da thic f(zx) € Z[z] ma tat cd cac gid tri

Ve N yd '/2 A N A //\
cua no tar cic diem x € Z deu la nguyén to.

Chiing minh.

Gia st f(z) € Zz|, degf(x) > 1. Khi dé6 IEToof(x) = +o00. Suy ra
dng € Z sao cho |f(ng)| > 1. Gia st p 1a mot wde nguyen t6 cia f(ng),
xét khai trien

f(no +pt) = f(no) + p-fi(no. p,t).

Suy ra p|f(ng+pt) véi t tuy ¥. Ta chon duge t dt 16n dé | f(ng+pt)| > p.
Suy ra f(ng + pt) 1a mot hop sb. O

Pinh li 1.6. Cho a la mot s6 nguyén vdi dang phan tich tiéu chuan
a = pit.py*...ppr. Khi do so nguyén d la udc cia a khi va chi khi né cd

dang d = pll.p;....pg’“ v 0 < B3 < a0 =1,..., k.

Ching manh.

Gia st d 1a u6c clia a, khi d6 ton tai s6 nguyén ¢ sao cho a = dq.
Dang thiic nay ching té rang néu d > 1 thi moi uéc nguyén t6 cia d la
u6c nguyén td clia a va s6 mil clia udc nguyen to ay trong dang phan
tich tiéu chuan ctia d khong 16n hon sé mii clia né trong dang phan tich

tieu chuan ciia a. Béi vay:
d=p)py..p)0< B <api=1,..k

Néu d = 1 thi ta viét d = pll.péb....pfk,ﬁi =0, Vi.
Nguoc lai, gid sit a va d 14 hai s6 nguyén thod man diéu kién ctia dinh
Iy, khi d6 o; — 3; > 0,2 =1,....,k nén q = p?l_ﬁl.pgz_&....pg’“_ﬂ’“ la mot

s6 nguyén va a = dg, nghia l1a d 13 uéc cia a. ]
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