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LOI CAM OGN

Tru6c hét, toi xin gui 101 biét on chan thanh va sau sic nhit dén PGS.TS
Lé Thi Thanh Nhan. Mac du rat ban ron trong cong viéc nhung CO van
danh rat nhiéu thoi gian va tam huyét trong viéc hudng dan. C6 1€ toi sé
khong bao gio hoan thanh dugc ban luan van nay néu Co6 khong tan tinh
chi day va luon tao cho toi nhitng di€u kién t6t nhat. Cho dén hom nay,
luan van thac si cua toi da duge hoan thanh, xin cam on Co6 da don doc
nhic nhd va dac biét gitp d6 toi hét minh.

Toi xin tran trong cam on Ban Giam hiéu, Khoa Toan - Tin va Phong
Pao tao cta truong Pai hoc Khoa hoc - Pai hoc Thai Nguyén. Toi xin tran
trong cam on cdc Thay, Co di tan tinh truyén dat nhitng kién thic quy bau
cling nhu tao moi diéu kién thuan loi nhat dé toi hoan thanh luan vian nay.

Cudi cluing, toi xin chan thanh bay to 1ong biét on dén gia dinh, ban be,
nhitng nguoi di khong ngimg dong vién, hd trg va tao moi diéu kién tot

nhat cho toi trong suot thoi gian hoc tap va thuc hién luan van.



LOI NOI DAU

Luén van nay trinh bay 16i giai mot s6 dang toan thi hoc sinh gioi lién
quan dén tinh chia hét va dong du thic trong vanh s6 nguyén. Luin van
dugc viét chl yéu dua theo cudn sach “Number theory for mathematical
contests” nam 2007 ctia D. A. Santos. Luin van cling tham khao mot s6
kién thiic co s& trong cudn sach “An introduction to the theory of numbers”
cua Niven-Zuckerman (John Wiley & Sons, Fourth Edition, 2000) va cuén
sach “Elements of number theory” cta J. Stillwell (Springer, 2003).

Luan vian nay duoc viét theo cach chon loc nhitng bai todn hay vé tinh
chia hét va dong du thic tir 3 tai liéu ti€éng Anh da néi & trén, ma khong
sao chép tir bat ctt tai liéu tiéng Viét c6 san nao. Vi thé, noi dung cua luan
van hoan toan khong trung lap vé6i bat ki mot luan van thac si da bao vé
truGc d6 vé i thuyét s6. Thuc t€, mot s6 10i gidi bai todn khd duoc cac
tdc gia clia cdc cuon sach trén viét kha co dong, chiing toi da phai cd gang
dién giai tudng minh va chi tiét 16i giai trong luan van nay. Nhiéu bai todn
chi dugc phat biéu trong cdc cudn sach do (ma khong cé 10i giai), chiing
toi cling da rdt c6 gang tu giai ching. Nhiéu bai todn nam rai rac trong
céc cudn sach trén dugc ching t6i bo cuc lai theo mot chli dé nhat dinh dé
nguoi doc dé theo doi.

Luan van gom hai chuong. Trong Chuong 1, chiing t6i trinh bay 16i giai
mot s6 dang toan thi hoc sinh giodi lién quan dén tinh chia hét trong vanh
s6 nguyén. Chuong nay gobm 3 muc: Tinh chia hét va thuat toan chia; uGc
chung 16n nhat va boi chung nhd nhat; s6 nguyén t6. Mdi muc déu duoc
b6 cuc thanh 3 phan nho: Trong phan diu clia mdi muc, ching toi tom tat
nhitng khai niém va kién thic co s& can thi€t (hau hét nhitng kién thiic nay
da duoc hoc trong hoc phan Li thuyét s6 & bac dai hoc); Phan tié€p theo dua

ra mot sO bai tap d€ minh hoa; Phan cudi & mdi muc 12 151 giai mot s6 bai



toan kho, trong d6 cé nhiing bai toan thi hoc sinh gioi qudc té.

Trong Chuong 2, ching toi dé cap dén nhitng kién thiic mé rong vé dong
du thic cling nhu 10i giai mot s6 bai todn khé vé dong du thic, dic biét
la cac bai toan thi hoc sinh gidi quoc t€. Chuong nay gom 3 muc: Dong
du thidc; cdc hé s6 nhi thitc; cap cua phan tir va cdc can nguyén thiy. Moi
muc ciing dugc bo cuc thanh 3 phan nho: Kién thitc chuén bi, 101 giai mot

sO bai tap minh hoa, 101 giai mot so bai toan kho.



Chuong 1

Mot s6 dang toan vé tinh chia hét trong
vanh s6 nguyén

Trong chuong nay, chiing toi trinh bay 16i giai mot s6 dang toan thi hoc
sinh gidi lién quan dén tinh chia hét trong vanh s6 nguyén. Chuong nay
gom 3 muc: Tinh chia hét va thuat toan chia; udc chung 16n nhat va boi

chung nho nhit; s6 nguyén to.
1.1 Tinh chia hét va thuat toan chia

e Kién thic co so
Tru6c hét, ching ta tom tat nhitng kién thitc co s& can thiét lién quan

dén tinh chia hét va thuat toan chia véi du.

1.1.1 Pinh nghia. Cho a,b € Z. Ta né6i a chia hét b (hay a la mot udc cua
b) néu ton tai moOt s6 nguyén ¢ sao cho b = ac. Néu a 1a mot udc cta b thi
ta vi€t a | b. Mot s6 tu nhién p dugc goi 1a s6 nguyén té' néu p > 1 va p c6

ding 2 u6c 1a 1 va p.

Chd y rang néu a,b > 0 va a | b thi @ < b. Thém nita, néu a | b; v6i

i=1,...,nthial|d ] c¢b v6imoicy,...,c, €Z.

1.1.2 Pinh ly. Cdc phat biéu sau la diing:
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(i) Thuat toan chia v6i du: Vdi a,b € Z, trong dé a la so nguyén duong,
ton tai duy nhdt mot cdp s6 nguyén q,r sao chob=aq+rva0 <r <a.
(ii) Dinh 1i co ban ctia s6 hoc: Mdi sO tu nhién lon hon 1 déu phdn tich
dugc dudi dang pi'py’ ...pJ" vOi p1,...,pp la cdc s nguyén té phdn biét
va ey, ...,e; la cdc s6 nguyén duong, va su phdn tich nay la duy nhdt néu

khong ké dén thir tw ciia cdc nhdn tir.

e Bai tap minh hoa

Bay gio ching ta van dung cac kién thitc chuédn bi & trén dé giai mot s6
bai tap. Loi giai ctia 3 bai tap dau tién chi can dung nhiing tinh chat chia
hét don gian.

1.1.3 Bai tap. Cho z,y 1a hai s6 nguyén. Chiing minh ring 2z + 3y chia
hét cho 17 khi va chi khi 9z + 5y ciing chia hét cho 17.

Chitng minh. Gia st 2x + 3y chia hét cho 17. Khi d6 13(2x + 3y) chia hét
cho 17. Do d6 17z + 34y + 9z + 5y chia hét cho 17. Suy ra 9x + 5y chia
hét cho 17. Nguoc lai, gia sit 9z + 5y chia hét cho 17. Khi d6 4(9z + +5y)
chia hét cho 17. Do d6 34x + 17y + 2z + 3y chia hét cho 17. Suy ra 2z + 3y
chia hét cho 17. []

1.1.4 Bai tap. Ching minh ring ton tai vo s6 n dé n? + 23 chia hét cho 24.

Chitng minh. Ta c6 n*+23 = (n* —1)+24 = (n—1)(n+ 1) + 24. Do dé6
n? 4 23 chia hét cho 24 khi va chi khi (n — 1)(n + 1) chia hét cho 24. D&
thdy rang v6i moi k € Z van = 24k+1 hoac n = 24k —1 thi (n—1)(n+1)
chia hét cho 24. Do dé6 c6 vo han s6 n dé n? + 23 chia hét cho 24. ]

1.1.5 Bai tap. Tim cic s6 nguyén duong d sao cho ton tai mot s6 nguyén

n dé€ d 1a u6c chung ctia n? + 1 va (n+1)? + 1.

Loi giai. Gia st d 1a mot s6 nguyén duong sao cho ton tai mot s6 nguyén

n dé d 1a wéc chung ctia n> + 1 vd (n + 1) + 1. Khi d6 d 1a uéc cha



2n+1=(n+1)>+1— (n®>+1). Suy ra d l1a uéc cla
dn —3 = (2n+ 1) —4(n* + 1).

Do d6 d la u6c cia 5 =2(2n+1) — (4n—3). Vith€ d =5 va d = 1.
Nguoc lai, rd raing d = 1 théa man yéu cdu vi 1 12 udc chung cta n? + 1
va (n+1)2+1v6intuy y. d =5 cling thda man vi ton tai n = 2 dé 5
1a u6c chung ctia 5 = n®* +1 va 10 = (n + 1)? + 1. Vay, cdc s6 cin tim 1a
d=1vad=>5.

Cac bai tap ti€p theo can dén thuat toan chia véi du.

1.1.6 Bai tap. Ching minh riang néu p > 3 12 mot s6 nguyén t6 thi p? — 1
chia hét cho 24.

Chitng minh. . Theo thuat toan chia v6i du, méi s6 nguyén p c6 mot trong
cicdang p = 6k £ 1; p = 6k £ 2; p = 6k + 3. Vi p la s6 nguyén t6 va
p > 3 nén p 1é va p khong chia hét cho 3. Do d6 p c6 dang 6k + 1. Vi thé
p?—1=(6k+1)> —1=36k%+ 12k = 12k(3k &= 1). Néu k chan thi 12k
luon chia hét cho 24, con néu £ 1& thi 12(3k 4= 1) luon chia hét cho 24. Do
dé p? — 1 chia hét cho 24. ]

1.1.7 Bai tap. Chiing minh ring néu a? + b* chia hét cho 3 thi a chia hét
cho 3 hoac b chia hét cho 3.

Chiing minh. . Gia st a va b dong thoi khong chia hét cho 3. Theo thuat
to4n chia v6i du, a, b déu cé dang 3k + 1 hoiac 3k — 1. Do d6 a? va b? déu
c6 dang 3m + 1. Viet a®> = 3m + 1 va b> = 3m/ + 1 v6i m,m’ € Z. Khi
d6 a® + b? = 3(m + n) + 2, thc 1a a® + b* khong chia hét cho 3. Diéu nay
la vo 1i. [
1.1.8 Bai tap. Ching minh ring

(i) Néu n 1a mot s6 nguyén Ié thi s6 du clia phép chia n? cho 8 1a 1.

(ii) Néu n > 2 1a mot s6 nguyén duong va mot trong hai s6 2" —1,2" 41

l1a s6 nguyén t6 thi s6 con lai 1a hgp so.



8

Chitng minh. (i) Viét n = 2k+1. Khi d6 n? = 4k* +4k+1 = 4k(k+1)+1.
Chi ¥ ring k(k + 1) 1a s6 chin, do d6 4k(k + 1) chia hét cho 8. Vi thé n?
chia cho 8 luon du 1.

(i1) Ta c6

2" =3 -1)"=3"=3"14 4 (=) xCFx3F . (-1,

|
trong d6 CF = W 1a 56 t6 hop chap k ctia n phdn tit. Vi thé 2"
n — KR
chia cho 3 du (—1)". Néu n chan thi 2" — 1 chia hét cho 3, va vi n > 2
nén 2" —1 > 6. Do d6 2" — 1 1a hgp s6. Néu n la mot s6 1é thi 2" +1 > 9

va 2" + 1 1a boi cta 3, do d6 2" + 1 1a hop so. []

1.1.9 Bai tap. Hay chi ra rang trong cdc s6 nguyén duong c6 dang
11,111, 1111, 11111, . . . ,

khong c6 s6 nao la binh phuong cua mot s6 nguyén.

Chitng minh. Gia st p c6 dang trén. Khi dé ta viét p = 111...11 x 10% +11.
Do 111...11 x 10? chia hét cho 4 nén p chia 4 du 3. Do d6 p c6 dang
p = 4k + 3 v6i k € N. Mit khac, gia sit n = t? 12 binh phuong clia mot
s60 nguyén. Theo thuat toan chia v6i du, ¢t = 4m + r v6i r € {0, 1,2, 3}.
Khi d6 n = t* = 4m? + 8mr + 12, v6i r? € {0,1,4,9}. Do d6 n c6 dang
n = 4k hoac n = 4k + 1. Vi th€ p = 4k + 3 khong thé 12 binh phuong cla

mot sO nguyén. ]

e Mot so bai toan kho

Chiing ta van dung cac kién thdc vé tinh chia hét trong vanh s6 nguyén
dé trinh bay 10i giai cho mot s6 bai todn khé, dic biét 1a nhitng bai todn thi
hoc sinh gioi quoc té.

Loi giai bai tap sau day can dén Dinh i co ban clia s6 hoc.

1.1.10 Bai tap. Cho a, b 12 hai s6 nguyén duong sao cho a|b?, b%|a?, a®|b?,

b*|a®, .... Ching minh ring a = b.



