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HE THUC LUGNG TRONG TAM GIAC
vO! PHEP BIEN POI TUYEN TINH GOC

Phing Thi Hii Yén'", Phiing Thj Oanh?, Vo Thj Ti Loan®

TOM TAT )
Bai bao dé cip dén cic vin dé sau’

"Triomg Cao dang Kinh 7; - K§ Thugt = DH Thir Nguyén
Trugng PT Vimg Cao Viét Bic
*Truing Dar hoc Nong ldm — DH Thai Nguyén

1) Sy kh¢ khan cia ngudi hoc khi gdp cac bai todn lugng gide va ho thudmg khong bict bét diu tir
diu vi khéng thdy dugc mai lién h¢ gira céc hé thire luoﬂg gide do6.

2) Dua ra dang tdng quét cla phép bién dbi tuyén tinh gdc tir dé gitp hoc sinh biét duge
phuong phap phin loai va tim ra m6i quan hé gidra cdc h§ thirc lugng gidc trong tam gide. Nhu
viy sé lugng cdc hé thire lugng gide s& giam di mét céch ddng ké. D6 1a phuong phap bién

o1 tuyen tinh goc.

3) Mét s6 bai 1ap lién quan da dugce chimg minh bing phuong phap bién doi tyén tinh géc dang

dbi ximg,

Ti khéa: Hé Thicc, luong gidc. tam gidc. bién doi, tyén tinh

DAT VAN BE

Nhimg bai toan lién quan dén cac hé thic
trong tam gidc thudng cé mét trong cac dé thi
hoc sinh gioi, cac 42 thi dai hoc cao déng
hoc sinh thugmg khéng biét bit dau tr dau vi
khéng (hay duge mbi lién hé giira cac hé thic
lugng gide. Do do cin c6 cac phuong phap
gidip hoc sinh phan loai va tim ra moi quan h¢
gilra cac hé thirc lugng giac trong tam gic.
Mét trong cac phuong phap phén loai va tao
12 h¢ thic lugng giac trong tam gidc la
Pphicong phap bién déi tuyén 1inh goc. Bang
cach sir dung phép bién dbi tuyén tinh géc dé
130 ra tam gidc moi 4 BC, tr tam giic
ABC. Tir mdt hé thirc da biét cho tam gikc
ABC), 1a sé c6 m§t hé thire moi trong tam
gidc ABC.

Dang tdng quét cua phép bién dbi tuyén tinh
goc 1a:

A =k A+ kB +ksC+ A

By =ky A+ kpB+kyC+ Aym,

Cy =ky A+ kyy B+ ky3C + 44,

A+B+C =7, 4 >0, 8,>0,C >0][l]

" Tel: 0280 3748180, Ema: Hayend2d@gmail.com

Do dé, bang cach chon cac bd hé sb
Ky A(i.j=1,2,3), ta s& co rat nhiéu phép
bién dbi tuyén tinh goc Trong b
chang t6i dua ra mot s6 phép bién dbi tuyén
tinh goc dang déi ximg.

CAC KET QUA PUGC SU DUNG

Ménh dé 2.1. Cho A,B,C lit ba géc ciia tam
gide. Khi dy

_A+(n-1yB _  B+(n-1)C
_C+(n-14
1R==
véi n=273,..ciing I ba goc cua mot tam

gidc.
Chirng minh: Thit vay, vi 4,8,C la ba goc
cia tam gidic nén 0<A4,BC<nm va
A+B+C=r. Suyra
A+(n—l)B<zr+(n—l)n
n n
Tuong ty, 0< B,,C, <7 va A4 +B +C =n.
Vay A, B,,C, laba goc cua mét tam gidc.
Ménh @& 2.2. Cho 4,B,C 14 ba goc cia mt
ram gidgc. Khi dy,

0< 4= <.

B+(n-1)C 5 =C+(n—l)A‘

A=
n n
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A+{n-1)B
n
LOC clid mit tam ghdc.
Dic bigt khi 17 =2 1a cd h¢ qua sau ddy.
Hé qui 2.1, Cho AB.C la ba géc cuia tam
B+C Cid
+ B A

A= B=——
12 =2

C = vei n=23....cing la ba

gige.  Kh av

L _A+B . P . .,
C = 3 ciog la ba gac cice mpf tam gide,

Cha y 2.1 Vi A= nén

B+C m-4
2 2
IJ+C =/

O< A= > 5

<% vii phép bién dbi

wén tinh géc 4 =B;C, B,:C—;—A,

A . . . . R
C = il cing chinh 1a phép bién ddi

T-A r-B
A2=T. By=——m0r,

tuyén tinh  géc
Y 2 5

G =% Vi A4, B,C, cd bagdc nhon.

Vi du 2.1. Chimg minh ring vai moi tam
giac ABC 1a ludn co:

cosA+cosB+cosCS%[2] @1)
Ching minh: Ta cé

2Ne %—cosA—cosB—cosCZO

< 3+2cos(B+C)-2cos B-2cosC 20

& 1 +sin? B+cos? B+sin?C +cos?C

+200s BcosC - 2sin B.sinC-2cos B-2cosC 20
< (sin B—sinC]2 +(1 —cosLi~cosC)Z 20,
Iu@n d_t'mg,

Déu ding thire xay ra khi lam giac ABC déu.
Vi dy 2.2. Chimg minh ring v&i moi tam
giac ABC 1a ludn c6

sinﬁ+sin£+sm£ sg. 2.2)
2 2 2 2

Ching minh: L
Cdch |: Sir dung phép bién doi heong gide
.4 B . C_3
sin—+sin—+sin—<=
2 2 2 2

3 .4 . B . C
< =-sin--sin—-sin—20
2 2 2 2

88

5 ¢y .8 _cY
| cos—-cos— | +[)-sin—-sin—| 20
2 2 2 2

luén dung,
Ding thirc xay ra khi tam gidc ABC déu.
Cdeh 2: S (l(mg phép bién doi myén linh gdc
Dit 4 = Ui YO S S
2 2
ay /,,B,.C, 1a ba géc nhon ciia md! tam gidc,
Do d6 h¢ thuc (2.1) ding cho tam giac
ABC, .

_gl
2

. B
cos By =sin—,

. A
Vicos A =sin—.
2 2

oo X
cosC) =sn 2 nén ta co

sin1+sin£+sin£ =cos 4, +cos B +cosC; si.
2 2 2 2

Chu y 2.2. Néu A.B,C la ba goc nhon cia
Ay=n =24, By =1-28,
Cy =n-2C cimg li ba géc cuia tam gide.

mot tam gide thi

Vi dy 2.3. Chimng minh ring bat dang thic
sau day dung v&i moi tam gidc ABC:

c0s2A +cos2B+cos2C > —% 2.3)

Chirng minh: L
Cach 1: St dung phép bién doi hepmg gide
Véi moi tlam giac ABC 1a cé:

oos?.A+cosZB+cosZC+%

=2cos( A+ B)cos(A-B)+ (chsl Cc- l)+-

=Zcosz('42005C(‘,05(,4—B)+l

Z[ms C-cosCoos{ A~ B) o 4- B)J

+

1
5(1—0052(,4—8))

1 P
=2[eosC—5ms(A—B)] +§sin’(,4—3]zo.
Dau bing xay ra khi va chi khi

1
cosC—Ecos(A—B)=0 va sin(4-B)=0

hay ABC l4tam gibc déu.
Céich 2: Sit dung phép bién d6i tuyén tinh gbe
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Néu thém diéu kién tam giac ABC cé ba goc
nhonthid, =7 -24,B, =x-28,
C,=m-2C ciing la ba géc cia mdt tam
gidc, Ap dung chii y 2.2 va vi dy 2.1 cho tam
gidc 4,B,C, ta dugc:

c0s2A4 +cos2B +cos2C

=-cos A4, —cos B, —cosC, 2 —%.

Chi y 23. Néu A, B. C la ba goc ciia

ABC  thi AJ=§.BJ Lo - ”;C
cing la ba goc cua AAJBJC, o voi

T <C,= 7+C
2 2 .

Vi du 2.4. Chimg minh ring vai moi tam giac
ABC 1aluén cé

<

cosﬁ+cos£—sing < 1 (2.4)
2 2 2 2

Chirng minh: L
Cdch 1. Sir dung phép bién doi hemg gidc

(2.4)<:oJ—sti—2w55+25in£>0
2 2 2

—Zcos£+2sin£>0
2 2

2
c .B]Z [ . C B]Z
<[ cos—-sin— | +|l+sin—-cos— | >0,
2 2 2 2

ludn diing vi ddu bing khéng xay ra.
That véy,

Q}—Zsin&

A B . C 3
€OS—+COS— —Sin—=—
2 2 2 02

C . B
=cos—-sin—=0
2 2

-8B

:cos%:cos >C=t(r-B). Vili.
Cdch 2: Sir dung phép bién doi  tuyén tinh

géc DAt 4, =§,B] =§,c3

4,,8,Cy 1a ba goc cia tam gide b 4,B,Cy.

3
Ta da biét hé thic cosA+cosB+cosCs—2—

(xem vi dy 2.1) ding cho tam gidc 4,B8,C,
bit ki. Ddu bing xay ra khi va chi khi

4B,Cy 12 tam gisc déu nén & day déu dng’

=T.C Knidy
272 v

thirc khong xdy ra vi A4;8,Cy 1a tam gidc .
Tacé:

A B . C 3
cos5+cos3—sm5=cosA, +008 By +c0sCy <E.
Nhu viy, bﬁng phép bién déi tuyén tinh géc
PRI

2 2 2
Ay=m-24,By=n-2B,C, =n-2C, Wr vi
dy 2.1 ta da tim ra mdi lién h¢ voi cac hé thirc
(2.2). h¢ thirc (23) va hé thic (2.4). Tuy
nhién, khong phai véi tam gidc nao ta ciing ap
dyng duge phuong phap bién ddi luyen tinh
g,oc cy thé nao do. Thi dy, phép bién dbi
tuyén tinh goc
Ay=r-24,By=r-2B,C;=r-2C doi
hoi thém diéu Kign tam gidc ABC cb ba goc
nhon.

MOT SO BAI TAP

Bai 3.1 Ching minh ring voi moi tam gidc
ABC c6 ba goc nhon ta co:

sin A +sin B +sinC
cos A +cos B+cosC
Bai 3.2 Chimg minh ring tam pitc ABC
déu khi va chi khi

cosﬁ cosg cosg
2,2, 2 L cotﬁmlgcolgj
. A . B _C 3 2 2 2
sin= sin— sin_
2 2 2

sJ(lan Atan BtanC).

Bai 3.3 C6 nhén xét gi vé tam gidc ABC biét
tan Atan BtanC =3(cot A +cot B+cotC).
Bai 3.4 (Tuyén tap dé thi Olympic 30-4, nam
2007) Cho tam giac ABC c6 p, R,r tuong
(ing la nira chu vi, ban kinh dudng tron ngoai
tiep va ndi tiép. Chimg minh hai ménh & sau
la tuong duong:

A B C A B
coli cot 2wl;—3[lan;+lan 2 +tan— ] )
3r(4R+r)=p (2)

Va cé nhan xét gl vé dang clia tam gide ABC
khi ¢ (1) hode (2).

Bai 3.5 Cho tam giac ABC khong vudng,
chirng minh réng:

3tan? Atan? B1an? C—S(lan’ A+tan® B +1an’ C)

<9+1an® Atan? B+ tan? Ban® C +tan’ Clan® A.
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Bai 3.6 Chimg minh rf!ng v&i moi tam
gidc ABC taludn cé

1A _aB_aC 14, 2B, z(_J
J(cox 200! oot = [-5| cot 2+aoi 2 3
,B ,B € 1€
Col
+ool 2 3 +ool? 2 2

Bai 3.7 Clumg minh ring véi moi tam
gidc ABC ta luon co:

3 mzf[ngmzc -9 l'mli‘ﬂm U+w(2(J
22 2 2 2

2

<9+
oot

G A 9B 3B 0 oA, C
<O+tan’ Zian? = +uan? Zcot? = 1’ Zoot’ <,
202 202 2 2
Bai 3.8 Ching minh ring v&i moi tam gidc
ABC va mot s6 thyc k>0, ta luén cb
k241
. 2k
Bai 3.9 Chimg minh réng véi moi tam gidc

2
cos3A+cos3B+kcos3C <
ABC va moi s thyc k>%. ta ludn co

2
c0os6A +cos6B + kcos6C 2 —%4

SUMMARY

KET LUAN

Nhw vay, bf!ng cach sir dung “H¢ thic lugng
trong tam giéc véi phép bién ddi tuyén tinh
g6c” bai bio da trinh bay so b cach phan logi
VA tim ra mdi quan hé giira cac hé thirc lugng
gidc trong tam giic va dugc thé hién théng
qua mot s& d¢ thi hoc sinh gidi, dé thi vio
Dai hoc, mot s6 bai toén trong tap chi Todn
hoc va i tré ...
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THE TRIGONOMETRIC FORMULAS IN THE TRIANGLE
WITH ANGLE LINEAR TRANSFORMATIONS

Phang Thj Hal Yén™', Phing Thj Oanh’, Va Thj Thu Loan®

Anticle refers to the following issues:

!College of Economics and Technology - TNU
?Viet Bac Highland Upper Secondary School
*College of Agriculture and Forestry - TNU

1) The dilficulty of the leamers when they meet lngonomemc problems and they oﬁen do not

know where 10 start because they don't see the rel.

p between those tri

2) Give the general form of anglc lincar lransrorrnanons to help students know cIassnfcanon
methods and find out the relationship between the trigonometric formulas in the triangle.
Therefore, the number of rigonometric systems will decrease significantly. That's the method of

angle linear transformations.

3) A number of exercises have been shown by the method of angle linear transformations of the

symmetric form.

Key words: Formulas, trigonomelry, triangle, transformation, linear.
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