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TOMTAT 
Bdi bdo de cap den cdc van dl sau' 
1) Sy khd khdn cua ngudi hpc khi gdp cdc bdi todn lupng gidc vd hp thudng khong biet bdt ddu tir 
ddu vi khdng thay dupc moi lifin h? gi&a cdc he thiic lupng gidc dd. 
2) Dua ra dang tong qudt ciia phdp bien ddi tuy^n tinh g6c tCr dd giiip hpc sinh biet dupc 
phuang phdp phan logi vd tim ra moi quan h§ gi&a cdc h? thirc lupng gidc trong tam gidc, Nhu 
vdy so lupng cdc he thirc lupng gidc sS giam di mpi cdch ddng ke. D6 Id phuang phdp bien 
doi tuyen linh goc. 
3) Mpt so bdi tap lien quan dd dupc chiing minh bdng phucmg phdp bien doi luyen tinh goc dang 
doi xung. 
Til" khda: He Thuc, lugng gidc. lam gidc. bien ddi, luyen linh 

DAT VAN DE 

Nhii'ng bdi toan lien quan den cdc he thiic 
trong tam giac thucmg co mat trong cac de thi 
hpc sinh gioi, cac de thi dai hgc, cao dang... 
hpc sinh thuprng khong bi^t bat dau tir ddu vi 
khdng thay dugc moi lien he giiia cac he thiic 
lugng giac. Do do cdn co cac phucmg phdp 
giiip hpc sinh phan loai va tim ra moi quan he 
giua cac he thiic lugng gidc trong tam giac. 

Mgt trong cac phucmg phap phan loai va tao 
la he thirc lugng gidc trong tam gidc la 
phuang phdp bien doi luyin linh goc. Bang 
each su dung phep bien d6i tuyen tinh gdc de 
tao ra tam giac moi A^B^C^ Xii tam giac 
ABC. Tir mpt he thuc da biet cho tam giac 
.4|5[C,, ta se co mgt he thiic moi trong tam 
giac ABC. 

Dang tdng quat cua phep bien ddi tuyen tinh 

goc la: 

A^ = Ai,.4 +A|25 +A13C-1- X^n, 

5] = k2]A + kj^B + A23C -I- X^n, 

C| = k.^^A •¥ k-^^B + hi,^'^ h^ •• 
^ , + 5 , + C i =;r , 4 > 0 , B, > 0 , Q >0.[l] 

Do dd, bang each chgn cdc bg he so 
k^.,X,{i,j = \,2,i), ta se c6 rat nhieu phep 
bien doi tuyen tinh goc. Trong bai bao nay, 
chiing toi dua ra mot so phep blSn doi tuyen 
tinh goc dang doi xiing. 
CAC KET QUA DLTOC SLT DUNG 

Menh de 2.1. Cho A,B,C la ba goc cua tam 
gidc. Khi dy 

A + {n-l)B „ 5 + {«- l )C 
A, ^— , B, ^ , 

Cl 
C + {n-\)A 
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vdi n = 2,3,...cung Id ba goc cua mgi tam 
gidc. 
Chumg minh: That vdy, vi A,B,C Id ba goc 
cua tam giac nen Q<A,B,C<K va 

^ + 5 + C = ;r. Suyra 

A + {n-\)B ;r + (n-!) ; r 

n n 

Tucmg ty, 0<fi | ,C| <;T va 4̂; + 5, + C, = ;r. 

Vay .^[, B|, C[ la ba goc cua mgt tam gidc, 

Menh de 2.2. Cho A,B,C Id ba goc cua mgt 

tam gidc. Khi dy, 

B^{n^\)C C + {n-l)A 
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A+{tt-\)B ,. . , - r 1. ( B C]^ ( . B . C)' 
= ^ — vat n = 2.3....Cling la ba c^ ens cos— + - s m sin — C| = ^ '— mi n = 2,3,...ci7ni; lit ha o cos cos— + 1-sin sin— >0 

" I 2 2j I 2 2j 
gac dia mat tain giiic. |u5„ ^(,„^ 
D4c bi?t khi n = 2 ta c6 lif quS sau day. £)j„g ,|,|i(. ^Jy ra khi tam giac ABC deu. 
Hcqua2 .1 . Cho A.B.C lit ha ifAc cita lam Ciich 2: .Sir dyng phep bien ddi luyin linh goc 
gtac. khi av .1, = — ^ . Bl = ——-, DJl /(, = , ft= , C, = .Khi 

2 2 ' 2 2 2 
A + B ^ , . ., ay AuB,.(\ la ba goc nhon cua mpt tam giac. 

C| = cung la ba gitc cua mat lain giac. ^ i< f \ & v v e 
2 Do d6 hQ thuc (2.1) diing cho tam giac 

Chu V 2.1. Vi ^ , . : ^ l ^ = ^ : : i n e n '^•^I'^V 
2 2 A B 

n^r- ^ A ^ Vicos/J, =sin—, COSBI =sin—, 
0 < 1̂ = = < — va phep bien doi ^ ^ 

' 2 2 2 * ^ * ^ C 
B+C „ C+A cosC, =sin— nen taco 

lu\cn tmh ROC A, = , B, = , ' ' 

A.n Sin—+sm —+sin—=cos/j| +cosc| +cosC| <,-. 
C| = cung chinh Id phep bien doi 2 2 2 2 

2 Chu y 2.2. Neu A,B,C Id ba goc nhgn cua 

tuyan tinh goc ^^ = : ^ ^ , B^ =^^—^, mgt lam gidc thi A-^=n-lA, 82=71-2B, 
^ ^ Cj =^ -2C cGng Id ba goc ciia lam gidc. 

C2 = va AA2B2C2 CO ba goc nhpn. Vi du 2.3. Chimg minh rdng bdt dang thuc 
sau day dimg voi mgi tam giac ABC: 

3 

2 
Vi du 2.1. Chirng minh rang vdi mpi tam 
giac ABC ta luon c6: cos2v4 + cos2S + cos2C > - - (2,3) 

3 
cos^ + cosB + cosC£— [2] (2.1) Chirng minh: 

2 Cdch 1: Sir dgng phep bien doi lurmggidc 
Chirng minh: Ta c6 Vdi mpi tam gidc ABC ta co: 

( 2 . 1 ) o - - c o s ^ - c o s B - c o s C > 0 cos2^ + cos2B + cos2C + -
2 2 

c:>3 + 2cos(B + C ) - 2 c o s B - 2 c o s C > 0 , , 3 
, / , , =2cos(/J + B)cos(.4-B) + (2cos^C-l + 

» l + s i n ^ B + cos-5 + sin^C + cos-C \ J \ f \ } 
+2cosBcosC-2sinB.sinC-2cosB-2cosC&0 -, 2,- ^ ^ / ., n\ ' 

^2cos C - 2 c o s C c o s { ^ - B ) + 
o ( s i n B - s i n C ) % { l - c o s B - c o s C ) ^ ^ 0 , , 
luon dung. =2 cos^C-cosCcos(^-B)-i—cos^(^-.B) 
Ddu dang thirc xay ra khi tam giac ABC deu. V 4 
Vi du 2.2. Chirng minh rang voi mgi tam 1/, ?, , „,\ 
giac.4fiC.a luon CO +-[l-ccs'(A-B)) 

. A . B C i „ , , 
sm —+ sm —+ sin — < - . (2.2) , , , . , 

2 2 2 2 =2 cosC—cos(/l-B) +-sin^M-B)>0. 

2 

2 

=2 cosC--cos( .4-B) ] +~an^(A-B)> 
Chirng minh: 
Cdc/i 1: Sir dt^ngphep biin doi lin^g giac DSu bang xay ra khi va chi kh 

. A . B . C I 1 
s m - + s m - + s m - < - c o s C - -

o l _ s i n - - s i n - - s i n - > 0 ^^y ^^^ la tam giac dSu. 
2 2 2 2 

c o s C - - c o s ( / 4 - B ) = 0 va sm(A-B) = li ._ 

hay ABC la tam giac dgu. 
Cdch 2: Sitdungphep biin dSi tuyin tinh goc 
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Neu them dieu kien tam gidc ABC co ba goc 
nhgn thi A2-7r- lA, Bj = ;r - 2B, 

C2 = ̂  - 2C cdng la ba goc ciia mgt tam 
gidc. Ap dung chii y 2.2 va vi dy 2.1 cho tam 
gidc A2B2C2 ta dugc: 
cos 2 A + cos 2B + cos 2C 

3 
= -cosA2 -cosBj -C0SC2 S — . 

Chii y 2.3. NSu A, B, C Id ba goc cua 

AABC Ihi A. = - . B, = - , C, =^^-t£ 
•• 2 -̂  2 ^ 2 

cUng la ba goc cua A/ijBjCj /w vdi 

n „ ;r-i-C 
— < C, = < 7t. 

Vi du 2.4. Chimg minh rang voi mgi tam gidc 
ABC ta luon co 

A B . C Z 
cos— + COS sin — < —. (2.4) 

2 2 2 2 
Chung minh: 
Cdch 1: Sudungphep bien dot lugnggidc 

A B C 
(2.4) o 3 -2cos 2cos— + 2sin — > 0 
^ ' 2 2 2 

o 3 - 2 s i n 2cos—+ 2sin —>0 
2 2 2 

{ C . B^ (^ . C BY ^ 
O cos sin— + I-HSin cos— >0, 

I 2 2)^ I 2 2) 
luon ddng vi ddu bang khong xay ra. 
That vdy, 

A B . C 3 

C . B ^ 
=>cos sin— = 0 

2 2 
^cos—= cos =>C = ±(7T-B). Voli. 

2 2 , . . 
Cdch 2: Sir dung phep bien doi tuyen tinh 

gdc Dat A-,=-,B.=-,C.=- + ^. Khidy 
• ^ 2 .̂ 2 ^ 2 2 ., 

A2,B.^,C^ Id ba goc cua tam giac tii A^B^Cj. 
3 

Ta da biet he thiic cos.^+cosB-i-cosC< — 
2 

(xem vi du 2.1) diing cho tam giac A^B^C^ 
bat ki. Ddu bdng xdy ra khi vd chi khi 
AjByCi 'a taiTi giac ddu nen o day ddu ddng 

thiic khong xdy ra vi .̂ 3S3C3 la tam gidc tii. 
Tac6: 

•̂  B . C , „ ^ 3 
cos—+C0S—sin—=cosA+cosB,+cosC, < - . 

2 2̂  2 3 "3 3 2 
Nhu vgy, bdng phep bien doi tuyen tinh goc 
. TT-A TT-B 7t-C 

A, = , B, = •, C, = va 
1 2 ' ' 2 ' 2 

.42 = ;r - 2/1, BJ = ;r - 2B, C; = ;r - 2C, tir vi 
dy 2.1 ta d3 tim ra moi lien hp vcri cdc he thirc 
(2,2), hp thirc (2 3) vd he thuc (2.4). Tuy 
nhien, khong phai vol tam gidc ndo ta cung dp 
dyng dugc phuong phap bien doi tuyen tinh 
gdc cy the ndo do, Thi dy, phep bien ddi 
tuyen tinh goc 
^2 = ^ - 2^, S2 = ^ - 2B, C2 =;: - 2C doi 
hoi them dieu kien tam gidc ABC co ba goc 
nhgn. 
MOT SO BAI TAP 
Bai 3.1 Chirng minh rang vdi mgi tam gidc 
ABC CO ba goc nhpn ta co: 
sin^ + sinB + sinC 1, . „ _-, 

< -(tan .4 tan BtanC). 
cos./4 + cosB + cosC 3 
Bai 3.2 Chung minh rang tam giac ABC 
deu khi va chi khi 

A B C 
cos— COS— COS— , / , 

2 , 2 , L = l [ . . t ^ 

( A B C^ 
cot—cot—cot— 

L 2 2 2j 
^ - I cot—cot—cot- I 

.A . B . C 3I, 2 2 2) 
sm— sin— sin— ^ 

2 2 2 _ 
Bai 3.3 C6 nhdn xet gi ve tam gidc ABC biet 

tan^tanBtanC-3(cotyi + cotB + cotC). 

Bai 3.4 (Tuyen tap de thi Olympic 30-4, nam 
2007) Cho tam giac ABC cd p, R, r tuong 
iing la nu:a chu vi, ban kinh dudng tron ngoai 
ti6p va ngi tiep. Chiing minh hai m?nh de sau 
la tuong duong: 

A B C J A S . C l ,,, 
cot—cot—cot—= 3 tan--I-tan—+ tan— (1) 

2 2 2 L 2 2 2) 
^3r{4R + r)=p (2) 

Vd CO nhan xet gi v^ dang ciia tam giac ABC 
khi c6(l) hodc (2). 
Bai 3.5 Cho tam gidc ABC khong vuong, 
chiing minh rdng: 
3tan^ ,4tan^ Btan^C-5(tan^/1 + tan^ B + tan^c) 

< 9 + tan^ .4tan^ S + tan^ Btan^ C + tzn^ Ctan^ A. 
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Bai 3.6 Chirng minh rdng vdi mpi tam 
%\acABC ta luon c6 

1] 3(c«^ico.'fco.= f ] - 5 ( c o . ^ f c o . ' f . c c ^ g 

59+cot'|cot'|+cot= |cot'I+cot= | c o t ' | . 

Bii 3.7 Chirng minh rjng vAi mpi lam 
giic ABC ta luon c6: 

2 A iB iB 2C lA^^C 
<9+tan-tan -+tan^-cot''—+liin'-co(*—. 

2 2 2 2 2 2 
Bdi 3.8 Chiing minh rdng vdi mpi tam gidc 
ABC vd mpi so thyc A > 0, ta luon c6 

2^^+l 

Ji 2 A iB 
3 tan - t a n - a 
^ 2 2 

cos3/4 + cos3B + Acos3C^-
2k 

Bai 3.9 Chung minh rang voi mgi tam gidc 

ABC va mpi s6 thyrc A> —, ta luon co 

cos6^ + cos6S + Acos6C2: 
2A^+1 

KET LUAN 

Nhu v^y, bdng cdch sir dyng "Hp thiic lugng 
trong tam gidc v6i phdp bien doi tuyen tinh 
gdc" bdi bdo dd trinh bdy so hg each phdn lo?i 
vd tlm ra moi quan hp giu'a cdc hp thirc lugng 
gidc trong tam gidc vd dugc the hipn thong 
qua mgt s6 de thi hgc sinh gidi, de thi vao 
Dgi hgc, mgt so bdi todn trong tgp chi Todn 
hgc va luoi tre ... 

T A I L I $ U THAM KHAO 
[I]. L6 Thj Thu Huyen, Phimg Thj Oanh, T? Duy 
Phugng. Chung minh vd sdng tgo cdc h? ihuc 
lugng gidc trong lam gidc nhd phep bien ddi tuyen 
tinh gdc (Bdn thdo ndm 2010). 
[2]. Trdn Phuong, Tuyen tdp cdc chuyen de luyin 
ihi Dgi hgc mdn Todn - H^ ihuc lugng gidc, Nhd 
xuat bdn Hd Ndi, 2004. 
[3]. V5 Giang Mai, Chuyen de h^ ihuc lugng 
trong tam gidc, Nhd xudt bdn Dai hpc quoc gia TP 
H6 Chf Minh. 2001. 

SUMMARY 

THE TRIGONOMETRIC FORMULAS IN T H E TRIANGLE 
WITH ANGLE LINEAR TRANSFORMATIONS 

Phiing Thj Hai Yen"', Phiing Thj Oa^h^ VO Thi Thu Loan' 
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^College of Agriculture and Forestry - TNU 

Article refers to the following issues: 
1) The difficulty ofthe leamers when they meet trigonometric problems and they often do not 
know where to start because they don't see the relationship between those trigonometric formulas. 
2) Give the general form of angle linear transformations to help students know classification 
methods and find out the relationship between the trigonometric formulas in the triangle. 
Therefore, the number of trigonometric systems will decrease significantly. That's the method of 
angle linear transformations. 
3) A number of exercises have been shown by the method of angle linear transformations of the 
symmetric form. 
Key words: Formulas, trigonometry, triangle, transformation, linear. 

Ngdy nhgn bdi; 20/4/2012. ngdy phdn bi^n: 30/5/2012, ngdy duy$t ddng; 12/6/2012 

' Tel: 02803748180. Email: Haiyend2d@gmail.com 

90 

mailto:Haiyend2d@gmail.com

