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LOI CAM DOAN

Luan van duge hoan thanh tai truong Dai hoc Khoa hoc, Dai hoc Thai
Nguyén. Duéi sy huéng dan ctia PGS.TS. Lé Thi Thanh Nhan. Toéi xin
cam doan cac két qua duge trinh bay trong luan van 1a do t6i lam va khong
sao chép cac luan van da dugce cong bd trude do.
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L.OI CAM ON

Sau qua trinh nhan deé tai va nghién citu dudi sy huéng dan khoa hoc
cia PGS. TS Lé Thi Thanh Nhan, luan van "Vé bai toan Diophantine
tuyén tinh ctia Frobenius" ciia toi da duge hoan thanh. Cé dude két qua
nay, dé 1a nho su day bao hét siic tan tinh va nghiém khic ctia Co. Toi xin
bay té long biét on sau sic t6i Co va gia dinh!

To6i cling xin gii 161 cAm on chan thanh dén Ban Giam hiéu, Phong
Dao Tao - Khoa hoc - Quan hé qubc té va Khoa Toan - Tin ctia Truong
Dai hoc Khoa hoc - Dai hoc Thai Nguyén da tao diéu kién thuan lgi nhat
trong sudt qua trinh hoc tap tai truong cling nhu thoi gian toéi hoan thanh
dé tai nay. Su gitp do nhiét tinh va thai do than thién clia cdc can bo
thudc Phong Dao tao va Khoa Toan - Tin da dé lai trong long mdi ching
toi nhitng an tuong hét stc tot dep.

Toi xin cdm on Trudng PT Viung cao Viét Bic - noi toi dang cong tac
da tao diéu kieén cho t6i hoan thanh khéa hoc nay.

To6i xin cdm on gia dinh, ban bé dong nghiép va cac thanh vién trong
16p cao hoc Toan K5A (Khoa 2011 - 2013) da quan tam, tao diéu kién,

dong vién co vi de toi ¢6 thé hoan thanh nhiém vu ctia minh.



LOI NOI DAU

Muc dich ctia luan van 1a trinh bay lai mot cach tuong ddi he thong mot

vai két qua quan trong vé bai toan Diophantine tuyén tinh ctia Frobenius
(con goi la bai toan Frobenius).
Bai toan: Cho trudc k so6 nguyén duong ay, ..., a; nguyén to cung nhau.
Xdc dinh s6 nguyén lon nhit g (ay, ..., ay) khong la to hop tuyén tinh khong
am cia ay, ..., ax, tic la khong thé viét dudi dang mia; + ... + myay v0i
mi, ...,my la cdc s6 nguyén khong am.

S6 g (aq, ..., a) trong bai toan trén duge goi 1a s6 Frobenius. Bai todn
Frobenius c6 nhitng tng dung quan trong trong nhiéu linh vuc khac nhau
ctia Toan hoc nhu Li thuyét s6, Li thuyét tu dong va To hop. Dic biét, bai
toan Frobenius da dudc st dung dé phan tich cdc mang Petri, dé nghién
citu bai toan phan loai cac khong gian véc to, cdc nhém Aben, dé nghién
cttu cac mat ma hinh hoc dai s6 thong qua tinh chat clia cac nita nhém
dic biét, dé nghién citu cac bai toan xép hinh...

Mot vi du ndi tiéng vé bai toan Frobenius la "bai todn déi tién clia
Frobenius": Cho trudc k logi tién vdi cdc ménh gid la cdc so tu nhién
nguyén té cung nhau, xdc dinh khodn tien lon nhat khong thé doi thanh
cdc loai tién trén. Trong cac cudn sach vé sd hoc so cap, ching ta tim thay
nhiéu vi du dang nhu: tim khoan tién 16n nhat khong thé doi duge thanh
cac loai tien ménh gia 3 xu, 5 xu, 7 xu.

Bai toan Frobenius da dugce gidi quyét tron ven cho truong hop hai so.
Tu nhitng nam 1890, nguoi ta da biét cong thitc tinh s6 Frobenius ctia hai
sO tu nhién a, b nguyén t6 cing nhau la ab — b — a. Bén canh d6, ngudi
ta ciing xac dinh dugc cong thitc tinh sé céc sé nguyén duong khong bicu
dién duge qua a,b la %(a —1)(b—1). Vi thé, rat ty nhién, nhiéu nha
toan hoc quan tam dén viéc md rong bai toan Frobenius cho trudng hop

tir 3 s6 trd len. Tuy nhién viéc gidi quyét cho truong hgp nhiéu hon hodc



bing 3 s6 13 vo cling kho, né da va dang thach thiic cac nha toan hoc trong
suot thoi gian dai va cho dén nay van la bai toin mé.

Luan vian gom 3 chuong. Trong chuong 1, ching toi gi6i thiéu so lugc
vé bai toan Frobenius va chiing minh sy ton tai s6 Frobenius g (a1, ..., ag).
Chuong 2, trinh bay 16i giai tron ven cho bai toan Frobenius trong truong
hgp hai s6, trong d6 c6 cong thitc tinh s6 Frobenius g (a,b) (Dinh 1f 2.1.1)
va cong thic tinh n (a,b) - 6 cic s6 nguyen duong khong biéu dién duge
qua a, b (Dinh 1f 2.2.2). Phan dau Chuong 3 danh dé chitng minh mot két
qua noi bat cho bai todn Frobenius trong truong hop 3 s6 (Dinh i 3.1.3).
Phan cudi Chuong 3 trinh bay so luge nhitng thanh tuyu va cdc hudng
nghién citu tiép theo déi véi bai toan Frobenius cho truong hop tir 3 sb.

Cac két qua va thong tin trong luan vin duge viét chu yéu dua vao
cuodn sach ctia J. L. Alfonsin "The diophantine Frobenius problem" xuat
ban bdi Oxford University Press ndm 2005, cudn sach ciia Jefrey Shallit
"The Frobenius Problem and Its Generalizartion" xuat ban bdi Springer
nam 2008, va bai bao cua F. Curtis "On formulas for the Frobenius number
of a numerical semigroup" dang trén Math. Scand. nam 1990.



Chuong 1

GIOI THIEU BAI TOAN
FROBENIUS

Ferdinand Georg Frobenius (26/10/1849 - 03/08/1917) la mot nha toan
hoc nguoi Dtc noi tiéng véi nhitng déng gép trong 1 thuyét cac ham Eliptic,
phuong trinh vi phan va 1f thuyét nhém. Ong duge gidi khoa hoc biét dén
vi phat minh ra nhitng dong nhat dinh thic goi 1a cac cong thiic Frobenius-
Stickelberger. Ong da c¢6 nhiéu déng gép quan trong trong viéc phat trién
1i thuyét dang song toan phuong va la nguoi dau tién gidi thieu khai niem
xap xi hitu ty cho cac ham (ngay nay goi la xap xi Pade). Ong la nguoi
dua ra chitng minh day da dau tien cho Dinh 1i Cayley-Hamilton. Tén ctia
Ong da dugce dat cho mot s6 déi tuong hinh hoc trong Vat i Toan hién
dai, ching han nhu "Da tap Frobenius", vi Ong da c6 nhing déng gép
quan trong trong linh vyc nay.

1.1 Bai toan doi tien cua Frobenius

Alfred Brauer (1894-1985) da viét trong bai bao [Bra] dang nam 1942
rang Ferdinand Georg Frobenius (1849 - 1917), mot nha toan hoc nguoi
Dric, 1a nguoi da vai lan gi6i thiéu bai toan sau day trong cac bai gidng
ctia minh vao nhitng nam 1880, nhung Frobenius khong cong bd trong bat

ct tai liéu nao.

Bai toan Frobenius: Cho trudc k so nguyén duong ai,...,a; nguyén
to cung nhau. Xdc dinh s6 nguyén lén nhat g (ay, ..., ax) khong la to hop
tuyén tinh khong am cia ay, ..., ay, tic la khong thé viét dudi dang to hop



tuyén tinh myiay + ... + mpa v mq, ..., my la cdc s6 nguyén khong am.

Alfred Brauer (1a hoc tro ciia Isaac Shur va cting 1a hoc tro cia Georg
Frobenius) da dau tu cong stc dé giai quyét bai toan Frobenius trong
su6t hon 10 ndm sau d6 (tr 1942 dén 1954 - xem bai bao cua Alfred
Brauer va B. M. Seelbinder: On a problem of partitions, American Journal
of Mathematics, 76 (1954), 343-346).

Mot vi du ndi tiéng vé bai toan Frobenius la "bai todn ddi tien clia
Frobenius": Cho trudc k logi tién vdi cac ménh gid la cdc so tu nhién
nguyén to cing nhau, xdc dinh khodn tién lon nhat khong thé doi thanh

cac loai tién trén.

Ching han, trong cac cubn sach vé sé hoc so cap, ching ta tim thay
nhiéu vi du dang nhu:

a) Tim khoan tién 16n nhat khong thé doi duge thanh cac loai tién ménh
gia 2 xu va b xu (Déap an: 3 xu).

b) Tim khodn tién 16n nhat khong thé ddoi dudc thanh céc loai tién
ménh gia 3 xu, 5 xu va 7 xu (Dép an: 4 xu).

Vao nam 1972, nhiéu két qui quan trong vé bai toan Frobenius dugc
cong bb. Mot s6 két qua tieu biéu duge viét trong bai bao ctia P. Erdos
va E. L. Graham, On a linear diophantine problem of Frobenius, Acta
Arithmetica, 45 (1972), 399-408. Va tir d6 bai toan Frobenius con duge goi
12 "bai toan Diophantine tuyén tinh ctia Frobenius".

Mot vi du noi tiéng khac 1a bai toan mua mot miéng ga chién (Hinh
1.2): tai mot quan an nhanh, ga chién duge ban thanh céc loai géi déng
sin, bao gom gbi 6 miéng, goi 9 miéng va gbi 20 miéng. Tim s6 miéng ga

chién nhiéu nhat khong thé mua duge tai quan an nay (Dap an: 43 miéng).



6 Piece Chicken
McNuggetsMeaI

Hinh 1.2. Nguon internet
1.2 SO Frobenius va su ton tai cua né

Trong tiét nay, cho truéc k s6 nguyen duong ay, ..., a; nguyén td cing
nhau (tic 1a ged (ag,...,ax) = 1). Mot to hop tuyén tinh khong am cta
ai, ..., a; 1a mot s6 nguyeén n dang n = mya; + ... + myay v6i mq, ..., my

14 cac s6 nguyen khong am.

1.2.1. Dinh nghia. S6 nguyén 16n nhat khong 1a t6 hgp tuyén tinh khong
am clia cac sO nguyen ay, ..., a; dude goi la s6 Frobenius tng v6i bo s6
al, ..., ag.

Theo Matthias Beck and Sinai Robins [BR], s6 Frobenius ting véi bo
s6 ay, ..., a duge ki hieu 1a g (aq, ..., a;). Cha ¥ rang moi s6 nguyéen z 16n
hon s6 Frobenius g (ay, ..., a;) déu biéu dién duge dang:

r = a1x1 + asxo + ... + apxy

v6i 21, ..., ) 1& cac s6 nguyén khong am. Ta goi nhitng s6 nguyén viét duge
thanh t6 hop tuyén tinh khong am ctia aq, ..., ai, 1a nhing s6 biéu dién dugc
qua bo s6 ay, ..., a.

1.2.2. Vi du. S6 Frobenius ttng v6i 2 va 5 1a 3. That vay, ro rang 3
khong biéu dién duge qua 2 va 5. Cho z > 3. Néu  chin thi z 1a boi clia
2 v do dé6 no biéu dién dudc qua 2 va 5. Néu x 18 thi = 5+ y, trong do6
y 14 mot s6 chdn. Vi thé z ciing biéu dién duge qua 2 va 5. Vay g (2,5) = 3.

1.2.3. Vi du. S6 Frobenius tng véi 3, 5, 7 1a 4. That vay, ta can chiing



