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MG dau

Bat dang thiic 1a mot chuyén dé co ban ciia toan hoc. Day 1a la dang toan
rat quan trong trong chuong trinh phd thong. Cac két qua vé noi dung nay da
dudc trinh bay rat hoan chinh, day dua & nhiing tai lieu trong nudc va Quoc té.
Mat khac, trong cac ki thi tuyén sinh Dai hoc - Cao déng, dac biét 1a céc ki thi
Hoc sinh gidi, ta vAn hay gap cac dang bai toan vé bat dang thic. Dé gitp hoc
sinh pho thong tim hiéu cac két qua vé bat dang thic c6 dién clia cac nha toan
hoc da nghién citu, dong thoi ndm duge cic ki thuat chitng minh cac dang bat
déng thic cu thé va hé théng chung theo mot logic nhat dinh 13 nhiem vu ma
dé tai luan vin nay dé cap dén.

Bang cach dua ra cac dang bat dang thic vé gia tri trung binh, muc tiéu cta
ban luan vin sé gitp cho hoc sinh nam duge cac két qua day du, chi tiét va cach
thiic van dung ching dé gidi quyét mot sb6 bai toan lien quan.

Viéc xay dung cac dang trung binh dong bac khac nhau ciing nham gitp hoc
sinh nhin nhan, khéai quat héa duge nhiéu bat ding thiic ma cac hoc sinh van
thuong gap. Tu do tao cho cac em lam quen véi viéc tap dugt nghién citu cac

chuyén dé toan sau nay.

Luan van ngoai muc luc, mé dau, két luan va tai lieu tham khdo, gom 3
chuong.

Chuong 1. Cac gia tri trung binh co ban.
Noi dung chuong nay nhim trinh bay cac gia tri trung binh co ban. Bat ding
thic gitta trung binh cong va trung binh nhan (AM-GM) va cac dang trung binh
dong bac khac. Day 1a phan Ii thuyét co sé dé van dung cho cac bai toan tng
dung G chuong sau.

Chuong 2. Mot s6 dinh 1f lien quan dén biéu dién cac gia tri trung binh.
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Chuong nay trinh bay mot s6 dinh 1i lien quan tdi cac gid tri trung binh ma truyec
tiép lien quan t6i chuong trinh toan Trung hoc pho thong. D6 1a 16p ham 1i,
ham 16m va cac ham don diéu bac cao.

Chuong 3. Mot s6 ap dung.

Day 12 noi dung ting dung ctia cac chuong 1 va chuong 2 vao viéc gidi quyét
cac bai toan vé cuc tri dai s6, cuc tri lugng giac, dong thoi ting dung dé giai
quyét cdc dang toan vé gidi va bién luan phuong trinh.

Tiép theo, néu bai tap minh hoa dugc tap hop, lua chon tit nhitng dé trong
cac ki thi hoc sinh giéi Quoc gia, ki thi Olympic khu vire va Quoc té...

Déi v6i moi dang bai tap déu cé néu phuong phap giai cu thé. Cac bai tap
dugc trinh bay theo mot hé théng véi nhiéu 16i gidi doc dao, thé hién tinh sang
tao. Luan van dugc hoan thanh dudi sy huéng dan ctia GS-TSKH, nha gido
nhan dan Nguyén Van Mau. Tac gia xin bay té long biét on sau sac t6i Gido s,
da tan tinh giap do tac gia hoan thanh ban luan van nay.

Nhan day tac gia xin chan thanh cam on Ban giam hiéu, Phong dao tao sau
Dai hoc, Khoa Toan- Tin truong Dai hoc Khoa hoc - Dai hoc Thai Nguyeén,
ciing cac thay co da tham gia gidng day 16p cao hoc Toan K2.

Tac gia xin chan thanh cam on t6i UBND Tinh, S6 GD va DT Tinh Lang
Son, Ban giam hiéu truong THPT Viet Bac Thanh phd Lang Son, da tao moi
diéu kien cho téc gia c6 co hoi dudce hoc tap, nghién ctu.

Mic du da hét stc c¢d ging, song vi khuon kho bai viét, ban luan van nay
van con nhiéu van dé chua duge dé cap t6i, va vi thoi gian va kha ning c6 han,
chic chan luan van sé khong tranh khoi khiém khuyét. Tac gid mong mudn nhan
duge nhiéu ¥ kién déng gép quy bau cua cac thay co, cing ban bé dong nghiép
dé luan van duge hoan chinh hon.

Toi xin tran trong cam on.

Thai Nguyén, 08 thang 09 nam 2010.

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



Chuong 1

Cac gia tri trung binh co ban

Trong chuong nay, ta sé dé cap dén cac gia tri trung binh co ban, dinh 1 vé
bat dang thiic gid tri trung binh cong va gia tri trung binh nhan (Con goi 1 bat
dang thitc AM-GM hoiic ngan gon la bat dang thitc AG), bat ding thiic AG suy
rong va cac dang trung binh dong bac khac (xem [1]-[7]).

1.1 Ham biéu dién cac gia tri trung binh co ban

Gid st a; >0,i=1,2,...,n. Xét cac dai lugng trung binh sau

(1) Trung binh cong M; = ! 3 a;.
ni=1

(2) Trung binh nhan My = ¢ ﬁ a;.
\ i=i

(3) Trung binh diéu hoa M; = #
i=1a

(4) Trung binh binh phuong M, =, /%ié az.
Ta c6 hé thiic sau gitta cac dai lugng trung binh.
Dinh 1y 1.1. V&i moi bo s6 duong a;, i =1,2,...,n, ta luon cé
Mz < My < My < My.

Trong trudng hgp n = 2, ta c6 thé mo ta ¥ nghia hinh hoc cta dinh 1y nhu

sau.
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Xét nita duong tron dusng kinh BC, tam O. Gia st ODLBC tai O. Tt diém
E bat ki khac D, ta ké tiép tuyén v6i duong tron, cat BC kéo dai & A. Ké
EF1BC.F ¢ BC.

bat AB =a; > 0,AC = ag > 0 (a1 # ag). Khi d6, AO =

huyén 16n hon canh géc vuong). Mat khac, ta c6

al + ay

> AFE (canh

AO? — OE? = \/(AO + OE)(AO — OF) = VAB.AC = \/ajas.

Suy ra M3 = AO > AE = M, hodc AE? = AC.AB tiic 1a AE = VAB.AC (hé thiic
lugng trong dudng tron).
Tu cong thic 2(2? + y?) = (v + y)? + (v — y)?, ta ¢o

2
D — 02+0D2+\/(A0 OD)? 2(AO+OD)

|AC? + AB? + AB* _ [ai+d3 + a3 e

(3) Theo bat dang thiic Cauchy, thi My < M;.

(4) Vay nén M3 < My < My < My.

k

Vi du 1.1 (Dé thi hoc sinh gi6i nam 1980). Goi T = Y. m; (m; > 0). Chiing
i=1

minh rang

Giai. Ta c¢o

Ta co

Lai ¢6
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| =

k k
1 T? 1 k2
i—1 i—1 ; i
Do do6
k k 2 7

Z Z Skl mtiE)-

1=1 =1 'L
Vi du 1.2 (D& thi hoc sinh gi6i nam 1976). Chitng minh rang, véi bat ky diém
M nao nam trong tam giac ABC ta déu c6

853

da dbdc_?? be’

(1.2)

trong do d,, dy, d. 1a khoadng cach tit M lan luot dén cac canh BC,CA, AB;a,b,c
la do dai cac canh va S 1a dién tich cia tam gidc. Hay mé rong (1.2) cho ti dién

trong khong gian.

Giai. +) Ta c6 thé viét ad,+bdy+cd, = 25, khi xét ba tam gidc M BC, MAC, M AB.
Ap dung bat ding thic Cauchy, ta c6

d, +bdy + cd.\ > 25\ ° 3
ady bdy.cd, < [ @atbdotode T (2507 857
3 3 27
tie 1a
853
€= 927abc’

Ding thtc xay ra khi va chi khi ad, = bdy = cd,, tic la

dy.dy.d. <

C

dg dy:de =

@I»—‘
@I»—l

+) Xét 4 hinh chép MBCD, MACD, MABD, MABC, trong d6 M 13 mot diém
bat k¥ nam trong t dien ABCD, ta c6 thé viét

Sadyg 4+ Spdp + Scdo + Spdp = 3V.

Tu do6 ta co

Sadg + Spdp +Scdc+SDdD>4 B (g)4

Sady.Spdp.Scdco.Spdp = < 4 4

tic 1a
8114

dadgdedp < .
ATBECED = 9565 1S5ScSD
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Diang thiic xay ra khi va chi khi Syds = Spdg = Scdec = Spdp, tic 1a

1 1 1 1
dA:dB:dC:dD:S_A:g:S_C:%‘

Vi du 1.3 (Dé thi hoc sinh giéi nam 1981). Cho n s6 thuc ty,ts, ..., t, sao cho
O<p<tL <qvbik=12, ..., n.

Biét rang

1 R
A== : == 2.
nzt"”’ va B nzt’“
i=1 1=1
- . S A? 4pq S s N PN S 32 32 . 14 2 .
Chitng minh rang 5 > bl va tim dieu kién can va du de c6 dau dang thric.
pTq
Giai. Ta 6 .
>tk —p)(tk — ) <0.
=1
Twu do
k k
=+ te+npg <0.
i=1 i=1
Hay
B—(p+qA+pg<0.
2 2 2
B 1
vay B oo pta_ (1 pta)T (p+9) < (r+9)°
A? A? A? A 2pq 4dpq 4dpq
Diang thtic xay ra khi va chi khi
” S 2pq
t, —p)(t, —p)=0v6i k=1,2,...,n va A= ——.
(ty )t — ) L
P N . . P o l’%‘l‘l
Vi du 1.4 (Dé thi hoc sinh giéi nam 1976). Cho z1 = 2; 2,41 = o

. N 1
Chiing minh rang vn > 1 ta c6 £ <z, <2

Huéng dan. Ap dung bat ding thic Cauchy cho vé trai, vé phai. Tim diéu

kién don diéu cua z,,.

Vi du 1.5 (Dé thi hoc sinh giéi Hungary). Chiing minh réng, néu « la géc nhon

thi
1 1
<1+ | ) <1+ ) > 5
sin «v COoS (v

Huéng dan. Ap dung bat déng thitc Cauchy .
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1.2 Béat dang thiic AM-GM va cac bai toan lién
quan

Trong bai nay, ta sé dé cap dén dinh li vé bat dang thic gia tri trung binh
cong va gia tri trung binh nhan (Con goi la bat dang thitc AM-GM hodc ngan
gon la bat ding thitc AG), cac bai toan lien quan va bat dang thitc AG suy rong.

Dinh ly 1.2 (Dinh li vé cac gia tri trung binh cong va trung binh nhan ([2],[5])).

Gid st x1,29,...,x, la cdc s6 khong am. Khi dé
'I l’ DY :L‘
T > Yr1x9 - Ty (1.3)
n
Déu ding thic xdy ra khi va chi khi z1 = 9 = -+ = xy,.

Hé qua truc tiép ctia bat déng thitc AG la bat dang thic giita trung binh
nhan va trung binh diéu hoa. (Goi va viét tat 1a GM - HM hoac GH).

Hé qua 1.1 (Bat dang thitc GH). Vdi moi bo s6 duong a1, as, ..., a, ta déu cé

n

Ja1ag - Ay > T 1 T
ai az Qn
Déu ding thic xdy ra khi va chi khi oy = ag = -+ = an.

Chitng minh. St dung bat dang thitc AG dbi véi bo s6 duong x, = 1 (k =
a

1,2,...,n), ta c6 ngay bat dang thitc GH.

Cho dén nay, ngudi ta da biét dén hang tram cach khac nhau dé chiing minh
bat dang thitc gitta gia tri trung binh cong va trung binh nhan (Goi 1a bat dang
thitc AM-GM hoac AG). Sau day la mot cach ching minh dinh 1i 1.2 theo quy
nap ki¢u Cauchy. Day 1 kiéu quy nap theo cip huéng (lén-xuéng) do Cauchy
dé xuat vao nam 1821. Dé chitng minh dinh 1{ 1.2, mot s6 ngusi da loi dung tinh
hudng nay dé goi tén bat dang thiic (1.3) 1a bat dang thiic Cauchy. Tuy nhién,
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cho dén nay, theo thong le Quoc té va theo cach goi clia cdc nha khoa hoc thi
(1.3) 14 bat déng thiic gitta gia tri trung binh cong (trung binh s6 hoc) va trung
binh nhan (trung binh hinh hoc).

1.2.1 Quy nap kiéu Cauchy

T hé thiuce bac hai

u% + u% > 2uqug, Vui,ue € R. (1.4)
Ta suy ra
1 ;—xQ > /1119, V1,79 KhOng am . (1.5)

r1+ T2 T3+ T4
va
2 2

Thay x1, 22 lan lugt bang cac bién mdi , tr (1.5) ta nhan duge

r1+ T2+ T3+ 24 r1+Tox3+ 24

1
1 > 5 5 }2 >= \/T1T2X3T4.

Tiép tuc qua trinh nhu trén, ta thay bat dang thic (1.3) ding véi n = 2,4, ...
va n6i chung, dung vé6i n la iy thita ctia 2. Day chinh la quy nap theo hudng
lén trén.

Bay gio ta thuc hién quy nap theo huéng xuéng phia dudi. Ta chiing minh
rang, khi bat dang thic (1.3) ding véi n (n > 1) thi né cling dang véi n — 1.
Thay z, trong (1.3) béi — AT

: va giit nguyén cac bién z; khéc, tir
n p—
(1.3) ta thu dugc

r1+x2+ -+ Tpo1

ryt+ryt-+Tp1t
n—1 >

n

-

> (w122~ Tp—1)

SR I D SRR S A I
n—1 ’

hay

-

Z (xlxz . e xn_1>n71

1 t+x2+ -+ Tp-1 (it T\
n—1 n—1 ’
Rit gon biéu thic trén, ta thu dugc

r1t+xo+ -+ Tp-1
n—1

> "R/T1T2 ¢ T
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