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6 X
MO DAU

Dinh ly Gia tri trung binh Lagrange 13 mot két qud quan trong trong
Giai tich, bat nguon tit Dinh Iy Rolle dugc chitng minh bdi nha todn hoc Phap
Michel Rolle (1652-1719) cho da thittc nam 1691. Dinh 1y Rolle xuat hien lan dau
tien trong cudn sach "Methode pour resoudre le égalitez" ma khong c6 chiing
minh. Dinh 1y Rolle dugc quan tam khi Joseph Lagrange (1763-1813) trinh bay
dinh 1y gia tri trung binh ma ta goi la Dinh 1y Gia tri trung binh Lagrange
trong cuén sach "Theorie des functions analytiques" nam 1797 ctia 6ng. Dinh 1y
Rolle con duge quan tam nhiéu hon khi Augustine Louis Cauchy (1789-1857) sit
dung chiing minh dinh 1y gia tri trung binh ma ta goi la Dinh 1y Gia tri trung
binh Cauchy trong cudén sach "Equationnes differentielles ordinaires". Hau hét
cac két qua trong cudn sach ctia Cauchy dudgc suy ra tryc tiép hodc gian tiép ti
Dinh 1y Rolle. Gan day nhiéu phuong trinh ham dugc nghién cttu ndy sinh ti
cac dinh 1y gia tri trung binh.

Muc dich chinh ctia luan van 13 trinh bay mot s6 16p phuong trinh ham
nay sinh tit mot s6 dinh 1y gié tri trung binh (Dinh 1y gia tri trung binh Lagrange,
Cauchy, Pompeui).

Luan van bao gom 2 chuong. Chuong 1 trinh bay Dinh Ii gia tri trung
binh Lagrange va mot s6 dang phuong trinh ham nay sinh. Dinh 1f gi4 tri trung
binh Cauchy - mot mé rong triyc tiép ciia Dinh 1f gia tri trung binh Lagrange va
ap dung ciing dugc trinh bay trong chuong nay. Chuong 2 trinh bay Dinh Ii gia
tri trung binh Pompeui va ting dung vao phuong trinh ham. Mot s6 16p phuong
trinh ham dic biét nhu phuong trinh ham kiéu Stamate, phuong trinh ham kicu

Kuczma va mot s6 mé rong ciing duge trinh bay & phan cudi Chuong 2.



Chuong 1

Dinh ly Lagrange va phuong trinh
ham

1.1. Dinh ly gia tri trung binh Lagrange

Mot trong cac dinh 1y quan trong nhat trong phép tinh vi phan 1a dinh 1y gia
tri trung binh Lagrange. Dinh 1y nay dugc kham pha dau tién béi Joseph Louis
Lagrange (1736-1813) bang viéc ting dung dinh ly Rolle. Dé chting minh dinh 1y

Rolle dira vao hai két qua don gidn sau day.

Ménh dé 1.1.1. Néu mot ham khd vi f: R — R dat cuc tri tai mot diém c
thudc khodang md (a,b) thi f'(c) =0

Ménh dé 1.1.2. Mot ham lien tuc f:R — R dat gia try trén mot khoang dong
va bi chan bat ky [a, b].

Dinh 1y 1.1.1 (Dinh Ii Rolle). Néu f lién tuc trén [v1,x9], khd vi trén (v1,x2)
va f(x1) = f(x2), thi ton tai mot diém n € (x1,x9) sao cho f'(n) = 0.

Dinh 1y 1.1.2 (Dinh 1y gia tri trung binh Lagrange). Vdi maoi ham gid tri thuc
f khd vi trén khodng I va vdi moi cip x1 # xo trong I, ton tai mot diém n phu

thuoc 1 va x9 sao cho

f(21) = f (22)

Il — 22

= f"(n(z1,22)) (1.1)

Trong muc nay, ching ta thiét lap mot s6 két qua vé phép tinh vi phan

va tich phan st dung dinh 1y gia tri trung binh Lagrange.
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Hé qua 1.1.1. Néu f'(x) = 0 vdi moi x trong khodng (a,b) thi f la hang trén
[a, b)].

Heé qua 1.1.2. Néu f'(z) = ¢'(z) vdi moi x € (a,b) thi f va g sai khdac mot hang

50 tren [a,b].

Hé qua 1.1.3. Néu f'(z) > 0 (<0), vdi moi v € (a,b) thi ham f tang (gidm)

thuc su trén [a,b).

Hé qua 1.1.4. Néu f"(x) >0, vdi moi x € (a,b) thi f la lom trén khodng [a,b].
1.2. Ap dung vao phuong trinh ham

Trong muc nay, ching ta trinh bay mot s6 16p phuong trinh ham nay sinh ti

dinh 1y gia tri trung binh Lagrange. Trudc hét ta can mot s6 khai niém sau.

Dinh nghia 1.2.1. V6i cac s6 thuc phan biét xq, 9, ..., 2, ti sai phan clia ham
f:R — R dugc dinh nghia la

fla] = f(z1)
F Lot 2o 2] = flx1, xo, ...,Z?__l]l‘— f lxa, ”"$n],n >

Dé thay rang
f(z1) — f(z2)
r1 — X9
(z3 — 22) f(21) + (21 — 23) f(w2) + (w2 — 1) f(23)
(z1 — x2) (22 — w3) (w3 — 21) '

Nhu vay cong thitc trong dinh If gia tri trung binh c6 thé dude biéu dién nhu sau

f[*rbe] -

f[xh X2, .1'3] =

flo1, wo] = f'(n(x1, 22)). (1.2)

Trong d6 n phu thuoc x1,z5 . Tt d6, phuong trinh (1.2) xuét hién phuong trinh
ham v6i ham chua biét 1a f va gia tri cho truée 1a 5. Dinh 1y tiép theo dudgc
Aczél (1963) va Haruki (1979) dua ra doc lap. Viéc ching minh dinh 1y do Aczél
(1985). Dinh 1y nay ¢6 lién quan t6i phuong trinh (1.2).
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Dinh 1y 1.2.1. Cdc ham f,h: R — R théa man phuong trinh ham

flo,yl = h(z +y),x #y, (1.3)
khi va chi khi f(x) = az® + bx + ¢ va h(x) = ax + b, trong dé a,b,c la cdc so thic
tuy 4.

Chitng minh. Tit dinh nghia ti sai phan ctia f, c6 thé viét lai nhu sau
fl@) = fly) = (z —y)h(z +y),z #y (1.4)

Néu f théa man phuong trinh (1.4), thi f + b cling thoa man, véi b 1a hang s6
tity ¥. Vi vay khong mat tinh tong quét ta gid st f(0) = 0. Dat y = 0 trong
phuong trinh (1.4) ta c6

f(x) = zh(z). (1.5)
T (1.4) ta co
zh(z) — yh(y) = (z — y)h(z +y). (1.6)

Ngugc lai néu h théa man phuong trinh (1.6) thi h + ¢ cling théa man,véi ¢ 1a

hing s6 tuy y. Gia sit h(0) = 0, ddt z = —y trong (1.6), ta dugc

—yh(—y) = yh(y) (1.7)

Do d6 h la ham 1é, cho y = —y trong (1.6), ta c6

zh(z) — yh(y) = (z + y)h(z —y). (1.8)

So sanh (1.8) va (1.6), ta c¢6

(z —y)h(z +y) = (z +y)h(z —y) (1.9)

va thay u =z +y,v =2 —y vao (1.9), ta dugc vh(u) = uh(v),Yu,v € R . Do do6 ta
¢6 h(u) = au. Néu khong c¢6 gia sit h(0) = 0 thi ta ¢6 h(u) = au +b. Tu (1.5) 6
f(z) = z(az + b), néu khong c6 f(0) = 0 thi f(z) = az?® + bz + c. Nhu vay ta co
diéu phai chiing minh. O
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Hé qua 1.2.1. Ham f: R — R thoa man phuong trinh ham

Tr+y
2

f@) = @) =@ - (S52) o £y
khi va chi khi f(x) = ax® + bx + ¢, vdi a,b,c la hdng so thuc tiy v.
Dinh ly 1.2.2. Néu da thiic bac hai f(z) = ax®+bx+c, vdia # 0, la mot nghiém

cua phuong trinh ham

fx+h)— f(x)=hf(x+0h),(0<0<1) (1.10)

voi mot x € R, h € R\{0} thi 0 = % Dado lai, néu mot ham f théa man phuong
trinh ham o0 trén vdi 0 = % thi nghiém duy nhat la mot da thite cé bac nhiéu nhat
bang hai.
Ching minh. Gia su
f(x) = ax® +ba +c (1.11)
théa man (1.10). Thay (1.11) vao (1.10) ta co
a(z + h)? +b(z + h) + ¢ — ax® — bx — ¢ = h(2a(x + 6h) + b)

1

hay ah?(1 —260) = 0. .Vla,h;«éOnéntaC(59:§.
1

Ngugce lai, cho 6 = 3 va h =y —x tit (1.10), ta c6

2
Tu Hé qua 1.2.1, f ta ¢6 dinh ly dugc chiing minh. O

Két qué sau la cia Kannappan, Sahoo va Jacobson (1995)

Dinh 1y 1.2.3. V4i cdc tham s6 thuc s,t cdc ham f,g,h: R — R théa man

f(z) —g(y)

P h(sx + ty) (1.12)



vdi mot x,y € R, x # y khi va chi khi

ar +b néus=0=t
ar +b néus=0,t#0
b g 0,t=0
fl2) = ¢ ar + neuw s # 0, (1.13)

atz? +ar +b néus=t#0

@—i—b néus=—t #0
\ Bxr+b néu s> # t2
( 7
ay +0b neuw s=0=t
ay +b néu s=0,t#0
ay +b néu s+#0,t =0
g(y) = 5 ) (1.14)
aty> +ay +b neu s=t#0
@qtb néu s=—t+#0
By +b néu s #t?
(t?lyg],h(o):a néu s=0=t
a néu s=0,t#0
a néu s#0,t=0
h(y) = 4 ay +a néu s=t+#0 (1.15)
A(y) (c—Db)t P L
T ” new s=—t#0
5 néu s #t?

trong dé A: R — R la mot ham cong tinh va a,b,c,a, 8 la cic hang so thuc tuy
7.

Chitng minh. Ta xét cac truong hgp xay ra cia s va t.

Truong hop 1. Gid sit s =t =0, (1.12) ¢6 dang

tic la f(z) — axr = g(y) — ay trong d6 a = h(0), ta dugc
f(x)=ar+bvagly) =ay+b (1.16)

b 1a hang s6 tuy §. Thay (1.16) vao (1.12), ta thay rang h 13 ham hing véi
a = h(0).
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Trudng hgp 2. Gid sit s =0, t # 0. Thi tur (1.12) ta c6

f@)—9ly) _
Cho y =0, ta co
f(x)=ax+0b, x#0 (1.18)

v6i a = h(0) va b = g(0). Thay (1.18) vao (1.17), ta dugc
ar +b—g(y) = (v — y)h(ty) (1.19)
vOl moi x # y,z # 0. Dong nhat he s6 ctia (1.19) dbi véi bién x, ta c6
h(ty) = a va g(y) = h(ty)y + b = ay + b, Vy € R. (1.20)

Cho x = 0 trong (1.17) va tu (1.20), ta c6 f(0) = b. Do d6 (1.18) ding véi moi
x € R. Vivay tu (1.18) va (1.20) nén ta c6 (1.12).
Truong hgp 3. Gia sit s # 0 # t. Cho x =0 trong (1.12) ta ¢6

9(y) = yh(ty) +b (1.21)
v6i moi 86 thuc y # 0 (b=f£(0)). Tuong tu cho y = 0 trong (1.12) ta ¢6
f(z) = zh(sz) +c (1.22)

v6i moi z # 0 (c=g(0)). Thay (1.21) va (1.22) vao (1.12) ta dugc

zh(sz) — yh(ty) + ¢ — b = (v — y)h(sz + ty) (1.23)
v6i moi 86 thuc =,y # 0 va = # y. Thay = = % vay = % trong (1.23), ta c6
gh(x) - %h(y)%—c—b: (% — %)h(x—i—y) (1.24)

v6i moi s6 thuc x,y # 0 va ta # ty.
Truong hgp 3.1. Gid st s =t khi d6 (1.24) tré thanh

zh(z) —yh(y) = (b— )t + (x — y)h(z + v). (1.25)
Thay z bdi y va ngudc lai 161 cong vao (1.25) ta duge b = c. Khi d6 ta c6

th(z) - yh(y) = (x — y)h(z +y) (1.26)



